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PREFACE 

This book is designed for use in secondary schools and in 
short coU^e courses. It aims to present in concise but clear 
form the portions of algebra that are required for entrance to 
the most exacting colleges and technical schools. 

The chapters on algebra, to quadratics are intended for a 
review of the subject, and contain many points of view that 
should be presented to a student after he has taken a first 
course on those topics. Throughout the book the attention 
is concentrated on subjects that are moat vital, pedagogically 
and practically, while topics that demand a knowle^e of the 
calculus for their complete comprehension (as multiple roots, 
and Sturm's theorem) or are more closely related to other por- 
tions of mathematics (as theory of numbers, and series) have 
been omitted. 

The chapter on graphical representation has been intro- 
duced early, in the belief that the illumination which it affords 
greatly enlivens the entire presentation of algebra. The dis- 
cussion of the relation between pairs of linear equations and 
pairs of straight lines is particularly su^estive. 

In each chapter the discussion is directed toward a definite 
result The chapter on theory of equations aims to give a 
simple and clear treatment of the method of obtaining the 
real roots of an equation and the theorems that lead to that 
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iv PREFACE 

process. Similarly direct in its argument is the chapter on 
determinants, its object beii^ the solution of non-homogeneous 
equations and the necessary evaluation of determinants. 

I am under oblations to many friends and colleagues for 
au^estiona, but especially to Professor P. F. Smith, who has 
read the book both in manuscript and proof and whose numer- 
ous su^estions have been invaluabla 

New Haven, Commecticut 
August, 1905 
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ADVANCED ALGEBEA 

ALGEBRA TO QUADRATICS 

CHAPTER I 
FUNDAMENTAL OPERATIONS 

1. It is asBumed that the elementary operations and the mean- 
ing of the usual symbols of algebra are familial and do not 
demand detailed treatment. In the following brief exposition 
of the formal laws of algebra most of the proofs are omitted, 

8. Addition. The process of adding two positive integers a and 
b consists in finding a number x such that 



For any two given positive integers a single earn x exists 
which is itself a positive integer. 

3. Subtraction. The process of subtracting the positive num- 
ber 6 from the positive number a consists in finding a number x 

such that 

h^x = a. (1) 

This number x is called the difierence between a. and h and is 
denoted as follows ; 

a being called the minuend and h the subtrahend. 

If o > 6 and both are positive integers, then a single posi- 
tive integer x exists which satisfies the condition expressed 1^ 
equation (1) 
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2 ALGEBRA TO QUADRATICS 

If a < 6, then x is not a positive integer. In order that the pro- 
cesa of subtraction may be possible in this case also, we introduce 
negative numbers which we symbolize by (—a ), (— b), etc. When 
in the difference a — J, o is less than ft, we define a — i = (— (ft.— a^^- 
The processes of addition and subtraction for the negative numbers 
are defined as follows : 

(-.) + (- 6) = (-(. + !)). 
(-„) + * = (-(.-(,)). 
<.+(-6) = a-S. 
(-<■)-<-«)-('-(«-«))• 
(-«)-»=(-(■> + »»• 
«-(-»)=« + *■ 

4. Zeio. If in equation (1), a = h, there ia no positive or nega^ 
tive number which satisfies the equation. In order that in this 
case also the equation may have a number satisfying it, we intro- 
duce the number zero which ia symbolized by and defined by 
the equation 



The processes of addition and subtraction for this new number 
zero are defined as follows, where a stands for either a positive or 
a negative number 

0-t-« = «±0 = «. 



5. Multiplication. The process of multiplying a by i consists 
n finding a number x which satisfies the equation 



■ The aymtwl for & posltlTe Integer mtght be written (^1- a), (+ b), etc., conBistently 
with the notation for a egstive numbers, Sinne, hawerer, no smblgiilty results, we ami ( 
the + «tgn. Stnce the laws of eombtning the + and - signs given in this and the foUowing 
pBTngrajilu remoTS the neoeeelCy for Ihe parentheses In the DOtatiou for the neg&t<Te 
number, we shall omit them where no ambiguity results. 
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FUNDAMENTAL OPERATIONS 8 

When a and b are positive integers « ia a positive integer which 
may be found by adding a to Itself b times. When the numbers 
to be multiplied aie negative we have the following laws, 



(-a)-i-b)=a.b, 

(-a). 6 = «. (-*) = -(«. J), 

Oa = a-0 = 0, (1) 

where a is a positive or negative number or zero. 

These symbolical statements include the statement of the 
following 

Principlb. a product of numbers is zero when and only when 
one OT more of the factors are zero. 

This most important fact, which we shall use continually, assures 
us that when we have a product of several numbers as 

first, if 6 equals zero, it is certain that one or more of the num- 
bers a, b, c, or rf are zero; second, if one or more of the numbers 
a, b, e, or d are zero, then e is also zero, 

6. Division. The process of dividing « by ^ consists in finding 
a number x which satisfies the equation 

'■D--, (1) 

where a and ^ are positive or negative integers, or « is 0. 
When Q occurs in the sequence of numbers 

3/3, ^2/3, -ft 0, ft 2ft 3ft ■■■, 

a; is a definite integer or 0, that is, it is a number such as we 
have previously considered. If a is not found in this series, but 
is between two numbers of the series, then in order that in this 
ease the process may also be possible we introduce the fraction 
which we symbolize by a -4- fi or - and which is defined by the 
equation " " 



itized by Google 



[ ALGEBRA TO QUADRATICS 

The operations for addition, subtraction, multiplication, and divi- 
lion of fractions are defined as follows : 





^1^ 


fiS ,88' 


• (3) 




(4) 


Further properties of fractions are the following : 




1= — T. 





The last two equations are expressed verbally as follows : 

Both numerator and denominator of a fraction may be multi- 
plied by any number without changing the value of the fraction. 

Changing the sign of either numerator or denominator of a 
fraction is equivalent to changing the sign of the fraction. 

The laws of signs in multiplication given on p. 3 may now be 
assumed to hold when the letters represent fractions as well as 



Thus for exampi 



The positive or negative number a may be written in the 
fractional form 



7. Division by zero. If in equation (1), § 6, ^ = 0, there is no 
single number x which satisfies the equation, since by (1), § 5, 
whatever ^alue x might have, its product with zero would 
be zero. 
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FUNDAMENTAL OPERATIONS 5 

ThuB division by zero is entirely excluded from algebraic pre- 
sses. Before a division can safely be performed one must be 
kt the divisor cannot vanish. In the equation 

4 = 20, 

w 
if we should allow division of both sides of our equation by zero, 
we should be led to the absurd result 4 = 2. 

8. Fundamental operations. The operations of addition, sub- 
traction, multiplication, and division we call the four fundamental 
operations. Any numbers that can be derived from the number 1 
by means of the four fundamental operations we call rational num- 
bera. Such niimbers comprise all positive aud negative integers 
and fractions. Positive or negative integers are called integral 
numbers. 

9. Practical demand for negative and fractional numbers. 
In the preceding discussion negative numbers and fractions have 
been introduced on account of the mathematical necessity for 
them. They were needed to make the fonr fundamental opeta- 
tions always possible. That this mathematical necessity corre- 
sponds to a practical necessity appears as soon as we attempt 
to apply our four operations to practical affairs. Thus if on a 
certain day the temperature is -f 20° and the next day the mer- 
cury falls 25°, in order to express the second temperature we 
must subtract 26 from 20. If we had not introduced negative 
numbers, this would be impossible and our mathematics would 
be inapplicable to this and countless other everyday occurrences. 

10. Laws of operation. All the numbers which we use in 
algebra are subject to the following laws. 

Commutative law of addition. This law asserts that the value 
of the sum of two numbers does not depend on the order rf 
summation. 

Symbolically expressed, 

a + 6 = J + a, 

where a and b represent any numbers such as we have presented 
or shall hereafter introduee. 
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6 ALGEBRA TO QUADRATICS 

Associative law of addition. This law asserts that the sum of 

three numbera does not depend on the way in which the numbers 

are grouped in performing the process of addition. 

Symbolically expressed, 

a+(J + c) = (a + fi) + c = « + & + c. • 

Commutative law of multiplication. This law asserts that the 
value of the product of two numbers does not depend on the order 
of miiltiplieatiOn. 

Symbolically expressed, 

a-b = ba. 

Associative law of multiplication. This law asserts that the 

value of the product of three numbers does not depend on the way 

in which the numbers are grouped in the process of multiplication. 

Symbolically expressed, 

(a-b)-e = a-(b-c) = a-h-c. 

ZHstrihutive law. This law asserts that the product of a single 

number and the sum of two numbers is identical with the sum 

of the products of the first number and the other two numbers 

taken singly. 

Symbolically expressed, 

a{b + c)^a-b + a-e. 
re readily seen to bold when more than three numbers are 

11. Integial and rational expressions. A polynomial is inte- 
gr«l when it may be expressed by a succession of literal terms, no 
one of which contains any letter in the denominator. 

■nwuij* - a" - 2i» - Ik + 1 iB integral. 

The quotient of two integral expressions is called rational 

^ :^-2x + 3, . , 
Thna = — ifl rational. 

12. Operations on poljmomialB. We assume that the same 
formal laws for the four fundamental operations enunciated in 
§§ 2-6 and the laws given in § 10 hold whether the letters in the 
symbolic statements represent numbers or polynomials. 
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FUNDAMENTAL OPERATIONS 7 

In fact the literal expressions which we me are in essence 
nothing else than numerical expressions, since the letters aremerety 
symbols for numbers. When the letters are replaced by numbers, 
the literal expressions reduce to niunerical expressions for which 
the pftvious laws have been explicitly given. 

13. Addition of polynomials. For performing this operation 
we have the following 

RuLK Write tke terms with the same literal part in a column. 

Fiitd the algebraic swm of the terms in each column, and write 
the results in succession with their proper signs. 

When the poljnomlalB ledoce lo mouomitds the same Tiile la to be obaerved. 



Add the foUoTiing: 

1. ZaK'-2ab + 6a^b~a; 4a4-2aS6"- 110* + 9a; 

2a>6-i)*-2a;8a>6»-4a6-8a. 
SolDtJon: 3a%>-2ab+ Sat- a 

- aoSfts + 4a6 - lla'd + 9a 
- a6+ 2o'6-aa 

eaVf-iab -6a 

9aVfl-aab- 3a»6 

2. 21a-246-8c'; 16e + 176 + flc* - 20a; 186-18tf. 

3. x<-flz"-8z-l; 2i» + l; 6j:» + 7e + 2 ; z« - *• + i-l. 

4. »(o + 6) - 6(6 + c) + 7 (a + e) ; 4(6 + c) - 7(a + 6) - 8(e + c) ; 

(a + c)-(a + 6) + (6 + c). 

5. o"-4a6 + 6" + a + 6-2;2a' + 4a6-36i'-2a-26 + 4; 

So"- 5(16-46=' + 30 + 36 -2; aa"+10o6 + 56» + a + 6. 

14. Subtraction of polynomials. For performing this opera- 
tion we have the following 

EULE. Write the subtrahend under the minuend so that farwa 

with the same literal part are in the same column. 

To each term of the minuend add the corresponding term of 
the subtrahend, the sign of the latter having been changed. 

It is gensTftlly pteferable to imtgine the slgOH of the HubtrmheDd changed rather 
than actually to write it with the changed aigns. 



Digitized by Google 



ALGEBRA TO QUADRATICS 



1. From o»6» -SaV>+Sab + db subtract 9 d'ft* -9ab + ia^ + <i 
SttlDtlon: a%>-3aI6+ Sob + Sb 



_8o*(>*-7a*6+ 14aA + 6ft-a 
2. Fromeo&e — Intn + SxstibtnLct Smn + Oox — 4ate. 
t. From m + an + hq subtract the sum of 

em + dn + {b — a)q and (a — 6)9 — (a + d)n — em, 

4. From the sum otfa + ^gb + \c and - 6 ~ c — a aiibtract }6— Jc + Ja. 

5. From the sum of 2x* — 3i + 4 and x* — J* — J subtract it* — Ja^ 
-3ias + 81. 

IS. Pareatheses. When it is desirable to consider as a single 
symbol aa expression involvii^ several numbers or symbols for 
numbers, the expression is inclosed in a parenthesis. This paren- 
thesis may then be used in operations as if it were a single number 
or symbol, as in fact it is, excepting that the ox^erations inside 
the parenthesis may not yet have been carried out. 

EuLE. When a sitigle parenthesis is preceded by a + sign 
the parenthesis may he removed, the various terms retaining 
the same sign. 

When a single parenthesis is preceded by a — sign the paren- 
thesis may be removed, providing we change the signs of all the 
terms inside the parenthesis. 

When several parentheses occur in an expression we have the 
following 

BULE. Remove the innermost parenthesis, changing the signs 
of the terms inside if the sign preceding it is minus. 

Simplify, if possible, the expression inside Ike new inn-ermost 
parenthesis. 

Repeat the process until all the parentheses are removed. 

It is in geaeral unwise to shorten the process by carrying out some ot tbe steps 
in mm'b bead. The liability to •tror in sacb attempts more thiiD offsets the gain 
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Remove parentheses from the following : 
1. b-{6a-l2b + {ia-2a^-6b]}. 
SolDtioB : i> - {9a - [2 6 + (4 a - 2a -6) - 66]} 

= 6_ (9a -[26 + (4a -2a + 6)- 66}) 

= 6-{Ba-[26 + (3a + 6)-66]) 

= 6_[fla-(26 + 2a + 6-8(>)] 

= 6-[Sa-(2a-36)] 

= 6_(9a-2a + 36) 

= 6- (7a + 36) 

= 6-7o-S6 

3. a» + 4-(6-[-(<i>-6) + l]). 

* i{i-![J-i(i-i-i-A) + J]-i)- 

5. a:* - {ys - [4z + 8 (1/ - 9a (J, - X)) - 9v (as - V)]}. 

6. Find the Talue of a -{66 - [o - (8c - 86) + 2c -S(a-26-c)]) 
when a = — 3, 6 — 4, c = — 6. 

16. Multiplication. It is customary to write a-a = a*; 
a-a-a = a*; aa-a = a". We have then by the associative 

lav of multiplication., g 10, 



.-.• = .-*-, (I) 

where m and n are positive integers. 
Furthermore, 

(»■) =°--»;-«: = '— ■ m 

Filially, a--f=(ab): (III) 

The diBtinctlon between (f)" and a*™ should be noted esrefally. Thus (S^) 
= 8"= 64, whUe 2"* = 2» = 612. 

Equation (I) asserts that the exponent in the product of two 
powers of any expression is the sum of the exponents of the 
factors. Hence we may multiply monomials as follows: 
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EuLE. Write the product of the numerical coe^dents, followed 
by all the letters that oceur in the multiplier and vtiultiplieand, 
each having as its exponent the sum of the exponents of that 
letter in the multiplier and multiplicand. 

17. Hultipllcation of monomials by poljmomials. By the 

distributive law, § 10, we can immediately formulate the 

Rule. Multiply each term of the polynomial iy the monomial 
and write the resulting tfrms in succession. 

Example. 9a'6*-2aA + 4a6'-(H-i* 



27aV)' - Ba»6» + 12a>¥ - 3a»6 + SaW 

18. Multiplication of polynomials. If in the expression for the 

distributive law, „ /, _i_ ji _ „„ _i_ „ j 

' a [c + a) =t ac + ad, 

we replace a by a + fi, we have 

(a + h)(c + d)= ac + he + ad + bd, 

which affords the 

EULE. Multiply the multiplicand by each term of the muiti^ 
plier in turn, and write the partial products in succession. 

To test the accuracy of the result assume some convenient numer- 
ical value for each letter, and find the corresponding numerical 
value of multiplier, multiplicand, and product. The latter should 
be the product of the I ffo former. 



1. Multiply and check the following: 
(a) 2 a> + ab + 4i/'+b and a-A + a& 
Solution: 

2a" + o6 +46» + 6 
a - b +ab 



a*6 + 4«()» + a6-46"-i>a4-2a'6 + ai*' + 4a6' = 
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(b) Q oiKfi and 4 <(>b'x. 



(c)- 



- and — 9 x^j/'z. 



(d) Saifti! - iia* and 6a»«. 

(e) aS'" + !/>' + iV and if - y^, 
<f) a" + oft + 6^ and a' + oc + e*. 
(g) y"^"', *'~V"'''*i wid ai'^a"'-' 
(h) xp' ' + IP- ' + 1 and a* - a« — 1. 

(i) 8a"6c, -o5>, -76", - — a'c*. and-. 
^ ' ' 4 ' 14 ^ 8 

(j) oi* - 2 a«i» -i + 4aaiid-a + 2(i& 

(k) !p'+i + a«- + a«* + i'n-'anda?'-*-l. 
(1) 163^ - III' + Oi" + 2s - 1 and - 3;^ - 1. 
(m) 4x'-8z^ + Jz^i/"- Jz'^^-i- vand - 422y. 
8. Expand (z + j/)*. 
3. Expand and simplify 

{^ + V* + i?y- {x + y + z)(x + y- z)(x + z- y)ly + z - z). 

19. Types of multiplication. The following types of multi- 
plication should l)e 80 familiar aa merely to require inspection of 
the factors in order to write the product. 

Rule The product of tlie sum and difference of two terms is 
equal to the square of the terms with like signs minus the square 
of tJu terms which have unlike signs. 

EiAMPLEB. {a - 6) (a + 6) = a» - ifl. 

(4z" - 8i^)(4a« + 3jf=) = ICx* - By*. 

20. The square of a binomial. This process is performed as 
follows : 

Rule. The square of a HTwmial, or expression in two terms, 
is equal to the sum of the squares of the two terms plus twice 
their product. 

ElAHPLKS. (x+v)<'=3fl + v'' + 2xy. 

(2 a - 3 6)* = 4 o' + e 6" - 12 a& 
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21. The square of a polynomial. This process is peiformed 
as follows: 

Rule. The square of any polytiomial is equal to the sum 

of the squares of the terms plus twice the product of each term 
hy each term that follows it in the polynomial. 
Example, (a + 6 + c)* = a" + 6» + c« + 2a6 + 2ae + 26c. 

22. The cube of a binomial. This process is performed as 

follows : 

RuLK The cube of any hitwrnial is given by the follotoing 



Perform the following processes by inspectlor 



■ (<■■ 



6 + <:)«. 



3. ( 



5. (2s'-i - 1)". 

7. (a;«-2a: + l)« 

9. (2a-26-c)*. 

11. iai-''-hP*>)y 

13. (zP-V)(x- + V>). 

15. (3i + 2y)(8a!-2i/). 

17. (-Sa^iz + li^JCSai^ + J*^. 
IS. 



2. (ofl-ifi)*. 

4. (oS-6»)». 

6. (l-8x»j/)». 

8. (it' - I** + 1)*. 

10. (ii'-2a!-I)*. 

12. (-63^j, + 4a^>. 

14. (-6a;V + *«y*)*- 

16. (-Sai! + 2oi-6)» 

18, (_4-6a=6)(-4 + 6a'6). 



e-0' 



»-(-r 



23. Division. By the definition of division in § 6, we have 



where n and m. are positive integers and n > *», 
K n = wt, we preserve the same principle and write 
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24. Dlvlsloa of monomiala. Keeping in mind the rule of s^na 
for division given in § 6, we have the following 

Rule. Divide the numerical coeffi,cient of the dividend by 
that of the divisor for the numerical coeffi^ieni of the quotient, 

keeping in mind the rule of signs for division. 

Write the literal part of the dividend over that of the 
divisor in the form of a fraction, and perform on each pair 
of letters occurring in both numerator and denominator the 
process of division as defined by equation (I) in the preceding 



ExAMPLB. Divide 12 a<bu<AI by- e<i*6cW. 
12g«d«c%i _ 26M 
-6o'*<Ai'~ o^p" 

25. Division of a polynomial by a monomial. This process is 
performed as follows : 

EULE. Divide each term of the polynomial by the monomial 
and ■write the partial quotients in, snccession. 
EiAMFLE. DliHeSatfi- 12 tfitflhj 2 i^V. 

aa*y i2g^ _46' ett" 

2aW 2an» ^ a b ' 

26. Division of a polynomial by a polynomial. This proceBs 

is performed as follows ; 

EuLE. Arrange both dividend and divisor in descending 
powers of some common letter (called the letter of arrangement}- 

Divide the first term of the ^dividend by the first term of the 
divisor for the first term of the quotient 

Multiply the divisor by this first term of the quotient and 
subtract the product from the dividend. ' 

Divide the first term, of this remainder by the first term of the 
divisor for the second term of the quotient, and proceed as 
before until the remainder vanishes or is of lower degree in the 
letter of arrangement than the divisor. 
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= qnotient. 



When tlielsst remaJoderdoes not vaDish we ma; eiprass tbe result of diTision 

dividend _ „ ^ . remainder 
. = quotient H — Tr~. 



Divide and check the following; 
1. 8a' + 6a»6 + 9a6» + e6'by4a + 6. 



RcBDit : 2 a> + Ob + 2 i^ 



4aS.+ aft' 

8a6» + 96» 

7b* 

ia + b 

Chwk : Let o = 6 = 1. Dividend = 32, divisor = 5, quotient = 6|. 
82 ^ 5 = 6J. 
2. a" - i/" by a» - ;/'. 3. 2k» - 51 + 2 by i - 2. 

4. «" - !*'^ byx*-y*. 5. a:* - j« by a:' + zy + ;/'. 

6. a' - a' + 2 bya + 1. 7. - 63a»{;'i" by - 9xh*i. 

8. *»-i-30byx + 5. 9. 4o*6 - 6a6"- 2aby - 2a. 

10. 18o%»c» by - 2a»6'e'. 11. Jx» - SJi - J by ^i* + A- 

12. ox* + («' - 6) z - a5 by z + a. 

13. (W" + 6a^-» + ca!"-»-di"-'byii^. 

14. 16a=»V - SoxSy" - 43^;/ by - ixy. 

15. 18(tP6« + 9af+'(rt+»-9aP+'friby 3ap(*. 

16. a'-2a6-4ci' + 86c-36abya-2c + &. 

17. x<'-ia + b + c)x' + {db + ac + bc)x-abchyz-a. 

18. 2i» - 6i/S + Y«V + V-« - Wtf + 1 liy 2z + J J/ - J. 

19. z'-2iV-x' + i/'« + 2i{^-z-I/" + lbyz-v + l. 

20. 3i' + 6i>:V + »2* + 2av*+5y' + 2y + 9i* + 6j^ + 8by!e + 2y + 8. 
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27. Types of divisioa. The following types of diviaion, which 
may be verified by the rule just given for any particular integral 
value of n, should be so familiar that they may be performed by 
inspection. 

«•■ - i-*" -f- «■ ± i" = a" T *". (I) 

a' + b^ -i- a + b = a'-^ - a'-'b + a'-'b + ■■■ +*—', (II) 
where n is odd. 

a- _ J- + a _ i = a- ■ + a'-'b + a-'>b+--+ fi- ', (III) 
where n is odd or even. 



Give by inspection the results of the following divbions. 

1. a«-l + a-l. 2. o« + l + o + l. 

3. x' + 138 + a; + 2. i. ifi + y* •*■ x + y. 

5, a^ — V'-t-x' + ^. 6. I* — y* + x — y. 

7. K> - j^ ^ K* - y*. 8. (^- - 1 + o - 1. 

9. i^-+'-l-i.a-l. 10. 27a<' + 86« + 8a' + 26. 

11. 8a»- 27 + 21-3. 12. 4a»- 26668 -:- 2o + 16¥. 

13. 16o*-a66 + 4a* + lfl. 14. 21af* -Mb^ -t-Sa* - ib*. 
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FACT0KIN6 

28. Statement of the problem. The operation of division con- 
Bists in finding the quotient when the dividend and divisor are 
given. The produot of the quotient and the divisor ia the divi- 
dend, and the quotient and the divisor are the factors of the . 
dividend. Thus the process of division consists in finding a 
second factor of a given expression when one factor is given. 

The process of factoring consists in finding all the factors of 
a polynomial when no one of them is given. This operation is in 
essence the reverse of the operation of multiplication. We shall 
be concerned only with those factors that have rational coefficients. 

29. HoBomial factors. By the distributive law, § 10, 

ab Jr ac = a{b Jr c). 
This affords immediately the 

Rule. Write the largest monomial factor which occurs in every 
term outside a parenthesis which includes the algebraic sum of - 
the remaining factors of the various terms. 



Factor the following: 

1. 6 aWc + 9 aifit* ~ 15 o*frc'. 

SolDtioii: 6o»6»c + flaAM- 15a*6c' = 3aAc(2a6» + ZV-(^ - 5aV). 

2. 14oM-21(mii:-7n. 

3. 121a%'c-22a»6c»-ma6»c". 

5. 21ofrn + 6afc%i-18a%t'+15a'6'n. 

6. 10 alficnuc — 5 ab'cy + 5 ab^cz - 15 abchn^. 

7. 7 o«irV - *S oa^V + 14 oz^z* - 21 a^V- 

8. 46o*6"c»d - 9ab*ii^ + 21 a'lx^tP - m a^cd*. 



16 
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30. Factoring by grouping terms. K in the expression for 

the distributive law, „. , .„ /„ , t.\. 

we replace chy e + d, 

we have a(c + d)+ 6(c + (l) = ae + ad + be + bd. 

We may then factor the right-hand member as follows : 
ae + ail + ba + lid = a(c + d)+b{c + d)^{a + li)(e + d). 

This affords the 

KuLK Factor out any monomial expression that is common to 
each term of the polynomial. 

Arrange the terms of the polynomial to he factored in groups 
of two or more terms each, such that in each group a monomial 
factor may be taken outside a parenthesis which in each case 
contains t!ie same expression. 

Write the algebraic sum of the monomial factors that occur 
outside the various parentheses for one factor, and the expres- 
sion inside th£ parentheses for the other factor. 

EXERCISES 
Factor the following ; 

1. 4(fib-6(i^-ia* + eab>. * 

BolottoO! 4o»6-aa«6»-4a* + 6a6» 

= 2a(2a"6- aofi*- 2a» + 86") 
= 2a{2aV>-2a'-aatfl + 3V) 
= 2o[2ai'(6-a) + 36»{6-o)] 
= 2o(6-a)(2a' + 86a). 

'2. X? ^ {Sa + ib)» + 12 ab. 

Solntkn : i)^-(3a + 4b)x + 12ii& 

= x*-3ax-ibz + 12<a 

= i(i-8a)-4&(i-3a) 

3. 2ax-Zbi/ -2bx + 3ay. 4. 56a*^ Wab + OSae - 45bc. 

5. a»w» - d«t« - (we* + apy". 6. 91 1' - 112 ma + 6B iw - 80 mn. 

7. ax-bx + ex + ag-bs + ci/. 8. 2 az - 6z - c6 + 2 aft + 2 ac - 6". 
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9. 2z»-8z» + 2a!>-3. 10. x' + x^ + x + l. 

11. ac^ - box + adx - bd. 12. 2bx- nfl -4b + 2x. 

13. 3i»-12a!»i/»-43/» + l. 14. 4a:" - (8 + 6)a! + 26. 

15. x*-(im + 9n)i? + 8Smn. 16. x' - (2 m + 3n)x> + 6mi>. 

17. (rtc-nc + a6if-aWi!-&V + cW. 18. 18 a'- 2<k«6« - 9 a* + c*'. 

19. 2<a-bay + a-2bx + 6by-b. 20. 2az-av-2b2 + 4i::x-2ev+6jf. 

21. 2a*i" + 4a»i!' + 2aiii" + 4o". 

22. 8z«-2ax -122Z + 3az + ixy - ay. 

31. Factors of a quadratic trinomial. In this case we cannot 
factor by grouping terms immediately, as that method is inappli- 
cable to a polynomial of less than four terms. We observe, how- 
ever, that in the product of two binomial expressions, 

(ma; + n)(px + q)=mpx'' + (mq + np^x + nq, 

the coefficient of z is the sum of two expressions mq and np, 
whose product is equal to the product of the coefficient of a;* and 
the last term, that is, 

mq • ftp ^ Ttip • nq. 

Thus, to factor the right-hand member of this equation, we may 
remove the parenthesis from the term in x and use the principle 
of grouping terms. Thus 

mpx^ +(»»? + np^x + nq 

= mpx" -f- mqx + npx + nq 
= mx(px + q) + n(px + q) 
= {mx + n){px + q}. 
This affords the 

EULK Write the trinomial in order of descending powers of 
X (or the letter in which the expression is quadratic). 

Multiply the coeffi,eient of a? hy the term not involving x, and 
find two factors of this product whose algebraic sum is the 
coefficient of x. 

Beplaee the coefficient of x by this sum and factor hy group- 
ing terms. *. 
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Factoring a perfect squaie Is evidently a special case under this method. 
ThuB factor sfi + Qx + 9. 

1-9=9. 8 + s = e. 

i> + <3 + S)a! + 9 

= z* + 3n-8iB + 
= i(a! + 8) + 3<i + 8) 
= (a + 8)(« + 3) 

One will ucnialiy recognize wlien a trinomial is a perfect square, in nhich 
case the factors may be written down by inspection. 

EXERCISES 
Factor the following; 

1. Sa;* + 8j + i. 

SolntiMi : 8-4 = 12. + 2 = 8. 

8z« + 8i + 4 
= 8x» + (6 + 2)i + 4 
= 3D^ + 0x'+2x + i 
= 8x(x + 2) + 2(i + 3) 
= <8a! + 2)(s + 2). 

2. 83^-1461 + 86*. 

Solatloa: 8-86» = 246«. -26 -126 = -146. 

83^-14ta+S6a 
= 8i»-(26 + 12 6)« + 36> 
= Sx)'-l2bx-2bx + 3l^ 
= ix{2x ~ 8b) - b{2x - Zb) 
= (4i-6){2i-86). 

3. 28i«-8*-40. 

SolDtloD : 28 ■ (- 40) = - 1120. 

The factors of 1120 most be factors of 28 and 40. We seek two factois 
of 1120, one of which exceeds the other by 3. We note Uiat since 40 exceeds 
28 by more than 3, one factor must be greater and the other less than 28 and 
40 respectively. 

Since 4 . 7 = 28 and 6 ■ 8 = 40, 

we try 5 ■ 7= 35 and 4 • 8 = 32, 

which are the required factors of 1120. 

281* -3a! -40 
= 38a?'-(86-82)a;-40 
= 28x» - 36 a: + 321-40 
= 7a!(4«-5) + 8(4a!-5) 
= (7« + 8)(4x-5). 



itized by Google 



20 ALGEBRA TO QUADRATICS 

A.x'-Sx + 9. ' 5. 2i' + i-6. 

6, 23fi~z~«. 7. 2i" + !c-91. 

B. a!» + X ~ 182. 9. 9a:* ~ 2i - 7. 

10. 2i« + 5a; + a 11. f-Uz + lS. 

12. Saii-lOiE-S. *13. 8i> + 17* + 7. 

U. 16ai« + 4!i:-a 15. 7if»-4y-ll. 

16. a>- 806 +9 6*. 17. Si' -121 + 4. 

18. I8je5-78ii;-|-4. 19. 27iS + 3i -2. 

20. 24z«-81a;- 15. 21. 21x» - 81* + 4. 

22. laii + aOic-Ta. 23. z*-3(m> + 2o*. 

24. Sa'-ieon-Taa. 25. lOii^eax-lS. 

26. X'v'-I2s^y' + S0. 27, 4x"p- I5iep+ 81. 

28. 2«»-17(a» + 8Wt. 29. 4a» + 12a* + 96«. 

30. 5o»*S-2ate-76*. 31. lOi* - 15a»ic' - lOOx^a*. 

32. 4a=" + ie<i'"6» + 166*". 33. 4o%V -20oteirt! + 26(>««». 

32. Factoriog the difierence of squares. Under the method of 
the preceding paragraph we may factor the difference of squares. 

Thus to factor a;' — 5' we observe that the product of the 
coefficient of x^ and the constant term is 
1 . (_ ^ = - 6». 

Since the coefficient of x is zero, we have 



Hence (x + b)(x-b)=x*~ 6». 

EULE. Extract the square root of each term. 
The sum of these square roots is one factor, and their differ' 
ence is the other. 

Example. Factor 9a»EV - 18i>>i;2. 

9 oSiV - 16 f^c^ = (3 a^V + 4 &*«) (3 «aiV - 4 ¥c) . 

33. Reduction to the difference of squares. The preceding 
method may be used when the expression to be factored becomes 
a perfect square by the addition of the square of some expression. 
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Factor the followiog : 

I. a* + iV. 
SolDtiMi : a< + 4(i< = a« + 4a%> + 46<~4a%> 

= (a* + 26*- 2a6)(o* + 26» + 2ab). 

8. 1-a*. 3. a* + 4. 

4. s" -I. 6. !tV + **'- 

6. 4ic* + i/«. 7, 4a'-266». 

8. xi + x^ + 1. 9, 16o»M-x«. 

10. x* + 0x' + 81. 11. 4a'P-96^«. 

12. ffl»p+3 _ ifla*. 13. ie«' + 2" + 1. 

14. S6i«i^j* - 4»w«ti»». 16. ie* - l&x' + 8C. 

16. ni!/* + 16mx«- 12miV. 17. e*>+ 8zV + 4v*. 

34. Bepliclug a parentbesls bj a letter. An; of the pTeceding metliodB ' 
may be applied when a polynomia,! appears In place of a letter in the ezpres- 
don to be factored. It is frequently desirable for simplicity to replace such 
a polynomial by a latter, and in the final result to restore the polynomial. 



1. 2ax''-2ta?-9ax~«bx + 8a-6b. 
SoIatlbB: 2<u;»-26iC'-8az-6f«+8a-86 

= 2(a - 6)1' - a(a - b)x - 8(o - 6) 

= <a-6K2*>-0sE-8) 

= 3(a-6)<Z'-3i-4) 
, =2(a-6)(*-4)(x-H). 
In this example the factor (a — b) might have been leplacad by a letter. 
*8. a* + 6»-e»-9-2a6 + 6c. 
Si^tim: a" + W-c«-S-2a6 + 6c 

= a»-2a6 + B"-(c»-ec-f 9) 

= {a-b + c-$){a~b-c + S). 

3. (3=!-»)(2a + p)-(8i-y)(a-9). 

4. <4<i-66)(8m-3p) + (a + 66)(3m-2p). 
6. (7o-8y)(5c-2d)-{8a-2:/)(5c-2d). 

«. (I - y) (8 a + 4 d) - (4 a - 5 6) (a: - V) - (a - y) (2 a - 8 6). 
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8. ia*-12ab + 9t»- x'-2x-l. 

9. a!W + 2a;»o + i^-o»-2a6-l. 

10. aa;» + eax + 9o-6i>-6te-96. 

11. 4(a-6)»~6(a*-6*)-21(a + 6)*. 

12. 6{x + y)»-l2lx'-y') + Hx-v)*- 

13. a"W**-oW-2a&i! + 2a& + «»-l. 

14. (ic-3v)(2a-36)-(»6-10)<a;-2if). 

35. Factoring binomials of the form a" ± b". By § 27, 

a" - i" =(o - 6)(a'-' + a"-'& + a"-'&* + ■ ■■ + fc""'). 

a- + fi- = (» + 6)(o-' - a-'fi + a-»6« + &"-'), 

where n is odd. 

One can factor by inspection any binomial of the given form 
, by reference to these equatiooB. 



Factor the following : 








1. x"-p«. 








SolDtiim: x>-/: 


= (i'- 


VXX'+I^ 




= (!* + 


iy + i^)(. 


i-i«)(!i?-xv + y*)(x + y). 


2. a? + 126. 






3. ;x' -- 1. 


4. xw _ j,ii. 






s.^^v*. 


6. jM - yW. 






7. x»~ yw. 


8. o*j' + a». 






9. iB* - aV- 


10. 2160 + o*. 






11. ax*~l6 a'. 


12. Sa'-B66»o". 






13. 27ZV+ Siy*. 


14. 21xh/'+X^. 






IB. 16o*6«-8Ui«d>. 



36. Highest common factor. An expression that is not further 
divisible into factors with rational coeflcients ia called prime. 

If two polynomials have the same expression as a factor, this 
expression is said to be their common factor. 

The product of the common prime factors of two polynomials 
is called their highest common factor, or H.C.F. 

BthBQODCe. TbilB(x- l)i(x-(-l) 
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37. H.C.F. of two polynomials. The process of finding the 
H.C.F. is performed as follows: 

BuLE. Factor the polynomials. The prodttct of the common 
priim facUtrs w ikeir H.C.F. 

BZEROSBS 
Find the H.C.F. of the following: 

1. 4nAi^c*-8a6^+4a6'and6<»te» + 12ate + 6oft. 
Solntiin: loti^zt - 8a6ax> -f 4aA> 

= 4a«*(*»-2a;'+l) 
= 4a6>(a!-l)»(a; + l)". 
6ate* + 12ato + 6a& 

The H.C.F. is tben § ab{z + I)*. 

2. i» - »* and I* - ys. 

3. *» + l> - 12* and x» + 6* + 4. 

4. 9nia» — 6mic + m and Bna;* - n. 

6. 6a;-4j« + a(w-3aanii 9 -4j;». 

6. 12 o' - 86 o6 + 27 65 and 8 0= - 18 b'. 

7. 3a%-6ate + 3Wi;and 4a^-46»y. 

8. 2i-4&-x*-2(>ieand4»-5a;'-fi. 

9. 6a:" -7iM»-20o^and3ie> + ax-4a". 

38. BncUd'B method of finding the H.C.F. When one b unable to factor 
the polynomials nhoee H.C.F. is sought, the problem may nevertheless be 
Holred by use of a method which in essence dates from Buelld (800 B.C.). 

The validity of this process depends on the following 

Pbinciflh. If a polynomial haia certain factor, any mtUtiple <tf it hat the 
tame factor. 

Let x»+^x"-> + Rp'-' + --- +K 

Mid r' + ax'"-' +te"-* +■■■+! 

be represented by F and respectively. The letters A, B, ■ ■ ■, K and a, b, 
■ . ', I represent Integers, and tn, the degree of 0, is no greater than n, the 
degree of F. We seek a method of finding the H.C.F. of F and G if any 
exists. Call Q the quotient obtained by dividing F by Q, and call B the 
renuunder. Then (g 26) 

F=<i-o + a, (1} 
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when tbe degree ot BioxiBti 
H.C.F. of Fand may be, it m 

F- QG = B, 

the E.C.F. of F and G must be a factor of the left-hand member, and hence 
a factor of B, nhich is equal to that member. Also every factor common 
to Q and if must be contained in F, for any factor of G and It is a factor of 
the right-hand member of (1), and hence of F. 

Thus our problem te reduced to finding the H.C.F. of GandB. Let Qi and 
ill be respectively tlie quotient and remainder obtained in dividing by B. 

Then O = QiB + Bi, 

where the degree of Rilnz\B not as great as that of B. By reasoning simi- 
tar to that just employed we see that the H.C.F. of G and B is also the 
H.C.F. of B and Bi- Continue this process of dlTision. 

Let B = QiHi + Bj, 

Bi = QiRa + K.. 
until,sayln Bt = ttn-iSt+i + B*+», , 

either R^ ia exactly divisible by Bt + i (i-e. Bt + i = 0), or B^ + j does not con- 
tain X. This alternative must arise since the degrees in x of the successive 
remaindeiB B, Ri, fii, - ■ ■ are continually diminishing, and hence either the 
remaindermustflnally vanish or cease to contain I. Suppose Jii+s=0. Then 
the H.C.F. of Bk andift + iisBt + i itself, which must, by the reasoning given 
above, be also the H.C.F. of Fand G. If Bt + s does not contain i, then the 
H.C.F. of Fand O, which must also be a factor of Bt + i, can contain no x, 
and must therefore be a constant. 

Thus F and G have no common factor involving z. 

This process is valid if the coefficients of F and O are rational azpressions in 
any letters other thao x. 

39. Hetbod of finding the H.C.F. of two polynoinlalg. The above dis- 
cussion we may express in the following 

Rule. Divide the polynomioi of higher degree {if the degree* of the polyno- 
mials are waequal) by the other, and if there is a remainder, divide the AiviiOT 
by it; if there i» a remainder in this process, divide the preBiout remainder 
by it, and au on until either there is no remainder or it doet not contain the letter 
of arrangement. If there is no remainder in the last division, the la»t divisor is 
the H.C.F, If the last remainder does not contain the letter of arrangement, 
then the polynomioils have no common factor involving that letter. 

Id the application ot this rule any divisor or remainder may be multiplied or 
divided by any expression not Involving the letter of arrangement without affect- 
ing the H.C.F. 
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EXERCISES 
Had Om H.C.F. of the following: 

1. 2a:« + 2it»-ji*-2ie-landi* + x« + 4a! + 4. 
SolDtlon: 2J2!e* + 2ie'-a!*- 2x-l \xf+ 1'+ 4. 

2x« + 2a' + az + S 
Multiply by - 1, ■ 



z'+lQx,'+ Oa" 



8lz»+ 84«+4 
St a' + 8101+720 
-725*- 726 



Thus the H.C.F. 1b z '+ 1. 

This process maj be performed Id the f oUonlng re 



2x* + 2i'-ie«- 2x- 1 


i<+ x'+ 4i + 4 


2x< + 2i« + 81 + 8 


«< + 10i>+ Ois 


- !» - 10* - 9 


- Oa;»- 8»»+ 4a; 


i= + 10z + 9 


- 9i»- 90i*- Six 


«»+ ^ 


81i»+ 85i + 4 


fia + e 
tlx + S 


811' + 810* +728 


-726* -725 





X +1 



compact form, 

9i + 8 



RsiDlt : x + 1. 

2. z* - 3* - 7 and I* - 393! + 70. 

3. x»-l<-z + land6!F«-4ie'-l. 

4. x< + 2i« + 9and-5i'-ll«» + 16a: + 9. 

5. a* - 2 1' - 16a; + 36 and Sa!» - 4 a: - 16. 

6. at*-8z' +i' + 3z-2and4«'-9a!' + 23; + 3. 

7. 4a:»-18a;»+19x-3and2!F«-12i» + 10i>-63; + 9. 

8. i» + 4x«-22x»-4z + 21anda:* + 10K« + 20i'-10i-21. 

9. Oa*x.i - ftnfj;*!/ - Wa'xy'' + 16oy> and lOa'iV - IStrtc*^ + Sa'x*y< 
-12aizV- 
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26 ALGEBRA TO QUADRATICS 

40. Least common multiple. The kut common multiple of two 
or more polynomials is the polynomial of Iea,st degree that con- 
tains them as factors. We may find the least common multiple 
of several polynomials by the following 

BULE. Multiply together all the /actors of the various poly- 
nomials, each /actor having the greatest exponent with which it 
appears in any o/ the polynomials. 

41. Second rnle for finding the least common mnltiple. The 
previous rule is evidently equivalent to the following 

BULR Multiply the polynomials together a/nd divide the 
product hy their highest common /actor. 



Find the least cc 


mmon multiple of the 


following: 


1, a" - »», IT + 


ay — ax — xy, and a* 


-2*^ + 1/*. 


SataUDn: 


a»-j,» = 


(x~y)(x + y). 




i» + ai/-ax-a^ = 


(x-y)(z-a). 




*s-2ay + y» = 


(x-yy. 


Thus the L.C.M 


= («-!/)» («+>)(* 


-a). 



2. 4o'6c, eoW, andl2ci. 

3. Sij/', 6i^', and 8a:y'z'. 

4. (I + \){3fl- 1> and x." - 1. 

5. x< + 4 iV and !« + 2 p» - 2 y. 

6. 4i'-0j»and4ai"- 12 icy + 9j/". 

7. i» - Si + 4, z" - 1, and a;« - (tc - a: + a, 

8. «-l, 2i*- 5z-8, and2ii:>-7x« + 2ii: + 3. 

9. x»-»a;* + 28a!-24and»!'-10a;i' + 81x-30. 
10. 2a»-8ii; + «, i'-6*+9, aaid8*»-«*-te + 36. 
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CHAPTEE III 
FRACTIOHS 

42. General principles. The symbolic Btatementa of the roles 
for the addition, subtraction, iuultiplica.tion, ajid division of alge- 
braic fractions are the same as the statements of the correspond- 
ing operations on numerical fractions given in (2), (3), and (4), 
§ 6. This is immediately evident if we keep in mind the fact 
that algebraic expressions are symbols for numbers and that if the 
letters are replaced by numbers, the algebraic fraction becomes a 
numerical fraction. 

43. Pbinciple L Both numerator and denominator of afrao- 
tion may he multiplied (or divided) by the same expression with- 
out changing the value of the fraction. 

This follows from (6), g 6. 

44. Principle II. If the signs of both nv/merator and denomi- 
nator of a fraction be changed, tlie sign of the fraction remains 
unchanged. 

This follows from Principle I, when we multiply both numerator and 
denominator by — 1 . 

45. Principle IIL If the sign of either numerator or denomi- 
nator (hut not both) be changed, the sign of the fraction is changed. 

This follows from (6), 8 6. 

46. Reduction. A fraction is said to be reduced to its lowest 
terms when its numerator and denominator have no common 
fa«tor. We effect this reduction by the following 

EpLE. Divide both numerator . and denominator by their 
highest com/mon factor. 
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BXERaSBS 
Seduce the following to their lowest terms. 



12 a:^ 


-12alfl 


iax^-Sabx + iaU' 


. 


12 


to." - nalA 12a(i - 6Kt + 6) 




itu^ 


-8ate+4(i6=' 4o(s-6)' 


.F. = 4a(» 
a" -6'' 


-b) 


8(1 + 6) 
x-b 
J a!»-23:> + 2« . I0a! + 2iw-a-5 
xfi + ix a-2ias-10z + 6 


{a - b)" 




^ »x*-iax+2a* - 2a*6 + 2a6"-2a6c 
r-i-a^ 85c' -8Wc- ante 






a» + b=-c' + 2a6 ,. 2l3f-9tt'+Tx~3 

a'-b-' + e' + iac Si" + 16x» + 1 + 5 


2«>-8js 


-9 


j„ k'-*«-i + 1 ,, i" + 3a3!* + 3a»e + a« 



11.^ ._. „. 

I" -9 2e* -z'-2iB + 1 a' + 2(w + iB» 

47. Least common denominator of several fractions. We have 
the following 

Bulk FitkI the least common multiple of the various denomi- 
nators. 

Multiple/ both nuTiterator and denominator of each fraction by 
the expression which will m,ake the new denominator the least 
common multiple of the denominators. 

EXERCISES 
Reduce the folloniDg to their least common denominator. 
,28 ^ 2^-8 

^■5'2731'=^*4^t:T- 

Solution: The L.C.M. of the denominators is 2(412 -1). Thus the frao- 
ons are 2( 4!!^ -1) Sx{2x+ 1) ii!(2x-3) 

z(4e^-l)' x(iifl-l)' "* »(4a:"-l)' 
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1^-21 + 1 jfl~l {X+I)' 

7. , ^^, and — ^ 

a + b-c a + b + c a* + 2ab + l» - c* 

48. Addition of fractions. This operatioii -we perform as 
follows : 

Rule. Reduce the fractions to he added to their least common 
denominator. 

Add ike numerators for the numerator of the sum, a>id take 
the least common den^ominator for its denominator. 

49. Subtraction of fractions. This operation we perform as 
follows r 

EULE. Reduce the fraction's to their least common dcTwmi- 
nalor. 

Subtract the numerator of the subtraliend from that, of the 
minuend for the numerator of the result, and take the least 
common denominator for its denominator. 

50. Multiplication of fractions. This operation we petform 
as follows : 

EuLK Multiply the numerators together for the numerator 
of the product, and the denominators for its denominator. 

51. Division of fractions. This operation we perform as 
follows : 

EuLK Invert the terms of the divisor and multiply by the 
dividend. „ 
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BXERCISBS 
Perform Qie Indioated operaUons and bring the results into their simplest 



+ 60-6 (a + 6)» + {a 
a-b a + b a^-l» 


-»)■ 




a-b 


a-b (a + 6)> - (a 

a + h a>-lfi 

(a + &)» + (« 




o»-6» 




2a» + 26» a' + 6» 
4a6 2a6 


a + 6)a-(o-6)" 


i-1 


'•^■^ 




■l-!ft 


2-V 


••m^- 




, 2+»+« 

1-! + ! 


a o + c 
6 26 ■ 


f. X y t 




10.-L+ ■ 

0-6 a+b 


-•+; + '• 


«,"-^+y. 




IZ.^-^ 



ix- 


i ex + 6 


a + b 


at + Sab-f 


a-b 


' .--»■ 


8 

15 (^ 


-I)"*"l0(a: + 1) 


x + y 
x-y 


X-, if 


r.- 


li + g^_^ 



Sz-e 5a! -16 
, 2a-86 , 3a-26 



2cd(c-d) 2cd{c + di 

j!> + z{a + b) + ab xl'-a' 

■ a'-a;(a + 6) + a6'ii?-6»' 



-9a + H ■ o>-6. 
W' x/ Xy" y X.) 



2 1 

-1 x' 



1 + 6 a + a= I ^l-a) {* - 1)> ^ (a - 1)' 
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Jltl. ».^. 

M. — i 35. . + i- 



a . !> (A _1_ _1_ a' + W 

, . + t .-» -^w 3, i + » 1-., - '.;!ijf. 

1 1 _1 1_ 11 o«+6* 

(a + 6)> (o - 5)3 1 - (T 1 + I a 6 

g-8y / g + 8i/ ^Q ^ x + 2 

■ a;»-2a^-16y" aa-Siy + lSy^' 'Sla + l) 8(-4-8x + irS)' 



'*■ 1 1 V ^ 2vz / 



42. 



a-^4b + 5 a-1 



■ W-y" x' + W \x-v x + y/" 



.1^-1. 



45 / 2ii + y I 2y-x X* \ . x' + y" 

\x + y x-y x" - y'} ^ x" - y*' 

ea 26 "^ »c 2ac 6 ' 

47 ft«l , «Ia 

' (a-6)(a-e)(o-d) (6 -c)(6-<J)(6- a) 
daft 

■^(d-a)(<J-6)«i-c>' 
4B ^ a-a6 3 8n-4c' 9 6c*-6& 
' 6o 3a6 46 8oc' 8e' 126c'*' 



-1]' (J! + l)* x«-l (x«-l)» 
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CHAPTER IV 
EQUATIONS 

52. Introduction. An equation ia a statement of equality 
between two expresaiona. 

We assume the following 

Axiom. If equals be added to, subtracted from, multiplied by, 
or divided by equals, the results are equal. 

As alwafa, ve eiclade dirlaion by zero. In dividing an eqnstlon by an alge- 
braic expression one miiBt always note for wbat vainer of the letters tbe dirisor 
vftDlBbes and exclude those valoM fntm the dUcnstlon. 

53. Identities and. equations of condition. Equations are of 
two kinds : 

First. Equations that may be reduced to the equation 1 = 1 by 
performing the indicated operations are called identities. 

Thus 2 = 2, 

a-&= (3a-26) - (2n-6) 
are eqnationB of this type. In identities the sign = is often replaced by =. It 
sbouM be noted that identitiei are true whatever numericai values lite tellers 
may have. 

Second. Equations that cannot be reduced to the form 1 = 1, 
but which are true only when some of the letters have particular 
values, are called eqiuitions of condition or simply equations. 

I Thug !c=2 cannot farther be almplified, and is true only when x has the valne 
2. Also z ^ 2 a is true ooly when z has the value 2 a or a has the value - ■ If in 
this equation x is replaced by 2 a, tbe equation of condition reduces to an identitjr. 
The number or expression which on being substituted for a 
letter in an equation reduces it to an identity is said to satisfy 
the equation. 

. The nnmbei 3 aatlBfles 
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The process of finding values that satisfy an equation is called 
Miln^ the equation. The development of methods for the solu- 
tions of the various forms of equations is the most important 
question that algebra considers. 

In an equation in which there are two lettera it may be possible 
to find a value which substituted for either will satisfy the equa- 
tion. Thus the equation x — 2a=0is satisfied if x is replaced by 
2 a, or if a is replaced by -■ In the former case we bare solved 
for X, that is, have found a value that substituted for x satisfies 
the equation. In the latter case we have solved for a. In any 
equation it is necessary to know which letter we seek to replace 
by a value that will satisfy the equation, that is, with respect to 
which letter we shall solve the equation. 

The letter with respect to which we solve an equation is called 
theTariable. 

Values which substituted for the variable satisfy the equation 
are called roots or solntloiu of the equation. 

Wben only on« letter, I.e. the variable, occnrs in an tqnation, the root ia a nnm- 
ber. 'Wlien letterB other than the variable ucuur, the root is ozpraaaed in ternu 
of those letters. 

54. Linear equations in one variable. An equation in which 
the variable occurs only to the first degree is called a linear eqna- 
tioa. To solve a linear equation in one variable we apply the 
following 

Rule. Apply the aaruym (§ 52) to obtain an equation in which 
the variable is alone on the left-hand side of tlie equation. 

The right-hand side is the desired solution. 

To test tlie accuracy of the work substitute the solution in the 
original equation and reduce to the identity 1=1. 

Since the resnlt of adding two numbers ia a definite namlwr, and the same is 
tme for the other operations used in finding the solatioo of a linear equation, it 
appears tliat etary linear equation in one variable haa one and only one root. 

When liotb sides of an equation bave a common denominator, the numerators 
are eqaal to each other. This appears from multiplying both aides of theeqoatlou 
bjr the common denominalor and then canceliog it from both fractions. 
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Solution : Tran^KMe the term involving x, 



Add fractionB, 



Clear ot fractionB and Bimplify, 27 j = 2I6 
x = 8. 

^ + x* X 

Sidation: Divide by o, 7^ se + - 

Transpoae the (firm involving x, 

(P+Z* X _ 

dx d""* 

Add fractions, ■ ■■■ . ■ = e. 

dx 
Clear of fractions and simplify, d — tx. 



3. (o-l)i = 6-!C. 4. (o-a!)(l-i) = i«-l. 

5. a(x-a^) = H^-b^.- 6. 2x-Jx=|«-i-Ja! + 2. 

7. 8a!-7 + a! = 9a!-3-4a!. 8. .617* - .617 =12^ -1.234 as. 

9. 3(2ie-.S) = ,6 + 5(a;-.l). 10. 7- 5* + 10 + 8a! - 7 + 3a! = ii!. 

11. (j-3)(x-4) = (K-a)(«-2). 12. j{A[i(jx+6)-lO]+31-8=0. 

13. (l+6a!)a+(2+8ic)3=(l + 10ir)». 14. b = Sx-\-\(x-\-Z)-\(\\x^m). 

15. 2(i + 5)(j: + 2) = (2ii! + 7)(* + 8). 

16. {^x-2\)-i^-\(^-&x)■\=\^. 

17. fla;-7(ll-ail + ll = 4a!-S(20-!i). 

18. (a-t.)(ir-c) + (a + 6)(a! + c) = 2(te + ad). 

19. 2 1 - 8(6 + i I) + 1(4 - I) - J(Sa! - 16) = 0. 

20. 6i-2 = ii + ia! + Jx + Ar + |J* + ii^ 

21. (o - 5) (a - c + X) + (a + 6) (a + c - a:) = 2 a'. 

22. 12.9X - 1.45* - 3.29 - .B9a: - lla + .32 = 0. 

23. 5.7a:-2H7.8- 9.3*)= 5.38- 4j(.28 + 8.61). 
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!C -8 *-6 

■4{8a+5) 6 
110 4 

2 ~ z 9" 
te_ e + da: 
^~ c+d' 

d g 

— + 6 = I _ I." 
1 2 1 



8_2 

8 x^_2 8_ 

2 . I~2 1 , ,' 



J (51 


-1) 
+ 1) 


2 

"a" 


2**^ 


Sx + b 2 


7a;>- 


in- 


2 7 


1+^ 


*\ 


'i+^ 


2 5x 


-2 
-3 


6 2z 



* + 2 ■ 86 

51 2 oft _(o + 5)'z 



1 , a + 6 1 , a-b 



. 6S-.4 , 1.8 -Sii 



ex + 2 16x + 5 8« 
2jx + 3) + 6 = 
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5x-l 8a + 2 a'-Ma + a 
' 8(ie + l> 2(a:~l)~ 6**-6 
8«-2^7^-j^ x + 100 ^^p 
Z + 3 z-t-2 x>-|-&x + 

5a 166 6a 

'21 5 ~ 2 

. 6x-6 9-103t _ 3a;-J i-ix 
' W 14 ~ 6 ~ 7 ' 

8 6x-3~x-.& 8(2z-l)' 

■.8 ■— = ' +—L 

6(2* -5) 2(2ii!-6) 3(2i-6) 
, g**' — 3iC-' 835— '-»■ _»!■ _, 

ix 4 ~¥ 

t <w-^ to - ac __ ta: - 6" a-a x 

I "-aa a!-26 z-2c _ 8i 
'6 + c — a a + c — 6 o + 5 - c " a + 6 + c' 
2x''-H7g'-' 7x'-4J3:'-' _43i' + 27a!"-i 
9 5a: -14 18 

, a(g-8) 6(3i-3) a'(g-l) Wja--!) , 

6 o tf" a' 



m{a-b)b mb b .mfa-b) b 

,_ 4(13z--.6) , 3(1.2 -al _ 9a4-.2 6 + 7g 



la -d (frn + din^i + {bp + dq) _a 
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55. Solution of problems. The essential step in solving a 
problem by algebra is the expression of the conditions of the 
problem by algebraic symbols. This is, in fact, nothing else than 
a translation of the problem from the English language into the 
language of algebra. The translation should be made as close as 
possible, clause by clause in moat cases. In general the result 
sought should be represented by the variable, which for that 
reason is oft«n called the unknown quAntity. 

EiAHFLE. What number is it whose third part exceeds iU fourth part by 
sixteen? 

Solutiau: "What number ia it" ietransliited by X. Thus we let x represent 
the number sought. "Whose QiM part" is ttanslated by -- "Exceeds its 
fourth part" is translated t>y g — j> ''^' ^^ third part less the fourth part 
leaves something. "ByBlxteen"givesustheamouQtof theremainder. Thus 
the translation of the problem into algebraic language is 

Let X represent the number sought 



This equation should be solved and checked by ttie methods already given. 

PROBLEMS 

1. What number is It whose third and fifth parts together make 88? 

2. What number increased by 8 times itself and 5 times itself gives 00 ? 

3. What is the number whoso third, fourth, sixth, and eighth parts 
together are 3 less than the number itself? 

4. What number is it whose double is 7 more than its fourth part? 

5. In 10 years a young man vtill be S\ times as old as his brother is 
now. The brother is 7} years old. How old is the young man? 

6. A father who is 53 yeats old is 3 years more than 12^ times as old as 
his son. How old is the son ? 

7. If you can tell how many apples I have in my basket, you may have 
4 more than I/, or, what is the same thing, 4 less than J of them. How many 
have 1 ? 

8. If Mr. A received J more salary than at present, he would receive 
82100. How much does he receive? 

B. A boy spends ^ of his money in one store and \ of what remains in 
another, and has 24 cents left. How much had he ? 
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10. A man wbo is S months past his Rttj-Bfth birthday is 4 J times as old 
as his son. How old is the sod? 

11. In a school are four classes. In the flrot is J of all the pupils ; in the 
second, J ; in ttie third, } ; in the fourth, 37. How many pupils are in the 
school? 

12. A merchant sold to successive customers \, }, and ^ of the original 
length of a piece of cloth. He had left S yards less than hall How long 
was the piece ? 

13. How may one divide 77 Into two parts of which one Is 2} times as 
great as the other? 

14. The sum of two numbers is 7S and their difference is 15. What are 
the numbers? 

15. A father Is 4^ times as old as his son. Father and son together 
are '27 years younger than the grandfather, who is 71 years old. How old'are 
father and son ? 

16. The sum of two numbers is WQ. If oi 
the second by 6, the sum of theSe quotients is 11 

17. The first of two numbers whose sum is a is 5 times the second. 
What are the numbers ? 

18. If the city of A had 14,400 more inhabitants, it would have S times 
as many as the city of B.. Both A and B have together 12,800 more than 
the city of C, where there are 172,800 inhabitants. How many are in 
A and B ? 

19. Two men who are 25 miles apart walk toward each other at the 
rates of 3^ and 4 miles an hour respectively. After how long do they meet ? 

20. A courier leaves a town riding at Ihe rate of 6 miles an hour. Seven 
hours later a second courier follows him at the rate of 10 miles an hour. 
How soon is the first overtaken ? 

21. A can copy 14 sheets of mannsciipt a day. When he had been work- 
ing 6 days, B began, copying 18 sheets daily. How many sheets had each 
written when B had finished as many as A ? 

22. The pendulum of a clock swings 387 times in 6 minutes, while that 
of a second clock swings 341 times in S minutes. After how long will the 
second have swung 1632 times more than the first? 

23. The difference in the squares of two numbers is 221. Their sum is 
17. What are the numbera ? 

24. If a book had 280 more pages it would have as many over 400 pages 
as it now lacks of that number. How many pages has the book? 

25. A man Is now 08 years old and his son 21. When was the father 
19 Umes aa old as his son ? 
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26. If T oranges cost as mtich leas than 50 cents &s IS do mote than 
60 cents, how much do Uiey cost i^iece? 

27. The numerator of a. fraction is more than the denominator. Dimin- 
ish both numetstor and denominator by 1 and the fraction equals j. Find 
the fraction. 

28. The aum of three niunbers is 100. The first and second are respec- 
tively 9 and 7 greater than the third. What are the numbers? 

29. Out of IS people there were J as many children as women, and Ij 
times as many men as women. How man; were there oi each? 

30. A boy has twice as many brothers as sisters. His sister has G times 
as many brothers as siatere. How many sons and daughters were there ? 

31. A dealer has 6000 gallons of alcohol which is 86% pure. He 
wishes to add water so Uiat it will be 7S% pute. How much water must 
he add? 

32. How much water must be added to 6 quarts of acid which Is 10% full 
strength to make the mixture SJ% full strength ? 

33. A merchant estiiaated that his st^iply of ooflee would last 12 weeks. 
He sold on the average 18 pounds a week mora than he expected, and It 
lasted bi'T' 10 weeks. How much did he have ? 

34. At what time between S and 4 o'clock are the hands of a clock point- 
ing in the same direction ? 

35. At what time between 11 and 12 o'clock is the minute hand at right 
angles to the hour liand f 

36. A merehant bought cloth for (2 a yard, which he was obliged to sell 
for $1.75 a yard. Since the piece contained 3 yards more than he expected, 
be lost only 2%. How many yards actually in the piece ? 

37. A man has three casks. If he fills the second out of the first, the 
latter is stitl f full. If he fills tbe third out o^ the second, the latter is still 
i full. The second and third tt^ther hold 100 quarts less than the fiist. 
How much does each hold ? 

38. A crew that can cover 4 miles in 20 minutes if the water is still, can 
row a mile downstream in f the time that it can row the mile upstream. 
How rapid is the stream ? 

39. A cask is emptied by three taps, tbe first of which could empty it 
in 20 minutes, the second in 80 minutes, the third in S6 minutes. How long 
Is required for all three to empty the cask? 

40. A can dig a trench in | the time that B can ; B can dig it in { the 
time that C can ; and A and C can dig it in 8 days. How long is required 
by all working together? 
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56. Linear equations in two variables. A simple eqimtioa in 
one variable has one and only one solution, aa we have already 
seen (p. 33). On the other hand, an equation of the first degree 
in two variables has many sdutions. 

For example, 3a: + 7y=l 

is satisfied by innumerable pairs of numbers which may be sub- 
stituted for X and y. For, transposing the term in y, we get 

from which it appears that when y has any particular numerical 

value the equation becomes a linear equation in x alone, and 
hence has a solution. Thus, when y = 1, « = — 2, and this pair 
of values is a solution of the equation. Similarly, a; = — 9, i/ = i 
also satisfy the equation, 

57. Solution of a pair of equations. If in solving the equation 
just considered, the values of z and y that one may use are no 
longer unrestricted in range, but must also satisfy a second linear 
equation, we get usually only a single pair of solutions. Thus 
if we seek a solution, that is, a pair of values of x and y satisfying 

3a^ + 7j/=l, 
such that also 

« + y = -l, 

we find that the pair of values x = — 2,y = l satisfy both equa- 
tions. Any other solution of the first equation, as, for instance, 
a! = 9, i/= — 4, does not obey the condition imposed by the second. 

Two equations which are not reducible to the same form are 
called independent. 

Thofl Ba: — 8y — 4 = 



are not reducible to the game fonn anil are iodependeDt. Since dependent equa- 
tions are identical except tor the arrant^ment oF terms and some constant factor, 
aU their solutions are common to each other. 
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This principle we may staki as follows : 

Two eqnaUonB , . . 

ax + bg + c 

jid a'x + 6'if + o* 

xe dependent wben and only wben 



IndepeDdent equ&tions in more than one variable which have 
a common solution are called slmnltaneous equations. 

Two pairs of simultaneous equations which are satisfied by the 
same pair (or pairs) of values of x and y and only these are called 
equivalent. 

Thna r3x + 7« = l, ^^ S'='^ 

\.x + v= -1 \y= 1 

are equtv&lent pairi of eqoationa. 

58. Independent equations. We now prove the following 
Theokem. If A=0 and B = represent two independent 
equations, then the pairs of equations 



P = ^'(l) an4 1"^ + ^ = ^' (2)' 

\b = ^ ' \cA-\-dB=0 ^ ' 



are equivalent where a, b, c, and d are any numbers such that 
ad — be is not equal to zero. 

The letters A and B symbolize linear expressions in x and y. 
Evidently any pair of values of x and y that makes both .4=0 and 
B = 0, i.e. satisfies (1), also makes aA + bB = and cA +dB = 0, 
i.e. also satisfies (2). We must also show that any values of x 
and y that satisfy (2) also satisfy (1). 
For a certain pair of values of x and y let 

aA + bB = 0, (3) 

cA + dB=0. (4) 

Multiply (3) by c and (4) by a (§ 52). 

Then aeA + 6cB s 0, (6) 

acA +■ adB = 0. (6) 
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Subtract (6) from (6) (S 62), 

(ad — bc)B = 0. 
Thus, by § 5, either ad — fie = or B = 0. 

But ad — be i3 not zero, by hypothesis j consequently 5=0. 
Similarly we could show that X s 0. 

Thus if we seek the solutiou of a pair of equations A = 0, 
3 = 0, we may obtain by use of this theorem a pair of equivar 
lent equations whose solution is evident, and find immediately 
the solution of the original equations. 

59. Solution of a pair of simultaneous linear equations. The 

foregoing theorem affords the following 

Kdlk Multiply each of the equations by some nwmber such 
that ths coefficients of one of the variables in the resulting pair 
of equations are identical. 

Subtract one equation from the other and solve the resultinff 
simple equation in one variable. 

Find the value of the other variable by substituting the value 
just found in one of the original equations. 

Check the result by substituting the values found for both 
variables in the other equation. 
Example. 

Solve 8* + 7y = l, (1> 

x + y=-l. {2) 

Solntlou: Multiply (1) by 1 and (2) by 3, 
Zx + 1y = l, 
8i + 8y = -8 
Subtract, 4y = 4 

V = l. 
SubaUtute in (2), it + 1 = - 1. 

a = _ 2. 
Cheek : Substitute in (1), 



60. Incompatible equations. Equations in more than one vari- 
able that do not have any common solution are called incompatible. 
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Theorem. The equations 

ax + hy=-c, (1) 

a'x + Vy = c' (2) 

are incompaiible when and only when aV — ha' = 0. 

Apply the rule of § 59 to And the solution of these equations. 
Multiply (1) by a' and (2) by o. 

We obtain aa'x + a'by = ca', 

aa'x + ab'y = ac'. 

Subtract, {ai' — a'b)y = an' — ea'. 

If now ab' — a'b is not zero, we get a value of y ; but since under 
our hypothesis ab' — a'b = 0, we can get no value for y since divi- 
sion by zero is ruled out (§ 7). Thus no solution of (1) and (2) 
exists. 

Solve 3z + 7y = 1, (I) 

6x-\-Uy = l. (2) 

Solotion: Multiply (1) by 2, 

61 + 14^ = 2 
6x+ liy= 1 
Subtract, 0=1 

which is absurd. Thus no solution exists. 

61. R&um£. We observe that pairs of equations of the form 
ax + by + e^O, 
a'x + 6V + c' = 
fall into three classes : 

(a) Dependent equations, which have innumerable common 
solutions. a b c 

Then ?-J' = .-- (1) 

(b) Incompatihle equations, which have no common solution. 
Then ^^, _ ^,j ^ ^^ ^^^ ^^^ j^ ^^^^ ^^^ 

(e) Simnltaneous equations, which have one and only one pair 
of solutions. 

Then ab' — a'b =;*= 0. 
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Solve and check the following : 

, 21 + 61/ = !, - 4i-6i/ = 8, , 6i + 8y = 18, . 

*■■ ex + Ty = 8. *-|z-v = ). *■ x + iy = S. 

7i-3v = 27. 2x-iy = i, iy=ix-l, 

'■ 6a:-6y = 0. ' 3x-iv = 0. °- Ay=i«-1. 

_ 5a;-4y + l = Q, - Sa;+4y = 26a, ^ 5a: + 3y + 2 = 0, 

1.7ic-2.2j/+7.»=0. v = &x. ■ 8z + 2i/ + l = a 



10. * + "*" = "■ 

I - ni/ = 6. 


11 


« + y = 4(5a + 6), 
x-s=i{a + Sb). 


"■ 8i-2y = -56. 


13 


ix-Hv + i) = i, 
i{x + l) + i{y-l) = 9. 


,. a5x + 2iy=18 + 4^i-8.6j,, 
"■ 2J« + .8v = 22i + .7a-31y. 


15 


8z + 2i/ = 6a" + a& + 66a, 
3y + 2i = 6a»-a6 + 66". 


"■15 "4 , 
Hint. Retain fractloiu. 


17 




18. ^Trc = 6' 


19 


8x + l_4 
4-2i/~3' 


i-» = a-6. 




I + if = 1. 


I + 2J/ + 1 „ 
20 ^i-y + I ' 
«-V + 3 


21 




5 7 
-„ a + 2tf 2i + j(* 

7 5 
81-2 6_j 


23 


II II 


.9*-.7ff + 7.8 „ 
.. 18^-161/ + 17 
**■ 1.2i-.2j( + B.9 g 

lSz-16v + l7 


25 


* a" - 6" 
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EQUATIONS 


a: = 1 + Vv, 




29 2a5-Vi» = 6, 


!/ = 4-8i + i*. 




• («.-I)(i-8) = j. 


"4 ^ - 8 VF = 6, 




,j iVi-!/V6 = o + », 


S^-4V!;=1. 




' I + y = 2 Va. 


a!v^ + yV3 = 3V3, 






x^-yy/2 = 2y/2. 




^-4='' 




8 ! 
^^^ ViT+S 


^-4 = '- 




(. «.+, " + ' + ', 


* + ! » + 2_2(a!- 



(a-6)[i+(a+6)y]=a-6+l. 



a(a; _ 8)-4{!, -S)=12(2y -a). 



62. Solutions of problems Involving tvo unknowns. The same 

principle of translation of the problem into algebraic symbols 
should be followed here as in the solution of problems leading to 
simple equations (p. 37). 



PROBLEMS 

1. The difference between two numbers is 8^. Their Bum ia Q\. Whtkt 
are the numbers? 

2. What are the numbers whose sum is a and whose difference is 6? 

3. A man bought a pig and a cow for $100. If he bad given JIO more for 
the pig and 920 less for the cow, they would have 
What did be pay for each ? 

4. Two baslwls contain apples. There are 51 mc 
in the second. But if there were 8 times as many 
many in the second, there would be only 
second. How many apples are there 

5. A Bays to B, " Give me $4S and 
B replied, "If you give me $49, I shall have 
Bow much had each? 

6. A man bad a silver and a gold watch and two chains, the value of the 
chains being W and $25. The gold watch and the better chain are together 
twice and a half as valuable as the silver watch and cheaper cliain. The 
gold wat«h and cheaper chain are worth $2 more than the silver watch and 
the better chain. What is the value of each watch ? 



iu the flr^t basket than 
the flrat and T times as 
n the first than in the 



a each basket? 

e shall then have equal 
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7. What fraction is changed into } when both numeratOT and denomi- 
nator are diminlalied b; 7, and into its reciprocal wlien the numerator is 
increased b; 12 and the denominator decreased by 12 1 

8. A man bought 2 carriage horses and 6 work horses, paying in all 
11200. If he had paid 45 more for each work horse, a carriage horse 
would have been only \ more expensive than a work hoise. How much 
did each cost? 

9. A man's money at interest yields him $540 yearly. It he had received 
\% more interest, he would have had $60 more income. How much money 
baa he at interest ? 

10. A man has two sums of money at interest, one at 4%, the other at 6%. 
T<^ther they yield $760. If both yielded 1% more interest, he would have 
$1S5 more income. How large are the sums of money? 

11. A man has two sums of money at interest, the flret at 4%, the second 
at 8^%. The first yields as much in 21 months as the second does in 18 
months. If he should receive \% less from the first and \% more from the 
second, he would receive yearly $7 more interest from both sums. What 
are the sums at interest? 

12. What values have a mark and a ruble in our money if 38 rubles are 
worth 14 cents leas than 75 marks, and if a dollar and a ruble together 
make 6} marks ? 

13. A chemist has two kinds of acid. He finds that 23 parts of one kind 
mixed with 47 parts of the other give an acid of 84J% strength and that 
43 parts of the first with 17 parts of the second give an 80j% pure mixture. 
What per cent pure are the two acids ? 

14. Two cities are 15 miles apart. If A leaves one city 2 hours earlier 
than B leaves the other, they meet 2} hours after B starts. Had B started 
2 faoure earlier, they would have met 3 hours after he started. How many 
miles per hour do they walk ? 

15. The crown of Hiero of Syracuse, which was part gold and part silver, 
weired 20 pounds, and lost \\ pounds when weighed in water. How much 
gold and how much silver did it contain if 19J pounds of gold and lOJ 
pounds of sUver each lose one poimd in water? 

16. Two niunbera which are written with the same two digits differ by 
80. If we add to the lesser the sum of its lens digit and 4 times its units 
digit, we obtain 100. What are the numbers ? 

17. In a company of 14 persons, men and women, the men spend $24 
and the women spend an equal amount. If each man spends 31 more than 
each woman, how many men and how many women are in the company ? 



itized by Google 



EQUATIONS 47 

63. Solution of linear equations in seveial variables. This 
process is performed as follows : 

KuLK MimiTiate one variable from the equatums taken in 
pairs, thus giviitg a system of otie less equation than at first 
in one less variable. 

Continue ike process v,ntil the value of one variable is found. 

The remaining variables may be found by substitution. 

Special caaei occur, as Id the caw of two varialileB, where an infinite nnnfber 
of solutions OT no aolutions exist. Where no solution exists one is led to a sell- . 
contradictor; equation on application oF the mle. Bee eierciae IT, p. 4S. 



olve and check the following ; 

. x + 2i/ + 4« = 16, 
» + 8^ + 9*5= 28. 






8 + 3y + 9j!=:23 



Cheek: 5 + 9+9 = 


2a 




2. X + I = 26, 

ff + « = 22. • 




7i + y = zy, 

3. 2a: + 2«=iM, 
3« + 8i/ = iy. 






X + y + « = 17, 
4. a; + «-v = 18, 

* + i-2i* = 7. 




z + y + Z = 86, 
5. ix = &y, 

2a; = 8«, 


l.Sa;-I.9» = l, 
6. 1.7a!-l.lz=2, 




2x+2y + * = 
7. 2i/+2i + i = 
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u + 2i = 6. 



14 


2ix = y+z + a, 
8iy = x + z + 12, 
4\z = x + y + l^ 


15 


i + y = li* + 8, 
x + z = 2iy-U, 


16 


x + 2y-z=i.6, 
V + 2«-ii: = 10.1, 
j + 2i-v = 6.7. 


17 


3x + 5y + 7i = 37, 


18 


7a! + 8y + 7* = 100, 
x-2y + z = 0. 


19 


(«+2)(2v+l) = (2x+7)y, 
{a:-2)(3*+l) = <x+8H3z-l) 
iy + l){Z + 2) = {v + 3){z + l). 



iiiiMB, Google 



CHAPTER V 



RATIO AITD PROPORTIOK 



64. Ratio. The ratio of one of two numbers to the other is the 
result of dividing one of them by the other. 



The ratio ot a tc 



18 denoted by a : 6 or by - 



The dividend in this implied division is called the antecedent^ 
the divisor is called the consequent. 

65. Proportion. Four numbers, a, b, c, d, are in proportion when 
the ratio of the first pair equals the ratio of the second pair. 

This la denoted by a : 6 = o : d or by ^ = | ■ 

The letters a and d are called the extremes, b and c the means, 
of the proportion. 

66. Theorems concerning proportion. If a, b, c, <2 are in pro- 
portion, that is, if 

a:b = c:d or -: = -> 



then 






e = b:d, 
a = c-\-d 



\-b:a-b = e + d 



(I) 
(II) 
(III) 
(IV) 
(V) 
(VI) 
(VII) 



Equation (III) is said to be derived from (I) by InverBlon. 
Equation (IV) is said to be derived from (I) by alternation. 
Equation (V) is said to be derived from (I) by composltioa. 
Equation (VI) is said to be derived from (I) by division. 
Equation (VII) is said to be derived from (T) by composition 
and division. 
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67. Theorem. If a numler of ratios are equal, the sum of any 
number of antecedents is to any antecedent as tJie sum of Hie 
corresponding consequents is to the corresponding consequent. 



Let 




a:b = c:d = ,:f=3:h, 


or 




a c 6 9 
b d f h 


To prove 




a+e+e b+d+f 
g h 


It 


a 
i 


c e g 

d ~f k ' 


we have 




a = br, 

C=dT, 



Divide the sum of the fitst three equations by the last and we get 
a+c+e ^ b+d+f 

68. Mean proportion. The mean proportioiul between two num- 
bers a and e is the number i, such that 
a:b = b:e. 
By (II), i 68, we see that ac = 6*. 



If a : 6 = 
1. + 6 


c : d, prove that 


EXERCISES 


Solution: 


By (V), 


66, 


+ &_ 


c + d 


Squaring 


we get 




a + bp 
a? 
a + 6_ 

+ 6 


{e + d) 






+ 


tfl 


c + dt 
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EATIO AND PKOPORTION 

2. a" : 6" = c" : (P. 

4. ma : ml) = Tie : nd. 

6. o» + 6* : -^ = tf* + d» : — 

a + b <: + >. 

8, ma 4- nt ; m + •& = me + nd : re + ad. 

9. a + 6 + c + ii:o-6 + c-ii = (H-6-c-(i:o-6-c + (l. 

10. Find tbe mean proportional between a> + c> and If + d^. 

11. Find the mean proportional between n* + b^ + c* and f^ + c* + < 

Solve the following for x : 

12. 20:»5 = it:57. 13. 8o6:i = 5e:lJoc 

14. a: - oi : v^ = Vx : x. 15. 1 - v^ : 1 - 3 -y^ = 1 : 4. 

16 'v''' + ^+'^^ _ * + '^ 17 a + 6 , a*-6' _ n-i> 

VSTT-VS 4-VS 'a-t' ot ■ ae 

Hint. Use compoaitioD and dlvldon. 
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CHAPTER VI 

nutATioNAL inmaERs axd radkals 

69. Sxistence of inatioiial numbers. Wb have seen that in 
order to solve any linear equation or set of linear equations with 
rational coefficients we need to make use only of the operations 
of addition, subtraction, multiplication, and division. When, 
however, we attempt to solve the equation of the second degree, 
z* = 2, we find that there is no rational number that satisfies it. 

Assumption. A factor of om member of an identity between 
integers is also a factor of the other member. 



Theorem. No rational number satisfies the equation 3^ = B. 
Suppose the rational number 7 be a fraction reduced to ite 
lowest terms which satisfies the equation. Then 



©■ 



or - a' = 2 6'. (1) 

Thus, by the assumption, 2 ia contained in a', and hence in a. 

Suppose a = 2 a'. 

Then by (1) 4 a" = 2 b\ 

or 2 tt'* = i', 

that is, 2 must also be contained in h, which contradicts the 
hypothesis that 7 is £i fraction reduced to its lowest terms. 

The fact that the equation x' = 2 has no rational solution is 
analc^ous to the geometrical fact that the hypotenuse of an 
isosceles right triangle is ■ incommensurable with a leg. 



52 
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70. The practical necessity for irratlonat numbers. Foi the 
practical purposes of the draughtsman, the surveyor, or the 
machinist, the introduction of this irrational number is superflu- 
ous, as no measuring rule can be made exact enough to distin- 
guish between a length represented by a rational' number and one 
that cannot be ao represented. Aa the draughtsman does not use 
a mathematically perfect triangle, but one of rubber or wood, it 
is impossible to see in the fact of geometrical incommensurability 
just noted a practical demand from everyday life for the intro- 
duction of the iiTational number. In fact the irrational number 
is a mathetnatieal necessity, not a necessity for the laboratory or 
draughting room, as are the fraction and the negative number. 
We need irrational numbers because we cannot solve all quad- 
ratic equations without them, and the practical utility of those 
numbers comes only through the immense gain in mathematical 
power which they bring, 

71. Extraction of square root of polynomials. This process, 
from which a method of extracting the square root of numbers is 
immediately deduced, may be performed as follows : 

Rule. Arrange the terms of the polyrumiial according to the 
powers of some letter. 

Extract the square root of the first term, write the result as 
the first term of the root, and subtract its square from the given 
polynomial. 

Divide the first term of the remainder hy twice the root 
already found, and add (his quotient to the root and also to the 
trial divisor, thus forming ike complete divisor. 

Multiply the complete divisor hy the last tervi of the root and 
subtract the product from the last remainder. 

Jf terms of the given polynomial still remain, find the iiext 
term, of the root hy dividing the first term of the remainder by, 
twice the first term of the root, form the complete divisor, and 
proceed as before until the desired number of terms of the root 
have been found. 
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Extract the square root of (he follo' 
1. a*-2<Ac + 3a3xf-2ittf + t*. 
SdQtbm : , a* - 2 a"x + 8 a'^ 




2. l + i. 3. 1-1. 

i. S3fl-2x + x*-i^ + l. 5. x*-6z» + 13a!«-12it + 4. 

6. x* + y* + 2x>y - 2 xy* - trf]/* 1. Oi* -12a!» + 34ii!' - 20a; + 25. 

8. 49a'-42o»6+37a*6*-12a6»+46*. 9. 2a6-2ac-.2&c + a« + 6* + (.■>. 
10. M*w' + (l*U» + Kl<tlS+ 2u»ifto+2ti'io*w+2w»u»(t. 

72. Eztractioa of square root of nambeis. We have the 
following 

KULE, Separate the number into periods of two figures each, 
beginning at the decimal point. Find the greatest number 
whose square is contained in the left-hand period. This is the 
first figtLre of the required root. 

Subtract its square from the first period, and to the remainder 
annex the next period of the number. 

Divide this remainder, omitting the right-hand digit, by twice 
the root already found, and annex the quotient to both root and 
divisor, thus forming the complete divisor. 

Multiply the complete divisor by the last digit of the root, 
subtract the result from the dividend, and annex to the remainder 
(he next period for a new dividend. 

Double the whole root now found for a new divisor and pro- 
ceed as before until the desired number of digits in the root 
have been found. 

Id applying this rule it often happens that the product of the complete dtvisot 
and the last digit of the root is larger than the dividend. In such a case we mast 
diminish the last figuro of Oie root by unity until we obtain a product whioh ia 
not greater tbao tbe dividend. 
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At say point Id the procesa of extracting the eqnara root of a numbei' before 
tlie eiact square root Is found, the square of the result already obtained Is less 
than the ori^nal number. If the last digit of the result be replaced by the next 
higher one, the square of this number is greater than the original number, 

TherearealwaystwovalueHOf thesquarerootofanynumber. Thus Vi= +2 
or — 2, since <+ 2)' = (— 2)'— 4. The positive root of any positive number or 
expression is called the principal root. When no sign is written iMtore the radical, 
the principal root la assumed. 



Extract the square rt 


)ot of the following : 






1. 2.oooa 








SdlDtiMi: 


2'.0Q'00'00'[1.41* 

1 
2^1.00 

281] 400 
281 
2.8241 11900 
11206 
604 






2. 96481. 


3. 6616& 


1. 


a 


6. 877969. 


6. 2040.5761. 


7. 


5. 


8. 26V049. 


9. .00070128. 


10. 


99. 


11. 69.8896. 


12. .0009979281. 


13. 


12. 




15. 9820.611801. 


16. 


160 



73. Approzlniation of irrational numbers. In the preceding 

process of extracting the square root of 2 we never can obtain a 
number whose square .is exactly 2, for we have seen that such a 
number expressed as a rational (i.e. as a decimal) fraction does not 
exist. But as we proceed we get a number whose square differs 
less and less from 2. 

Thus 1.* = 1, less than 2 by 1. 

1.4" = 1.96, less than 2 hy .04. 
1.41* = 1.9881, less than 2 by .0119. 
1.414* = 1.999396, less than 2 by .000604. 
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Though we cannot say that 1.411 is the square root of 2, we may 
say that 1.414 is the square root of 2 correct to three decimal 
places, meaning that 

(1.414)^ < 2 < (1.416)'. 

74. Sequences. The exact value of the square root of most 
numbers, as, for instance, 2, 3, 5, cannot be found exactly in deci- 
mal form and so are usiially expressed symbolically. By means 
of the process of extracting square root, however, we can find a 
number whose square is as near the given number as we may desire. 
We may, in fact, assert that the succession or sequence of numbers 
obtained by the process of extracting the square root of a number 
defines the square root of that number. Thus the sequence of 
numbers (1, 1.4, 1.41, 1.414, ■ ■ ■) defines the square root of 2. 

75. Operations on irrational nambere. Just as we defined the 
laws of operation on the fraction and negative numbers (pp. 2-4), 
we should now define the meaning of the sum, difference, prod- 
uct, and quotient of the numbers defined by the sequence of num- 
bers obtained by the square-root process. To define and explain 
completely the operations on irrational numbers is beyond the 
scope of this chapter. It turns out, however, that the number 
defined by a sequence is the limiting value of the rational num- " 
bera that constitute that sequence, that is, it is a value from which 
every number in the sequence beyond a certain point differs by as 
little as we please. We may, however, make the following state- 
ment regarding the multiplication of irrational numbers : In 
the sequence defining the square root of 2, namely, (1, 1.4, 1.41, 
1.414, ■ ■ ■) we saw that we could obtain a number very nearly 
equal to 2 by multiplying 1.414 by itself. In general, we nmlti- 
plij numbers defined by sequences by multiplying the elements of 
these sequences; the new sequence, consisting of the products, defines 
the product of the original numbers. 

Thus (1, 1.4, 1.41, 1.414, ■) (1, 1.4, 1.41, 1.414, ■ ■ ■) 

= (1, 1.96, 1.9881, 1.999396, ■■). 
The numbers in this sequence approach 2 as a limit, and hence 
the sequence may be said to represent 2, 
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76. Notation. We denote the square root of a (where a repre- 
sents any number or expression) symbolically by Va, and assert 
that /- /- 
or, more generally, 

Similarly, 

EXERCISES 

1. Form five elemenU of a, sequence defining \^, . 

2. Form five elements of a sequence defining V5. 

3. Form five elemenU of a sequence defining VB. 

4. Form, in accordance witti the rule just given, four elements of the 
sequence V2 - VS. Compare the Ksult with the elements obtained in Ex. 8. 

5. Form slmilarlf the fiist four elements of product V2 ■ V6 with the 
first four elements obtained by extracting the square root of 10. 

77. Otlier irrational numbere. The cube root and higher roots 
of numbers could also be found by processes analogous to the 
method employed in finding the square root, but as they are 
almost never used practically, they will not be included here. 
It should be kept in mind, however, that by these processes 
sequences of numbers may be derived that define the various 
roots of numbers precisely as the sequences derived in the pre- 
ceding paragraphs define the square root of numbers. 

The nth root of any expression a ia symbolized by Va, Here 
n is sometimes called the index of the radical. The principle for 
the multiplication and division of radicals with any integral 
index is given by the following 

Assumption. The product (or quotient) of the nth root of two 
numbers is equal to the nth root of the product (or quotient) of 
the numbers. 

Symbolically expressed, 

Vo ■*■ Vi = Va -I- J, 



Digitized by Google 



58 ALGEBRA TO QUADRATICS 

78. Reduction of a radical to its simplest form. A radical is 
in its simplest form when the expression under the sign is integral 
(§ 11) and contains no factor raised to a power which equals 
the index of the radical ; in«othor words, when no factor can be 
removed from under the radical sign and still leave an integral 
expression. We may reduce a quftdrstic radical to Its simplest 
form by the following 

EuLK If the expression under the radical sign is fractional, 
■multiply both numerator and denominator iy some expression 
that will make the denominator a perfect square. 

factor the expression under the radical into tv>o factors, one 
of which is the greatest square factor that it contains. 

Take the square root of the factor that is a perfect square, aiul 
express the multiplication of the result by the remaining factor 
under the radical sign. 

It tbe radlt^ is of tlie nth lodex, the denominator most be made a perfect ntb 
power, BDd any [actor that U to be taken (rom under the radical sign must also be a 
perfect nth power. 



Reduce to simplegt form : 


JVB. 


2. vi- 

6. -v^. 


3. V32. 

6. VS. 


4. Vi. 

7. V24a 


8. -^260. 
U. BV76. 


9. vm 

12. » -Jim. 

15. w + i- 

1». >f ■ 


10. vn 

13. 1 VboiV. 
16. vVi + A- 


-Ni' 


Zl..^. 


-?€• 


.3.^^. 




''■•>/l- 
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/ 2a»-8tt' + 8a 
■ \8)!-ea;* + 2!c'' 



27. 


V6j^- 


-20!c« + 20x. 




l2a^. 


~Uifl + lSx 




VWj/ 


^20i/» + 2y> 




/.•+ 


a»6 - o&> - 6» 



0((»-6) 



79. Addition and subtraction of radicals. Radicals that are of 
the same indeK and have the eame expreBsion under the radical 
sign are similar. Only similar radicals can be united into one 
term by addition and subtraction. We add radical expressions by 
the follow ijig 

KULE. Reduce the radicals to be added to their simplest form. 
Add the coefficients of similar radicals and prefix this sum 
as the coefficient of the corresponding radical in the result. 

A rule precisely similar is followed in subtracting radical 
expressions. 

EXERCISES 

Add tlie following : 

1. V^, Via, and VT6. 

SolntitHi : V27 = V 9-8 = 3 V3 

Vi8 = ViO^ = 4 V8 

V76 = v'2Tr8= 5V8 

Slim - =12-^8 

2. v^ + 2V3. 3. 8V7-8V7. 4. aVx-6'^ 

5. o + 2VS + 8Va + 2 VlOa - -^270, 

6. 3V8 + 1VM-5V60-7 V72 + 6VM. 

7. 8Va+6V5-7Vo + 4Va-e-\^-3Va. 

8. 7 Vii + i V9i + 3 \/45x - 6 VSOi - 2 VSO^. 

9. ^a~-b + ^/ma-lUb + Vtw^ - bx' - V{9a - b). 
10. 4 V^ - 3 V6%E + 2 V^ + V^ - 2 V(6 + d)a*. 
H. 8-v^ + 3v^-6v^-2V4i + Vl2li-Vl8i. 
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80. Xoltiplicatlon and division of radicals. For these pro- 
cesses we have the following 

Rule. Follow the usual laws of operation (§ 10), using also 
the assumption of § 77. 

Beduce each term of the result to its simplest form. 

The operations of this section are limited to the case where 
the radicals are of the same index. Radicals of different indices 
as Vs and V^ must first be reduced to the same index. See § 87. 

EXERCISES 
1. Multiply v^ - Va by v^ - VI. 
SolntloD : v^ - V3 



2 _ V6 - Via + V5i 
= 2-V5-4 + 2-v^ 
= -2+V«. 



Sointiaiii 



2. Diride 'LLL hy i/x + -i/y. 
Vjc + Vi/ V-cy (\/x + Vy) 

— "^^^ _ v^ , Vy' 

■t/xy Viy Vxy 

^€-^^ 

Carry oat the indicated operationis and elmplUy : 

3. VTo . VB. 4. v^ - vie. 
5. v^- V7. 6. Vi^- VI- 
7.(a-6vS)'. 8- Vn-VH- . 
9. (V7--v^)(V3--v^. 10. (-H-V8)'. 

IX. (6 V8 + V6) (6 V5 - 2). 12. Vl4^ ■ V^. 

* &laci> a' + b' ^ (a + h}ia>-ab + b').\t a- Vx,b^ Vv webaTB 
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13. (a + 6-V56)(V5 + v^). 
15. ■Vv*+ Vy ■ -^Vx-Vy. 
17. -v^^ + V^^ . -^x-Vi"^ 
19. ? - VS. 



14. (8 + 8V5)(2-VB). 
16. V6 + 2Vi. V6-2V51 
. 18. {i« + j/«) + (a:-^5 + vv5). 
20. (4 VH - V3^)( Vi + 2 VSS). 



VV^). 



'■e-i)^{^-^)- 

29. (2V5-Vl2--v^ + V4S)\^. 
50. (8V8 + V18 + V60-2 %/T2)v^. 

31. (5v^-4v1S + 8VB0-8Vm)V3. 

32. ( V»*T6 + S\^)(V8* + 6-8 v^). 

33. [(V7 + VS + Vi6)(V7+-v^-Vio)]*. 

34. (2-v^-8V6 + 6Va)(Ve + VS-V5). 

35. (2V6 + v^-Vl2)(iVaO-jV§ + \^. 

>«■(^^-^^)(^^^/^■ 

V5 ■ Va + V6 to three 



37. Find the Talue of jv^-Vi + 3 
decimal places. 

81. Rationalization. The process of rendering the irrational 
numerator (or denominator) of a fractional expression rational 
without altering the value of the fraction is called the rationaliza- 
tion of the numerator (or denominator) of the fraction. 

This is usually accomplished by multiplying both numerator 
and denominator of the given fraction by a properly chosen 
radical expression called the rationalizing factor. 
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The principles in accordance with which this rationalizing 
factor is selected aie the following: 

• Principle L Since (a + b)(a — b)=a' — &*, tite rationalizing 
factor of Vx ± Vy is Vx T Vy. 

Principle II. Since(a^ — ai>+f^{a + h)=a*+b'',th^ratio'nr- 
alizing factor of Vie + Vy is V? — --/xy + Vp, aiid conversely. 

Since (a* + ab + b')(a — J) = a' — 6*, the rationalising factor 
of V^ — Vy w V-c° + V^ + Vy*, anrf conversely. 



Rationalize the denominator of the following: 
J Vo + V^ 

Soldtioii: By Principle I the factor whicb will render the denominator 
rational Is v'a + v^ 

Va + v^ _ Vo + -s^ _ y/a + 'Ji _ a + a + 2V^ 

"^ Vi-Vi~ vs-v5'vs + ^~ "-i' 

1 ■ 



2. - 

a + Va+Va 
SolDtion ; This problem requires a twofold rationalization. 

1 (2 + v^) - V3 

2 + V2 + V3 [(2+ v^) + V3] [{2 + Va) - V3] 
_ 2 + v^~V3 _ a+V2-V3 

(2 + v^)*^ 3 2 + 4V2 + 2-8 
_ 2 + V2+V3 _ f2 + v^ +■>/§)(!- JV2) 

1 + 4V2 (l + 4\^(l-4-v^) 

^ l+-v^ + -s/3-4v^-8-4V6 
1-16.2 
7 + Sv^+ V8-4V5 



81 



V2-V3 
Soluticai 



1 Va"' + Va + v'3' _ Vi + v'e + v^ 
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2 + V8 



^ + \^ 



10. ,, 



12. - 



2Ve 



v^+Va + VI 
2VT5 



7-V6 

8 + %/6 




5 V3+V5 

va-v3 


8 




„ 5V5 


V!-<'4 




V2 + SVi 




u. 


/^^ 




Va-, 


/a*-l 


13 


I + 8V2-2V3 



a+ 1 + Va- 1 V6 + V6 - %/3 - -v^ 

18. Show that '^ = -.10. ■■ 

v^ + v^ 
10 Oh™ ,K„. 3 "»^8 - 2 V7 _ „ ,, 



V(l + a)(l + b) - V(l - a)(l - 6) 
Vll + i»)(l+6) + V(l-a)(l-5) 
n/sh- V6 - Ve - V6 



21. Show that - 



\'8 + V5 + V5 - V6 

82. Solution of equations Involving radicals. We prove the 
important 

Theorem. When an equation in x is multiplied hy an expres- 
sion in X, the resulting equation has, in general, solutions which 
the first one did not possess. 

Let A =0 

represent aQ equation contaiAing x which is satisfied by the 
values ,x = a, b, ■■■ n. Let £ be an expression which vanishes 
when x = a, fi, ■■■V. Then the expression 

AB = (y 
is satisfied not only when x = a,b, ■■■,n, but also when 
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Example. The equation a — 2 = 

has X = 2 for its only solution, while the equation 

(* - 2) (a; - 3) = 
has In addition the solutEon t = S. 

If in the course of a problem it is necessary to multiply an 
equation by any expreasion involving the variable, the solutions 
of the resulting equation must be substituted in the first one to 
ascertain if any solutions have been introduced which did not 
satisfy tbe original equation. Solutions which have been intro- 
duced in the process of solving an equation, but which do not 
satisfy the original equation, are called extraneous solutions. 

It may be shown in a similar way that raising the equation in x, 
A=B, 
to any power introduces extraneous Solutions. 







EXERCISES 


1. Solve ■. 


/« + !» + ■ 


*^no=9. 


SolDtloii: 




,/i + IK = - viTTo. 
a: + 10 = 81 + i + 10 - 18 Vi + 10, 
-72=-18v'x + 10. 
4=^Vr+T0. 
16 ^ I + 10. 
x = Q. 


ChKk: 


/6 + 19 + - 


\/8 + 10 = 6 + 4 = 9. 


2. Solve ■> 


A + 18-. 


./* + 10 = - 9. 

\/i + i» = - (s - Vi + 10). 


Simplifying, 


we get 


* = 6. 


ChMk: 


^0 + 19 - ■ 


v'6 + 10 = +5-4 = 19; 8. 



Thus OUT result satisfles only tbe equation which was intTo4uced In tbe 
«urge of solving the problem, and is eitraneous. The ori^nal equation 
laa no solution. 
Solve and check, noting all eztraneona solutions : 

3. V8« - 1 1= 6. 4. VF* -8 = 2. 

6. V2»+V3ie = l. 6. %^ + V3i = 2. 

8. 5-v^-7 = 8-\^-l. 
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11. 2Vx-^/2i = 2+y/2. 
13. VST - 7 Vbx^^ = 4. 
16. 7 + Va;'- 11* + 4 = it 



17. s - Vaz (1 + I) + 1 - X = 1. 
19. K7VS+6)-5=|{8Vi-l). 




}. Via + 4' 




= 6. 




+ 19 = - 





16. 8 + -4/(1-10) (I -6) = a. 
18. V2 (I + 1) + -v'2x + 16 = la 
20. 2V5 + 3-v'2i = 3-v^ + 2-v^ 
22. 1±^ = 4. 

a + -v'6i 



1+1 


/l_x l--s/l3^ "" '" " 




29. x-ax:^ = ^:^ 




30. 2^7+2 + V?T2--^^^±i- 
-v'8» + 8 




5j 1 + 2V8Z-6 n + 2V3i-5 




1 + 3V3I-6 ll + 5V3a;-6 




32. V»a + 7 + V4a; + 1 = V25a; + 14. 




33. v'ic + 16 + -v'*-a4 -Vx- 13=-> 




35. (v5-7)(Vi-8) = (Vi-a)(vS-6). 

36. (o + Vi)VJ;(S-V»)-v^ = a + !:l-l. 

37. (4^^-7):(6v5-8) = (^S-7):(Vi-e). 

38. (Va^-V6Va)v^ = aV6Vx-6Vav^ 
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CHAPTEE VII 

OSEORT OF nfDICES 

83, Negative exponents. We have already seen (§ 16) that 

■,•.„-=.— (1) 

when n and m are positive integers. We now assume that this law 
still holds when one or both of the numbers m and n are negative 
or fractional. 



i=-a=)=- 



since the law (1) holds when n and m are any integers. This 
notation may be expressed verbally as follows : 

Principle. A factor of numerator or denominator of a frac- 
tion may he clianged from the numir.Uor to the denominator, 
or vice versa, if the sign of its exponent he changed. 

84. Fractional exponents. Sinc« (p. 67) Va ■ Va = o, it is 
natural to devise a notation for Va suggested by the law (1). 

If we let V^ = «*, 

we have Va - Va = a* ■ a' = a' * ' = a' = a. 

Furthermore, if we let -^/^ = a' 
it would be consistent with law (1) to write 

(«")* = «=:. o- = a""^= = a=. 
This notation we shall assume in general. ThoB 
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With the adopti<m of this notation we can attach a meaning 
to any real number with any rational number for its exponent. 
This notation may be expressed verbally in the following 

Principle. The numerator of a fractional exponent indicates 
a power, the denominator a root 

85. Further assaroptlons. The operation of multipUcation is 
subject to the following laws of exponents : 

L Commutative law of rational exponents : 

(«•)'=«'■'=«'■'=<«')'■ 

IL Associative law of rational exponents : 

The laws of operation (§ 10) defined for integral values of the 
symbols we also assiune v/hen the symbols are expressions with 
rational exponents. 

86. Theoeem. a''lf= (abYrWksrer is anjf rational Humher as?.. 

We raise both sides of the equation o'"A' = (ah)' to the jth 
power separately and show that the i-esults are equal. 

Since r =^) 

3 

\:(ahyy = l(ahfy=(aby = a'b'. 
Also (a'lfy = (a«^)' = (a«6')(a«i«) ■ • ■ (^^) 

= (o" ■ o* ■ ■ ■ a')(6« . 6* ■ . . S*) 

={«^)'{ft?)' = a'b-. 
Thus (a'br)" = [(aiyy. 

Extracting the yth root and taking the principal root, we obtain 
a'lf={ahy. 
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1. Express In rimpleirt form with positive exponents : 



! By Principle, 



9a>6-"c-l 

4&-'5+»c-lc+l 








2. Arrange in order of magnitude tbe following : 

(a) ^, </i, ■^■ 

Solntioii : We flret ask, la (J)* > (j)* ? 

Raise both numbera to the sixth power. 

We obtain (J)« and (j)', 

.r , ii and }, 

ir 2i? and 2J. 

Thus Vi > ■v'l- 

Now compare (})' and (J)*. 

Raise both numtMia to tbe fourth power. 

We obtain (J)» and J, 

ir IJ and IJ. 



Vi>v1. 
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Now compare (J)' and (J)*. 

Kaise both numbeTs to the twelfth power. 
.We obtain (J)* and (J)», 

ir H and W. 

)r 6A and 5^. 

Thus ' ■v'l>-v'!. 

The order of magnitude is then Vli "n/I. Vl' 

(b) \^, ^, -i^. (c) -^ ve, v^ 

(d) ^, V:i. • (e) VS. v% -^16. 

3. Perform the indicated operations. 
(a) ^2 ■ Vs. 
Sotatka; -J^- v'3 = 2l-3t = 2*.3' 

= (2* . 8«)* = -^n? = -^im. 

•- - ^ ^ i/i-Va 

(c) — r-j — 



87. Operations with radical polynomials. These operations 
follow the rules for the same operations previously given, pro- 
vided the assumptions and principles of §S 83-86 are observed. 

EXXROSES 

1. Divide i' — y' by Vx — Vy. 

2. Extractthesquare root of 4x- 12xlyt-|-fl^l432zl —461/1 + 64. 

3. Simplifj — — — 

4. Divide ^/iv^-Y'^Vo* by 3-»/-, 

5. Extract the square root of — + — — 2. 

6. Multiply -8ii-» + 2— by ^ -^^. 

7. Extract the square root of 

8. Multiply ■\/x' - i' + *< - + v^ - z + Va - 1 by v^ + 1. 
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CHAPTEE VIII 
QUADRATIC EQUATIONS 

88. Definition. An equation that contains the second but no 
higher power of the variable is called a quadratic equation. The 
most general fortn of the quadratic equation in one variable is 

ax' + hx + c = (i, . (1) 

vhere -we shall always assume a, It, and e to represent rational 
numbers, and where 0=^0. Every quadratic equation in x can 
be brought to this form by transposing and simplifying. 

89. Solution of quadratic equations. The solution of a quad- 
ratic equation consists in finding its roots, that is, the numbers 
(or expressions involving the coefficients in case the coefficients 
are Kteral) which Satisfy the equation. 

The common method of solving a quadratic equation consists in 
bringing the member of the equation that involves the variable 
into the form of a perfect square, i.e. into the form 

3^ + 2Ax + A*. 

For example, let us solve 

x* + 2x-8 = 0. 

Transposes, a!* + 23! = 8. 

If now we add 1 to both sides of the equation, the left-hand 
member will be a perfect square, 
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Express as a square, (x + 1)' = 9. 
Extract the square root, « + 1 = ± 3. 
Transpose, x = — 4 or 2. 

Both — 4 and 2 satisfy the equation, a^ we see cm Bubstltuting 
them for x. Thus 

(- 4)» + 2 (- 4) - 8 = 0, 

and 2' + 2 ■ 2 - 8 = 0. 

Consider now the general case. 
Let us solve ax^ + bx + e = 0. 

Transpose c, ax* + bx = — c. 

Divide by a, x' + ~x= ■ 

Add ( ^ I to both nLembeis to make the left-hand member a 
perfect square, 

x-l 'x I '' "l ^ , -4^ + f 

a 4 a' a' ia* ia* 

/ by b'-4ae 

Express as a square, I a; + — 1 = — — ^ — 

Extract the Square root, 



Transpose, x = —r * (1) 

The roots are 

— i + Vft* — 4 oc —b — VS' — 4ao 

That the equation can have no other roots appears from § 96, 
• Thia eipremlan lot the roots, _ , ^ ■U' iJ ' -i — 

la for the solatlon of ft quodratlo eqnatlon. 



3+-v^ 3-YS7 

X,- ^ , X,- ^,^. 

\ 
\ 
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One should verify the fact that both ~^"'"„^'~^'^ ^^ 

— b — Vfi* — iae 

satisfy (1) and are consequently roots of the 

equation. They are, in general, distinct from each other. For 
particular values of the coefficients to be noted late r (§ 98) the 
roots may be equal or complex (i.e. of form « + ^ V— 1, where 
a and p are ordinary rational or irrational numbers). 

We may sum up the process of solving a quadratic equation in 
the following 

Rule. Write the expression in the form a^ + 63; + c = 0. 

Transpose the term not involving x to the right-hand side of 
the equation. 

Divide both sides of the equation hy the coefficient of x?. 

Add to both members the square of one half of the coe^cient 
of X, thus making the left-hand memier a perfect square. 

Rewrite the eqwation, expressing the left-hand member as Hie 
square of a binomial and the right-hand member in its sim,plest 

Extract the square root of both members of the equation, not 
omitting the ± 3^ in the right-hand member. 

Transpose the constant term, leaviTtg x alone on the left^and 
side of the equation. The two values obtained on the right-hand 
side by taking the +■ and — signs separately are the roots sought. 

Check by substituting the solutionis in the original equation, 
which should then reduce to an identity. 

90. Pure quadratics. A quadratic equation in which the eoefti- 

cient of the term in x ia zero is often called a pure quadratic. Its 

solution is found precisely as in the general case, excepting that 

we do not need to complete the square. Thus let us solve 

ax^.\-e = 0. 

Transpose c, ax'' = — c. 

Pivide hy a, x' = — — 
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Extract the square root, x =±-\j ■ 

The roots are ar, = ^-W > x, = — ■»/ • 



Solve fknd checli the following : 

1. 3i'-0z-10 = 0. 

SolDtlon: TranapoBe 10, 8a:'-e* = 10. 

Divide by 3, ir» - 2* = -y. 

Add the square of i the coefficient of x, i.e. 1, to both sides, 

Eipreas as a. equare, {z — 1)* = Y- 

Extract the square root, x — l = ± VV- 

x=l±\^ 
O„.:S(liVi'-»(l±Vf)-l» = 0. 

2. 8i' + 2i-3 = 0. 

Solotioil: Transpose 3, 8i» + 2i = 8. 

Divide by 8, a;* + J i = J. 

Add the square of ^ the coefficient of x, i.e. ^, to both sides, 

EipresB as a square, (x -(- 0' = |J. 

Extract the square root, x + } = ± f . 

>: = ±|-l 
= -iorJ. 
Cheek: 8 ■ (i)« + 2 ■ i - 8 = J + 1 - 3 = 0. 

8(_i)> + 2(-})-3 = |I-J-3=S-J-S=|-i = a 
3. ii» - M = 0. 4. 2= = 169. 

5. i«-i*=i. 6. Ji' = 560. 

7. -5» + J _ 1 = 0. 8. 191^ = 6401. 

9. 3i« - 71 = 16. 10. a:' = .0Ti62ft 

11. 81*+ ll = 5z. 12. ia-lia: = l. 

J3. a" + « - 66 = 0. 14. 20ai« 4 as = 12. 
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15. Ixf + Qx=l00. 

17. 14i«-88=71i. 

19. i«-8» + 15 = 0. 

21. »»+2j-88 = 0. 

83. i«-10x + 82 = 0. 

25. ea!»-13i + 6 = 0. 

27. 2z» +15.9=18.61. 

29. a" (&-*)'= 6= («-^)'. 

31. <afl-(a'+ l)a; + (( = 0. 

33. Ila? + i5.5ir= -36.26. 

35. (a - I)* + (X - 6)> = tt» + 62. 



16. Sz^ + 6z = 6a. 

18. 6z'+18= 14x. 

20. l»lx>-2x = 16, 

22. x»- 61 + 16 = 0. 

24. 6x3 + 261 = 26^x. 

26. 15i' + 527 = 178z. 

28. (i-iy = a(is-l). 

30..13i'-19 = 7i5 + 5. 

32. {a-i)(i-b) = -a6. 

34. o'<o-x)' = b»(6-x)". 

36. (a-x)(x-6)=(a-i)(<;-z> 

38. 2i + - = a 



40. ^■\-% = 



x+n 

x + 8~ 


2x + l 

X+5 


ax + 6_ 
te + o 


mx-n 


aa;» _ 6x + e c 


Ix'-mi 


+ n n 


x-2 
3i + 14 


28 -X 



I (g - g)' + (z - 6)' _ . 
' (a-x)-(x-i.) 
, 16 -X 2<x -11) _ 



57. 0* - z' = (o - z) (6 + c 



-1 3z-l 2 



1+vn: 



itized by Google 



QUADRATIC EQUATIONS 75 

91. Solution of quadratic equations by factoring. When the 
left-hand member of an equation can be factored readily, this is ' 
the most convenient method of solution. It also iLLiistrateB very 
(;leaxly the meaning and property of the roots of the equation. 

Ex*HPLK. Solve z* + 2x-U = 0. 

Factor the left-hand member, (z + 5) (z ~- 3) = 0. 

The object in solving an equation is to find numbers that sabatituted for 
the variable satisfy the equfttioa But since zero multiplied by an; number 
is zero (p. 3), any value of x which causes one factor of an expression to 
vanish makea Uio whole expression vanish. If in this case x = 3, our equa- 
tion in factored form becomes 

(3 + 6) (3— 3) = (S -f 5) ■ = 
and is satisSed. If we let z = — 6, the other factor becomes zero, and the 
equation reduces to the identity 

(6-5)(6-3) = 0(5-3) = 0. 

Thus the ntunbers 8 and — 5 aie solutions of the equation. 

92. Solution of an equation by factoring. We have imme- 
diately the 

Rule. Transpose atl the terms to the left-hand member of the 
equation. 

Factor that member into linear factors. 

The values of the variable that make the factors vanish are 
roots of the equation. 

EZBRaSES 

Solve and check the following: 



1. 6ie« + a! = 15. 




2. 6iE' + 7z = 8. 


3. 6z'-a:-6 = 0. 




4. 5z>-ni + = 0. 


5. 18*«-88a: = a 




B. 2i'-6z-35 = 0. 


7. a3- 401 + 111 = 0. 




a. 13x»-40z + 8 = 0. 


9. a?-18i-208 = 0. 




10. 3z'-2ai + 35 = 0. 


11. iE»^8<U!-4(»> = 0. 




12, (I - a)* - (I - &)" = 0. 


13. (x^ - 1) + (x - 1)» = 0. 




14. (8z-5)»-(9i + l)> = 0. 


15. (2j-l)(l 


+ 2) + (a!-l)(z-2>=-4. 


16. (7z -!)(* + 3)- 


.(4a;-S)(x-l)=2*. 
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17. (8i + l)<*-l)-(4iE-8)(i-l) = -3. 

18. {z~a){4ax'-b)-i-ix~b){iax-b) = 0. 

19. Sx-iVx^^=2{z + 2). 

Solatlan ; Tninepoee, ;e — 4 = 4 Vi — 7. 

Square, ii> ~ 8* + 10 = lOx - 112. 

Transpose, t? - Mx + 128 = 0. 

Factor, (i- 16)(x - 8) = 0. 

The roots are x = 10, x = 8. 

Check: 8 ■ 16 - 4 VlO - 7 - 2 (16 + 3) = 48 - 12 - 32 - 4 = 0. 
8.8-4V8^^-2(8 + 2) = 24-4-20 = 0. 

In the following examples, as alwajrs, the qoadratic equation should be solved 
by factoTlDg when possible. Recourse to the longer but sure method of completing 
the square is always available. 

When an eqnaUon la cleared of (raetians or squared in the process of bringing 
It Into quadratic form (1), J88, extraneous solntioaa may be introdnced. Tlie 
lesDlts shoold be verified in every case and extraneous soluUons rejected. 



HlMT. Square twice. 
27. vTT3 + v^F= 



31. Va + T- 



Ifi. (a9-(>«)(«* + l) = 2(a» + 6^i. 36. x + 2av^(^ 




Hint. Rationalize. 



■<U + Vx ^ 2Vx (x+g)' 
Va-Vi y/a+y/x a{x-a) 
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Vx + jf 
46. (a-«)' + (6-«)« = S(a-z)(ft-a:). 

46. abx!>-(a + b)(ab + l)x + {ab + 1)» = 0. 

47. ■V2a;-2 + V8* + 7 = v'2i + lH-v'3a!-8. 

48. y/{a + x)(z + bj + V(a -x)(x^ b) = 2 V5x. 

49. 2v'2a + 6 + 2z + V10a + 6-0x = 10a + »6-6a!. 

93. Quadratic form. Any equation ia in quadratic form if it 

may be written aa a trinomial consisting of a constant term and 
two terms involving the variable (or an expression which may be 
considered aa the variable), the exponent in one term being twice 
that in the other. By the constant tenn is meant the term not 
containing the variable. 

Thjax-b Vz + 13^0, i rt + X-i- 3 = 0, iflx-*' - ia + h)x-' + b* = 0, 
ji— 2i- 3- Vi»-2i — 3 + lT = 0aceallinqiiftdraticforln. Id the last (he 
whole eipresslon ** — 2 z — 3 Is taken as the variable. 

It is usually convenient to replace by a single letter the lower 
power of the variable or expression with respect to which the 
equation is in quadratic form. 

EXERCISES 
Solve and check the following : 

I. x-SVx + 16 = 0. (1) 

SolutJon : Let -^ = y. 

Then x = y'*. 

Substituting, (1) becomes y* — 8y + 15 = 0. 
Factor, (i^ - 6)(y - 3) = 0. 

The roots are y=b,y = 6. 

Thus lA = 6, v^ = 3, 

or a: = 26, a; = 8. 

Clwck: 26-8.5 + 16 = 0i 9-83 + 15 = 0. 
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2. X-i-^X-t + i: 


= 0. 




Solnttui: Let 




>rl = y. 


Then 




«-» = |^. 




j/» - 6j/ + 4 = 0. 


Factor, 




(V-4)(V-1)=0. 


Theiwtaaro 




V = 4, y = l. 


Since 




^, _ 1 _ 1 


we haw 






Thua V^ = l; 


x* = 


4: "i^ 



3. 2Vi>-2z-8 + i*- 


2a 


; = 6. 


SoloUon : Add — 8 to both members and rearrange terms. 


iJ-Si-S + aVz^ 


- 2* - 3 - 3 = 0. 


Let 




Vi'-2*-3 = v. 


Then 




x"-22-8 = !/>. 


SubsUtutlng, (1) becomes 




V' + 2i,-8 = 0. 


Factor, 




{y + 3) (J, - 1) = 0. 


The roots are 




y=-8, v = l. 


Hence 


y" 


= i'-2i-8 = 9, 
i»-22 + l = 13. 


Extract the square root, 




S - 1 = ± Vi3. 


The roots are 




i = i±Via 


Also 




x»-2e-3 = 1, 
ic»-2» + l=6. 


Extract the square root. 




«-l=±V5. 


The roots are 




a: = l±V6. 


4. i» - 1 = 0. 




5. i" - 8 = 0. 


6. a* - 1 = 0. 




7. «! + 8il = 9i. 


8. x-6x-i = l. 




HiKT. Diride by v^. This (aclo* . 
responds to the root i = 0, 


ft 4i' + 5il-l = 0. 




10. 10i«-21 = a!». 
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11. 2ie*-8«l + * = 0. 12. a-t^ + B^=t 

13. iu?P + ^a^■\■c = <i. 14. 8 »• - 7 a" - 8 = 0. 

15. 1x*-U!e' + 6 = 0. 16. iE«-18a:> + 36 = 0. 

17. a + 12 V5 + 11 = 0. 18. ii!' + 4il = 18|iVi». 

19. v^-2v5 + a: = 0. 20. 8i-» + TO»x-»= 125. 

21. 7-v^ + 5iv^ = a6. 22. 2(-v^-3)*-8=Vi. 

23. (ie» - lOKa^ - 8) = 78. 24. (aj" - 1)> + (le* + 1) = 2. 

26. (v^-l)' + -I'a" = -v^ 26. il + ii;l = (2« + 2-«)i-v'xl. 

27. (v^-3)(v5-*) = 12. 28. <i + a)' + (z + 6)* = (o - 6)'. 



29. {2a!>-8)«-{a!* + 4)« = 7. 30. 2a« + 8 Vz* - * + l = 2ii! + 8. 

31. (2x + 8)* + (2z + 8)-l = 6. 32. 8(8a! - 6)» + 5(5- 8*)* = 85. 

33. x«-4(a+6)i»+16(a-6)»=0. 34. 4ie* + 12ieVlTi = 27(1 + a:). 

35. (2i»-8i;+l)»=2233-S3s+l. 36. (aji'- 6!ij+7)'-(a!-2)(ie-8)=l. 



37. a!»+5 = 8x + 2-v'j?-8z + «l. 38. 2 V(i - 4)» + 4(i - 4)-l = », 

39. z«-:^ = 2. 40. ^Il! = ^-8. 

se" 2 + 1 

41. z-»+^ = 2. 42, a = z»+6 + -- 

43. v^- 5 = -!-.. 

"! Vi-2 

47. (a! - 1)' + 4(a - 1) - 6 = 0. 
48. 16(a^ + 2)t 

94. Problems solvable by quadratic equations. The principle 
of translating the problem into algebraic symbols, explained in 
S 56, should be observed here. The result should be verified in 
eveiy case. It may happen that the problem implies reatrietions 
that are not expressed in the equation to which the problem 
leads. In this case some of the solutions of the equation may 
ixot be consistent with the problem; for instance, when the 
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variable stands for a number of men fractional solutions should 
be rejected. If wily Buch results are obtained, the problem is 
self-contradictoiy. Often negative solutions should he rejected, 
as when the result indicates a negative number of digits in a 
number. Imaginary or complex (p. 72) results in general mean 
that the conditions of the problem cannot be realized. 

PR0BLEH8 

1. The product of } uid i of a. certain number is SOO. What ia Uie 
number? 

2. Theie are two numbera one of which Is \em than 100 by as much as 
the other exceeds it Their product is KSSl. What are the numbers ? 

3. The sum of the square roots of two numbers is Vri. One of the 
numbers is less than 37 hj as much as the other exceeds it What are the 



4. A man sella oranges for ^ as man; cents apiece as he has oranges. 
He aellH oat for (8. How many had he ? 

5. If the perimeter of a square is 100 feet, how long is its diagonal ? 

6. A man sells goods and makes as much per cent as ^ the number of 
dollars in the bu;ing price. He made (245. What was the selling price? 

7. Two bodies A and B move on the sides of a right angle. A is now 
128 feet from the vertex and is moving awa? from it at the rat« of 289 feet 
per second. B is 2S9 feet from the vertex and moves toward it at a rate of 
128 feet per second. At what time (past or present) are they 850 feet apart ? 

B. What is the number 29 Umes whose square exceeds itself by 190? 
9. What numbers have a sum equal to 53 and a product equal t^i 012 ? 

10. The sum of the squares of two numliers whose difterence is 12 is 
found to be 1180. What are the numbers ? 

11. By what number must one increase each factor of 24 - 20 so tbat the 
product shall be 540 greater ? 

12. What numbers have a quotient 4 and a product 900 ? 

13. Two numbers are in the ratio of 4 : 5. Increase each by 16 and the 
difference of their squares is 999. What are the numbers ? 

14. If 4i is divided by a certain number, the same result is obtained as 
II the number had been subtracted from 4j. What is the number? 

15. Separate 900 into two parts such ttiat the sum of their reciprocal 
values is the reciprocal of 221. 
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16. The denominator of a fraction is greater by i than the numerator. 
Decrease the numerator by 3 and Increase the denominator by the same, 
and the reBultlng fraction is half as great aa the original one. Wliat is the 
original fraction ? 

17. The numerator and denominator of a fraction are together equal 
to 100. Increase the numerator by 18 and decrease the denominator by 16, 
and the fraction is doubled. What is the fraction ? 

18. A number consists of two digits whose sum is 10. Reverse the order 
of the digits and multiply the resulting number by the original one, and 
the result is 2M4. What ia the number? 

19. The sum of two numbers is 200. The square root of one Increased by 
the other is 44. What are the numbers ? 

20. The difFerence of two numbers la 10, and the difierence of their cubes 
Is 20530. What are the numbers? 

21. Around a rectangular flower bed which U 3 yards by i yards there 
extends a border of turf which is everywhere of equal breadth and whose 
area is ten times the area of the bed. How wide is it? 

22. Two bicyclists travel toward each other, starting at the same time 
from places 51 miles apart. One goes at the rate of miles an hour. The 
number of miles per hour gone by the other Is greater by 6 than the number 
of houiB before they meet How far does each travel before they meet? 

23. A printed page has 15 lines more than the average number of letters 
per line. If the number of lines is increased by 16, the number of letters per 
line must be decreased by 10 in order that the amount of matter on the two 
pages may be the same. How many letters are there on the page ? 

21. A merchant buys goods tor a certain sum. The coat of handling them 
was 5% of their cost price. He sells for 9504, gaining as much per cent as 
^ die cost price was in dollare. What was the cost price ? 

25. A man had (8000 at interest. He increased his capital by $100 at the 
end of each year, apart from his interest At the beginning of the third year 
he had 88982.80. What per cent interest did his money draw ? 

26. Two men A and B can dig a trench In 20 days. It would take A 
days longer to dig it alone than it would B. How long would it take U 
alone? 

27. A cistern is emptied by two pipes in 6 hours. How long would it 
t&ke each pipe to do the work if the first can do it in 6 hours less time than 
the second ? 

28. A parly procures lunch at a restaurant for S16. If there had been 
6 less in the party, each member would have paid 15 cents mote without 
afieoting the amount of the entire bill. How many were in the party? 
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29. A party pays $12 far accommodations. Had there been 4 leas in the 
party, and if eacli person had paid 25 cents less, the bill would have been 
J16. How many were in the party? 

30. A grocer sells bis stock of butter for $15. If he had had 5 pounds less 
in stock, he would have been obliged to chai^ 10 cents more a pound to 
realize the same amount. How many pounds had lie in stock ? 

31. A man buys lemons for $2. If he had received for that money 50 
more lemons, they would have cost him 2 cents less apiece. What wbh the 
price of each lemon ? 

32. It took a number of men as many days to dig a ditch as there were 
men. If there had been 6 more men, the work would have been done in B 
days. How many men were there ? 

95. Theorems regarding quadratic equations. In this and the 
following sections we prove several theorems concerning quad- 
ratic equations. Similar theorems are later proved in general for 
equations of higher degi'ee. 

Theorem. If a is a root of the equation 

a'j? + hx-irc=0, (1) 

(hen X— a is a factor of its left-hand member, and conversely. 

The fact that a is a root of the equation is equivalent to the 
assertion of the truth of the identity 

aa= + itt + c = 0, 
by definition of the root of an equation (§ S3). 
Divide oar' -i-bx + chyx — aas follows : 

X -a\ ax^ + 6a: + e \ax + (!> + aa) 



Since the remainder vanishes by hypothesis, ax' + bx + c ie 
exactly divisible hy x — a. 

Conversely/, we have already seen (p. 3) that if a; — a is a 
factor of an equation, a is a root, since replacing x by a would 
make that faetor vanish. 
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Form equatlona of which the followiDg are root& 
1. 2, 8. 

Solation : Since 2 and Q are roola, (z - 2) and (z - 1 
equation having these as factors Is 



{x~2)iz-«) = 



f 12 = 



4. v^, - V§. 
6. -4V2, VS2. 
8. 2 + V3, 2 - -A 



7. V^, - 8 VS. 

9. a + V&, a - -A 



96. Thi 



. A quadratic eqvation hat mdy two rooU. 



Given the equation oi' + 6z + c = witli tlie roots a and JJ, to prove that 
the equation has no other root, as y, distinct from a and p. 

Since a and ^ are roots of the equation, x — a and le — ^ are factors. 
Thus our equation may be written in the form 

a{«-a)(«-/»)=0. (1) 

If now 7 is a root, it must satisfy (1), i.e. 

«(7-«)(7-^) = 0. 

But in order that any product of numerical factors should vanish one of 
the factors must vanish. Thus either a = 0, or t — a = 0, or 7 — ;8 = 0, 
But, by hypothesis, y ^ a and -y x P, eo the last two factors cannot vanish. 
Thus = 0. This would, however, reduce our equation to a linear equa- 
tion, which is contrary U3 our hypothesis that the equation is quadratic. 
Thus the assumption thatwe have tiiree distinct roots leads to a contradiction. 

COHOLLART I. If a quadratic equation is xUi^td by more than two diatinU 
value* of tM variable^ thea each of tfte fio^Sieiewla vanithes identiciMy. 

The above proof shows that the coefficient of ** must vanish. In the same 
way it can l>e shown that b — i: = 0. 

Corollary II. If two quadratic eqaalion» have the aame value for more 
than turn value» of the variable, then their eo^flcienU are identical. 

Let az^ + 61 -h c = a'x^ + fi + c" 

for more than two values of z. Transpose, and we obtain 
(o - a')3? + (6 - S'jz + c - e- = 0. 

We have then a quadratic equation satisfied by more than two values 
of X. Thus by Corollary I each of its coefficients roust vanish. Thus a' = a, 

v=h, e = c. 
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This tlieorem talieD with J S5 is equivalent to the statement that a, quad- 
ratic equation can be factored in one an<i only one nay. Thus if 

we cannot find other numbers y and S distinct from a and j3 such that 

ax^ + bx + c = a(x - -Y^x - t), 
for then the equation would have roots distinct from a and p. 

97. Theoreh. If the equation 

3!= + 6z + c = 0, (1) 

where b and e are iniegerg, haM rational roots, those roots must be irdegers. 

For suppose - to be a rational fraction reduced to its lowest terms and 

a root of ,1). ' 

Then ^ + ^ + = 0, 

5-i q 

or p» + bpq + cg« = 0, 

which gives p" = — 9(t|p + eg). 

Thus some factor of g must be contained in p (§69), which contradicts 

the hypothesis that the fraction — la already reduced to its lowest terms. 

98. Nature of the roOts of a quadratic equation. The equation 

(1) 

has as roots (§ 89) xj = ~ " ^ o" ~*"^ , (2) 

(3) 

These expressions afford an immediate arithmetic means of 
determining the nature of the roots of the given equation when 
a, b, and c have numerical valnes and a ^ 0. In fact an inspec- 
tion of the vahie of i* — 4 ac is sufficient to determine the nature 
of the roots of (1). 

I. When P — 4acis negative, the roots are imaginary (§ 89). 
II. When }^ — ^ac = 0, ike roots are real and equal. In this 
b 

case X, =x,= ■ 

' ' Za 
III. Wke% i' — ^ ae is positive. Hie roots are real and distiiict. 
TV. When h* — 4-ac is positive and a perfect square, the roots 
are real, distinct, and rational. 





■? + bx^e-. 


= 




-b-i-Vl^- 


-iae 




2a 






_6_ Vfi^ 


-iac 
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In case IV, if i' — 4 

-6 + Va. 



The converses of these four cases are also true. For instance, 
if the roots of (1) are imaginary, from (2) and (3) it is clear 
that /'' — 4ac must be negative. 

The expression A — b*~4ac is called the diBcriminant of the 
eijuation ax^ + bx + c = 0. 

EXERCISES 

1. Determine the aature of the roots of the following equations without 

(a) 32" -4i- 1 =0. 

SolntiDa: A = (- 4)* — 4. 8- (~ 1) = 16 + 12 = 28 and is tben poeidve. 
Thus b7 III the roots are t«al and distinct 

(b) 3zS-7i + 6 = 0. (c) 6i*-J!-l = a 
(d) 3»' + 4z + l = 0. (e) a?-4a! + l = a 
(f) 21^-61-9 = 0. (g) 2i5-4«;-2 = 0, 
(h) 4i» + 12a; + 9 = 0. (i) 2x'' + 0z-i = 0. 

(i) 4i=-28x + 49 = 0. (k) 4a!' + 12a: + 6 = 0. 

2. Determine real values of 1 80 that the roots of the following equations 
may be equal. Check the result. 

(a) {2 + k)x'' + 2kx + l = 0. 

Solution : Here 2 + fc=a, 2k = b, l = c. 

Thus i = (i*-4(K = 4t«-4{i + 2).l 

= 4fJ-4i-8. 
Since the roots of an equation are equal when and only when its dis- 
criminant equals zero (S ^, II)< the required values of it ntake A = and 
are the roots of 4ts-4fc-8 = 0, 

or fca - t - 2 = 0. 

Solve by factoring, 

f - t - 2 = (t - 2) (* + 1) = 0. 
Thus the values of fc are fc = 2, t = — 1. 

Check : Substituting in the original equation for I: = 2, we get 
4i5 + 4z + l=(2a; + l)", 
and for t = - 1 we get x' + 2x + l = (x + 1)". 
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(b) I* + to + le = 0. ic) ifl + 2x + k* = 0. 

(d) a!>-2jte + l = 0. (e) Bfci' - 4i - 2 = 0. 

{{) kx*~Sx-i-i-0. (g) a!" + 4fcE + t« + l = 0, 

(h) tM + 3ii; - 2 = 0. (1) (t" + 3)1" + ifci - 4 = 0. 

0) 8fci;> + ib;-l = 0. (k) x' + {3k + l)x + 1 = 0. 

{\) ^ + Sx + k-l = 0. {la) xf + 9kx + 6k + i=:0. 

(n) 4t*iS + 4fci;- 125 = 0. (o) 2ie»- 4a!- 2J: + 8 = 0. 

(p) {k + l)x» + kx + k + 2s=0. (q) k3fl + {ik + l)x + 4k-S-. 

(r) 2(t+l)z* + Sto + *-l=0. (b) (fc-l)ic' + 5to + ejt + 4; 

(t) (2i + 8)iK*-7fct; + ^^-=^ = 0. (u) (t-l)z»+(2jt+l)ii!+t + 3 
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CHAPTER IX 

ORAPmCAL REPRESEVTATIOV 

99. Representatioii of points on a line. Let us select on the 
indefinite straight line AB & certain point O as a point of refer- 
ence. Let us also select a certain line, the length of which for 
the purpose in hand shall represent unity. Let us further agree 
that positive numbers shall be represented on AB by points to 
the right of O, whose distances from O are measured by the given 



numbers, and n^ative numbers similarly by points to the left. 
Then there are certainly on -IB points which represent such num- 
bers as 2, — 3, J, — \i, or, in fact, any rational numbers. Since 
we can divide a line into any desired number of equal paries, we 
{ure able to find by geometrical construction the point correspond- 
ing to any rational number. Furthermore, by the principle that 
the square of the hypotenuse of a right triangle equals the sum 
of the squares of the other two sides, we can find the point 
corresponding to any irrational number expressed by square-root 
signs over rational numbers. More complicated irrational num- 
bers cannot, however, in general be constructed hy means of ruler 
and compasses, but we assume that to every real number there 
corresponds a point on the line, and conversely, we assert that to 
every point on the line corresponds a real number. This assump- 
tion of a one-to-one correspondence between points and real num- 
bers is the basis of the graphical representation of algebraic 
equations. 



This amoimts to nothing more than the ussertion that ever; real nnmber, 

rational or inatlona], as, for inBtanue, — 6, 3 + Vs, V3, v, represent* a certain 

distance from on AB, and conversely, that whatever point uu the line we may 

select, the distance from O to that point may be expressed by a real number. , 

87 
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100. Cartesian coordinates. We have seen that when the , 
single letter x takes on real values all theae values may be repre- 
sented by points on a straight hne. , 
When, however, we have two variables, 
as X and y, which we wish to represent 
simultaneously, we make use of the 
> plane. Just as we determined arbitra- 
rily, on the line along which the single 
variable was represented, an arbitrary 
point for the point of reference and an 
arbitrary length for the unit distance, 
so now we select an indefinite line along which x shall be repre- 
sented, and another perpendicular to it along which y shall be 
represented. The former we call the Z axis ; the latter the Y axis. 
The intersection of these axes we take as the point of reference 
for each. This point is called the origin. 

We select a unit of distance for x and a unit of distance for y 
which may or may not be the same, according to the problem 
under diseuasion. As before, we represent positive numbers on 
the X axis to the right, and negative numbers to the left. Positive 
values of y are represented above the X axis, and negative values 
below it. The arrowhead on the 
axes indicates the positive direc- 
tion. Any pair of values of x 
and y, written (a:, y), may now 
be represented by ^ point on 
the plane which is x unita from 
the Y axis and y units from the 
X axis. Thus it x = <i,y = (i, 
written "{0, 0), the point repre- 
sented is the origin. The point 
{3, 0), i.e. « = 3, y = 0, is found 
by going three units of x to the 
right, i.e. in the positive direction of x and no units up. The point 
(4, 3), i.e. a; = 4, y = 3, ia found by going four units of a: to the 
right and three units of y up. The point (— 3, 1) is found by 
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going three units of x to the left and one unit of j/ up. The point 
( — 3, — 4) is found by going three units of x to the leji and four 
, units, of y down. In fact, if we let both x and j/ take on every 
possible pair of real Talues, we have a point of our plane corre- 
sponding to each pair of values of (x, y). Conversely, to eveiy 
point of the plane correspond a pair of values of (a:, y). These 
values are called the coordinates of the point. The value of x, 
i.e. the distance of the point from the Y axis, is called its 
abscissa; the value of y, i.e. the distance of the point from the 
X axis, is called its ordinate. If the point (x, y) is conceived as a 
moving point, and if no restriction is placed 
on the value of the coordinates ao that they 
take on every possible pair of real values, 
every point in the plane is reached by the 
moving point (x, y). , 

The X and Y axes divide the plane into 
four parts called ipiadrants, which are num- 
bered as in the figure. The proper signs of the co6rdinates of 
points in each of the quadrants are also indicated. 

EXERCISES 

The following exerclseB should be carefully worked on plotting paper, 
which esm be bought ruled for the purpose. 

1. Plot the points (2, 8), (0, 4), (- 4, 0), (- 9, - 2), (2, - 4). 

2. Plot with the aid of compaaseB the points (l, y/2), {y/3, -V2), 
(2 + V^, a - VS) (- -v^, - y/2). 

3. Plot the square three of whose vertices are at (" 1, ~ 1), (— 1,+ 1), 
(+ 1, — 1). What are the coordinates of the fourth vertex ? 

4. Plot the triangle whose vertices are (2, 1), (- 6, — 2), (— 4, 4). 

5. Plot the two equilateral triangles two of nhose vertices are (6, 1), 
{— 6, 1). Find coordinates of the remaining vertices. 

6. If the values of the coSidinates (x, y) of a moving point are restricted 
BO that t>oth are positive and not equal to zero, where is the point still free 

7. If the coordinates (x, y) of a moving point are restricted so tliat con- 
tinually V = 0, where is the point still free to move ? 
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8. What is the ftbacism of any point OD tbe F axis? 

9. The coOnlinatea of a -raiiable point are restricted k 
is aiwATs 2. Where ma; the point move ? 

10. If botfa OTdlnat£ and abaci^sa of a point vanish, can 
Where will it be ? 

11. Plot tlie quadrilateral whose verticeg are (0, 0), (- 
( - 1, - 8). What kind of a quadrilateral la it ? 

12. The coordinates of three vertices of a parallelogram a 
(6, 2), (- I, - 8). Find the ooardinatee of the fourth vertex. 

13. The coSrdinatea of two adjacent vertices of a square are (—1,-2) and 
(1, — 2). Find the coiirdmates of the remaining vertices (tiro solutioos). Plot 
the flguies. 

14. The coSrdinaleB of two ad jacent vertices of a rectangle are (— 1, — 2), 
(1, — 2). What restriction is imposed on the coordinates of remaining 



that itJj ordinate 


the point m 


ove? 


. - S), (6, 


-6), 


. are (- 1, 


-1). 



IS. The coordinates of the extremities of the bases of an iBosceles triangle 
are (1, 6), (1, -2). Where may the vertex lie? What restriction is imposed 
on the coordinates (x, y) of the vertex? 

101. The graph of an equation. The equation x = 2 y is satis- 
fied by numberless pairs of values (x, y); for example, (2, 1), 
(0, 0), (1, 4), (- 2, - 1) all satisfy the equation. There are, hovr- 
ever, numberless pairs of values which do not satisfy the equation ; 
for example, {1, 2), (3, - 1), (- 1, 1), 
(0, — 1). The pairs of values which 
satisfy the equation may be takeu 
I the coordinate's of points in a 
plane. The totality of such points 
would thus in a sense represent the 
equation, for it would serve to dis- 
tinguish the points whose co6rdi- 
nates do satisfy the equation from 
those whose coordinates do not. 
After finding a few pairs of values which satisfy the above equa- 
tion we note that any point whose abscissa ia twice the ordinate, 
i.e. for which x = 2 y, ia a point whose coordinates satisfy the 
equation. Any such point lies on the straight line through the 
origin and the point (2, 1). We can then say that those points 




itized by Google 



GBAPHICAL REPRESENTATION 91 

and only those which are on the straight line represented in the 
figure have coordinates which satisfy the equation. This line is 
the graphical representation or graph of the equation. 

TTie equation of a, line or a curve is satis/ted by (h^ coordinates 
of every point on that line or curve. 

Any point whose coordinates satisfy an equation is on the 
graph of the equation, 

102. Restriction to coordinates. In g 100 it was seen that a 
moving point whose coSrdinates were unrestricted took on every 
position in the plane. We now see that when the coordinates of 
a point are restricted so as to satisfy a certain equation (as a; = 2 y), 
the motion of the point is no longer free, but restrained to move 
along a certain path. Thus, for instance, the equation x =; 4 means 
that the path of the moving point is so restricted that its abscissa 
is always 4. Its ordinate is still unrestricted and may have any 
value. This shows that the plot of a; = 4 is a straight line four 
units to the right of the Y axis and parallel to it, for the abscissa 
of every point on that line is 4, and every point whose abscissa is 
4 lies on that line. 



Determine on 


what line the moving point is restricted to move b 


lowing equations. 


Draw 


the graph. 




1. x^e. 






2. r = 0. 


3.y = 5. 


i.z = V. 






yy = i. 


6. 3« = y. 


7. 2z = y. 






8. V = 0. 


9.x = -l. 


10. x = Sv. 






11. Zy^x. 


12. !r + i/ = 0. 


13. 6j;=1I. 






XI. i/ = -3. 


15. 2z = -Sy 


16. x = -2y 






17. x = -\. 


18. 21-61,= 



103. Plotting ec[iiatlons. Plotting an equation consists in find- 
ing the line or curve the coordinates of whose points satisfy the 
equation. Thus the process of § 101 was nothing else than plol^ 
ting the equation x = 2y. This may be done in some cases by 
observing what restriction the equation imposes on the coordinates 
of the moving point ; but more often we are obliged to form a 
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table of various solutions of the equation, and to form a curve 
by joining the points corresponding to these solutions. This 
gives us merely an approximate figure of the exact graph which 
becomes more accurate as we find the coordinates of points closer 
to each other on the line or curve. 

Rule. When y is alone on <me side of the equation, set x equal 
to convenient integers and compute the corresponding values of y. 

Arrange the results in tabular form. Take corresponding 
values of x and y as cod'rdinaies and plot the various points. 

Join adjacent points, making the entire plot a smooth curve. 

When X is alone on one aide of the equatioD int^tal valnes of y maj be assumed 
and the corresponding values ol x computed. 

Care should be taken to join the points In the proper orderso that the resultii^ 
curve pictures the variation of ]/ when x increases contlnuouslj through the values 
aasomed for It. B7 mljacent points we mean points coriespondiiig to adjacent 
values of x. 

Any scale of units along the X and T axes that la convenient may be adopted. 
The acaiiX should lie so chosen that the portion of the curve that shows considerable 
curvature may be displayed in Its relation to the axes and the origin. 

When there is any question regarding the position of tbe curve between two 
integral values of x, an intermediate fractional value of x may be substituted, tbe 
corresponding value of y found, and thns an additional point obt^ned to fix the 
position of the curve in the viciiiity in question. 



Plot! 

1. X'' - ix + 3 = y. 

Solutian : In this equation If we set x = Q, 
I, 2, 3, etc, we get 3, 0, - 1, 0, etc., as cor- 
responding values of y. Thus the points 
(0, 8), (1, 0), (2, - 1), (3, 0), etc., are on 
the curve. These points are joined in order 
by a smooth curve. 
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6. !f = x» - i 
8. y = 2x<'- 
10. y = 23fl- 



11- : 



104. Plotting equations after solution. When neither x nor y 
is alreatly alone on one side of the equation, the equation should 
be solved for y (or x) and the rule of the previous section applied. 
It should be noted that when a root is extracted two values of 
y may correspond to a single value of x. 



Plot: 




1. 2z«+3i/" = 9. 




Solntloa 


8j/' = 9-2aj", 




y^ = 3-ii". 




V = ± V3- ji 


Aasumlng the vario 
table and plot: 


IB integral values for 


I 


y 


X 1 y 



1 

+ 3 


±V3 = ±I.7 

±Vi=± -57 
imaginary 


-l|±Vi = ±l-G 
-2|±Vi = ± -57 
-3, imaginary 



e obtain the following 



In this example, when x is greater than 8 or less than — 8, ^ is imaginary. 
Thus none of the curves is found outside a strip i = ± 3. 

To find exactly where the curve crosses the Xasis, tlie equation may be 
solved for* and the value of a correapondiDg to y = found. Thus 



i = ±-V 



Uy = ( 

2. xy = 



= ± -y/l = 2.1. ThiB point is included in the plot. 
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Fonn t^le for Integral values of x. 



12 

Since this table does not give lis any 
idea of the curves between + 1 and — 1, 
we supplement the table hj assuming 
fractional valuee for x. 



3. i» = y«. 


4. ay = 16. 


5. xt/ = -l. 


e.xv = z + i. 


r x<' + jfi = 16. 


8. K» - y* = 9. 


9. z" + y' = 25. 


XO. i« + a; = 121, 


11. 2xs, + Sx = 2. 


12. x«.+ »y« = 3( 


13, sy + 1/> = 10. 


U. 1-^ + 20=!, 


HraT. X = '"~'^- 


Hint, x = —^ 



y 


X 


6 


-I 


8 


-i 


12 


-J 



15. 6a;a42ii+3j/»=0. 16. x'' + 2x + \ =yt -iy, 

105. Grapli of the linear equation. The intimate relation 
between the simplest equations and the simplest curves ia given 
in the following theorems. 

Theorem L The graph of the equation y = ax is the straight 
line through the origin and the point (1, a), where a is any real 
number. 

The proof falls into two parts. 

First. Any point on the line through the origin and the point 
{1, a) has coordinates that satisfy the equation. Let 1' {Figure 1) 
■with codrdinates (a;', y") be on the line OA. By similar triangles 

^ = t, 
1 x' 
or y* = ax'. 
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Thus the cofii-dinates of any point on tbe line satisfy the equation. 





Second. Any point whose coordinates satisfy the equation liea 
on the hne. 

Let the cobrdinates (x', y') of the point P (Figure 2) satisfy the 
equation. Then we have 

y' = ax', 



Let the ordinate y' cut the line at B. Then by the first part 
of the proof ^^ _ ^ 



Thus a=^, = ^, ory' = BC. 

x' x' " 

Hence P hea on the line. 

Theorem IL The graph of any linear equation in two vari- 
ables is a straight line. 
The general linear equation 

Ax + By + C=:<i (1) 

may be written in the form 

y = ax + h, (2) 

where «=-4 and *=-f' provided Bi=0 {%!). If B = 0, 
the equation Ax+ C = (i may be put in the form 

C 

x = — -t 
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prorided ^ '^ 0. This is evidently the equation of a straight 
line pai-allel to the r axis (§ 102). If B = and A = 0,we have 
no term left involving the variable. Thus the only case for 
which the theorem demands proof is 
when B^O, and the equation may be 
reduced to form (2). By Theorem I 
we know that the graph ot y = ax is 
a sti-aight line. If, then, we add to 
every ordinate y of the line y =. ax the 
constant b, the locus of the extremi- 
ties of the lengthened ordinates will 
lie in a straight line, as one can easily 
prove by Geometry. But any point (x, y) on the upper line is 
such that its ordinate j is equal to the ordinate of the lower 
line, i.e. ax, and in addition the constant b ; that is, y = ax-^b. 
Also, since the upper line is the loeus of the extremities of the 
lengthened ordinates, every point whose coordinates satisfy the 
equation )/ = ax + S is on thia upper line. Thus the equation (1) 
has a straight line as its graph. 

CoBOLLAEY. Two lines whose equations are in the form, 

y = ax + b, (3) 

y = ax + b' (4) 

are parallel. 

For the value of the ordinates of (3) corresponding to a given 
abscissa, say a',, is obtained from the ordinate of (4) corresponding 
to the same abscissa by adding the constant b — b'. Thus each 
point on (3) is always found b — b' units above (below if fi — 6' 
is negative) a point of (4). Thus the lines are parallel 

106. Method of plotting a line from its equation. Since the 
equation y = ax + b\a satisfied by the values (0, b), the graph cuts 
the Y axis b units above (below if b is negative) the origin. Since 
it is satisfied by the values (1, a + 6), the graph passes through 
the point reached by going one unit of x to the right of (0, J) and 
a units up (down if a is negative). These two points determine 
the line. We may then plot a linear equation by the following 
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KULE. Iteduee the given equation to the form 
j/ = ax+b. 

Plot the point (0, b) as one of the tvx> points that determine 
the li-ne. 

From this point go one unit of x to the right a^id a, units 
of y up (down if a is negative) to find a second point that lies 
on the line. 

Draw the line through these two points. 



Plot: 

L 6x-+2y-6 = 0. 

Write in the form y = ax + b, 

and we have y = — Sz + {. 

Plot the point (0, |). 

From this point go one unit of x to the tight and three 
unl.ts of y down to And the eecond point, which helps 
determine, the line. 

il. 6x-ay + n = 0. 3. z-jf = 0. 4. z 



5. I + y = 4. 


6. 2* = 6(1-1/). 


7. 2l-y = 4. 


8. 12z + I0v = fi- 


9. 8z-!/ = 0. 


le. Ux-V)v = *- 


11. x-6y = l&. 


12. 2z + v + 3 = 0. 


13. i = 8(2-y). 


14. 2i- 6^-1 = 0. 


15. x-v-1 = 0. 


16. 21-2^-6 = 0. 


n. x + v + 1^0. 


18. Sz-6y-i = 0. 


19. I2i^3y = l. 


20. 7x-8i/-9 = a 



107. Solution of linear equations, and the intersection of their 
graphs. The process of solving a pair uf independent linear 
equations consists in finding a pair of numbers (x, y) which 
satisfy them both. Though each equation alone is satisfied by 
countless pairs of values {x, y), we have seen that there is only one 
pair that satisfy bnth equations. Since a pair of values which 
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satisfy an equation are the codidinates of a point on its graph, it 
appears that the pair of values that satisfy simultaneously two 
equations are the co6rdinates of the point common to the graphs 
of the two equations, that is, the coordinates of the points of 
intei-section of the two lines. 



^1 






Flnd the aolulions fA the followlug equations algebiaicall;. Verify the 
raaulta by plotting and noting the coOr- 
dlnatea of the point of intetsection. 
, 8a!-4y + ia = 0, 
8a;-v-7 = a 
Solatlon : 

8i-4y + ie = (1) 

Zx- y- 7=0 (2) 

8v-28 = 
y = ^. 
gabsUtating in (2), 

8ji! = 7 + Y = y, 

>: = V- 

To plot (1) and (2) we get the equa- 
tions in tiie form y — ax-Vb and apply 
the rule. Thus 

y = \x + \. 



, 2a + 3y = 6, 
'■ 71 + 1/ = 2, 
. 3l-2y = l, 
'" 3j; + 2v = 6- 
I 2a: + j/ = 8, 
ix~Ty = l. 

« + V = - 4, 

■ 4*-8y = 6. 

■« + l/ = 5, 

■ 41-2^ = 28. 



I a; + y = 5, 

■ Si + y = l. 

, 3x-7y = 9, 
'" 1 + 2^ = 8. 
, 2jE-5y = 0i 

■ x-y = S. 

. x-v = 1, 
" 2 s - 8 V = 8. 



x-Zy=-l 


41 + 1/ = 11. 


« + y = -7. 


23;-3j/ = 6. 


a + 2V = - 1 


2x~v = 0. 


x-y = l. 


2x-4i/ = - 


6a-5j/ = 6, 
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108. GiAphs of d«p«iuleiit cqnatioiM. We have defined {% 57) dependent 

equations as those that, are reducible to the same form on multiptjing or 
dividing by a constant. Thus two dependent equations are reducible to the 
same equation of the form j/ = ax + b. Hence dependmt eguationt have at 
their graphs the same straight line. We see now Uie geometrical meaning of 
the statement that dependent equations have countless common solutions. 
Since their graphs have not one but countless points in common, being the 
same line, it is clear that Uie coordinates of these countless points will 
sattsf7 both equations. 

109. Incompatible equationa. By our definition {§60) incompatible equa- 
tions have no common solution. Since every pair of distinct lines have a 
common point unless the; are parallel, we can foresee the 

Theobbh. Incompatible equations have parallel lines aa grapki. 

Let the equations 

tm + bi, + c = 0, (1) 

a'x + b-y + c- = (2) 

be incompatible. This la true (§ 60) when and only when 

ab' -a'b = 0. (8) 

Let us then assume <3). 
Write (1) and (2) in the form 

This may be done if neither b nor f equals ze 
the lines (1) and (2) are both parallel to the F ai 
which was to be proved. But if only one of them vanishes, say 6 = 0, then 
by'<3) a = (§ 5), in which case (I) does not include either variable. Thus 
we may assume that neither b nor 6* vanishes and that (4) and (5) may be 
obtained from (1) and (2). 

By (3) a^o' 

b V 

Out equations (4) and (5) become 



which represent parallel lines, by the Corollary, p. (W. 

This theorem completes the discuasion of the graphical representation of 
the possible classes (§ 61) of pairs of linear equations. 
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Plot and solve: 

, 10a!-6y = 16, 
2i>!-y = S. 



7. 



c~~Sy = 



12» = 


21. 


-8!,= 


18, 


■V=l. 




a + y- 


= 0, 


T + il 


( = 0. 



110. Graph of the quadratic equation. Let 

t/ = aa^ + bx + c, (1) 

where as usual a, b, and e represent integers and a is positive. 

If we let X take on various values, y will have corresponding 
v^ues and we may plot the equation as in g 103. A root of the 
quadratic equation 

aai' + bx + e = (2) 

is -a number which substituted for x satisfies the eqnation, that 
is, gives the value y = in (1). Thus the points on the graph 
of (1) which represent the roots of the equation (2) are the 
points for which j/ = 0, that is, where the curve crosses the 
X axis. The numerical value of the roots is the measure of 
the distance along the X axis from the origin to the points where 
the curve cuts the axis. Since this distance is always a real 
distance, only real roots are represented in this manner. 

Theorem. 1/ the graph of (1) has no point in common with 
the X axis, the equation (2) has imaginary roots, and conversely. 

Every equation of form (2) has two roots either real or imagi- 
nary (§ 89). If the graph of (1) has no point in common with 
the -Y axis, there is no real value of x for which y = 0, i.e. no 
real root of (2). The roots must then be imaginary. 

Conversely, if (2) has only imaginary roots, there is no real 
value of X which satisfies it, i.e. which makes y = in (1). 
Thus the curve has no point in common with the X axis. 
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TMa suggests the following universal 

Principlk Non-intersection of graphs corresponds to imagi- 
nary or infinite-valued solutions of equations. 

111. Form of the graph of a quadratic equation. Consider the 

equation ~ - - ~ 

By substituting for x a very large positive or negative number, 
say a: =± 100, y is large positively. Thus for values of x far to 
the right or left the curve ties far above the X axis. If we 
assign to y a certain value, say y = 2, we can find the correspond- 
ing values of X by solving a quadratic equation. Thus in (1) let 

^"^' 2='ix' + 1x-\-2, 

or 2*« + 7k = 0. 

The roots are x, = — 3J, x, = 0. 

Hence the points (— ^, 2) and (0, 2) are on the curve (§ 101). 
That is, if we go up two units on the Y axis, the curve is to be 
found three and one half units to the left and also again on the 
X axis. If in (1) we let y =— 4, the corresponding values of x 
are very nearly equal to ea«h other (— Ij and — 2), which means 
that the curve meets a line parallel to the X axis and four units 
below it at points very near together. The question now arises, 
Where is the bottom of the loop of the curve ? This lowest point 
of the loop has as its value of y that number to which correspond 
equal values of x. Hence we must determine for what value of 
y the equation (1), that is, the equation 

2a!* + 7a! + (2 - y) =0, 
has equal roots. .Comparing with the equation ax* + Jx + c = 
(S98),«ehave 2 _., 7 =. S, 2 -y _ .. 

Thus the condition i' — 4 ae = becomes 

49-4-2(2-!,)=0, 

49-16 33 ,, 

OP y = -— = -^-41. 
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Substituting this value of y in (1), we get — J aa the corre- 
spwiding value of x. 11 I I |r-4l 

This gives a single 
value of y for which 
the values of x are 
equal \ hence the graph 
of (1) is a single fes- — 4 — 1^ o 
toon as in the figure. — ^1 — ^I 

If we take the gen- 
eral equation 



we find precisely similarly that the bottom of the loop is at a 
point whose ordinate is 



Thus we see again that if the discriminant is negative the graph 
is entirely above the X axis and both roots are imaginary (§§ ^, 
110), since the ordinate of the lowest point of the loop ia positive. 
If the discriminant is positive, the graph cuts the X axis and both 
roots are real. 

The results of this section enable us to determine a value of 
y from the coefficients which determine the lowest point of the 
loop of the curve precisely, and hence to show beyond question 
from the graph whether the equation has real or imaginary roots. 



Plot the following equatioiui and determine by measurement the roots in 
Ase Ihey are real. Find in each caae the lowest point on the loop. 

1. «" + I + 1 

4. i' + 7^ + 

7. a" - 6i + 
10. a5"-i-2ai- 
13. 2i"-ai- 
16. What is the characteriBtic feature of the plot of an equ&tion wIk 



2. as* - 4i + 7 = y. 


3. x«- 


5. *'-6a! + 9 = y. 


6. Si' 


8. 35* -61 + 5 = 1/. 


9. 2z> 


11. *>-4a! + 4 = v. 


12. 82' 


U. 3*" + 83; + 5 = v. 


15. 4z' 
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112. The Special qnadratlc ax* ■\-hx = Q. When in the quad- 
ratic equation 

oa* + &K + c = 0, (1) 

= 0, we can always factor the equation into 

ax* + hx = x (ax + fc) = 0, 



^9=«- 



Thua the roots are 



Conversely, If a; = is a root, then (§ 96) x — 0, or x, is a factor 
and the equation can have no constant term. 
This affords the 

Theorem. A quadratic equation has a root equal to fxro 
when and only v>hen the coTietant term vanishes. 

We show in a similar manner that both roots of the equation 
(1) are zero when and only when 6 = c = 0. 



1. Prove the theorem just given b; considering the expressions for the 
roots in terms of the coefficients (§ 89). 

2. Foi* what real values of k do the folloiving equations have one root 
equal to zero ? 

(a) !e" + 6*-t + l = 0. (h) 2a5> - 8a: +.t« - 1 = 0. 

(c) a(« + 6i + i» + l = 0. (d)2^-ix + Jfl-&k = 0. 

(e) 2a« + 2lb:-2t»-4i-2 = 0. (f) 6'«>- 4a! + 2l> + t + 7 = 0. 

3. What is the characteristic feature of the plot of an equation which has 
one root equal l« zero ? 

4. Forwhat real valueofikwill both rootsofthefollowingequationsTanish? 

(a) ^ + Si - 1 = 0. (h) *" + (t" + 3)ie + * - 3 = 0. 

<c) i" + <t> + l)a: + l = 0. (d) x' + (6-3)1 + 24" - 66-8 = 0. 

(e) is« + (fc + l)a; + jts-l = 0, (f) (t-3)z' + (*'-9)i + ifc*-4J: + 8=a 
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113. The Special quadratic aa>* + e = 0. This equation may 
be wi-itten in the form x' + - = and factored • immediately into 



-^R)('-^R) = o. 



which shows that the roots are equal numerically but have oppo- 
site signs.' The roots are 



=>R'— >R- 



Since in the equation ax' -\- c = y the variable ^k occurs only in 
the term «', we get the same value of y for positive and negative 
values of a^ Hence the loop which forms the graph of the equa- 
tion is symmetrical with respect to the Y axis. 

HI Degeneration of the quadratic equation. The equation 
ax* + bx Jf e = a 



has the roots 



-b + ^/^- 



We wish to find the effect on the roots a:, and a;, when a 
becomes very small. If we let a approach 0, then a, approaches 
an expression of the form tti which must always be avoided. 
Nationalize the numerators and we get 

iac 2c 



x, = - 



iac 2 c 



a(-6 + Vt'-4oc) - 6 + Vt^ - 4 ac 
As a approaches 0, evidently fi' — 4 ac approaches 6*, «i ap- 
proaches — -> and 3!,, since its denominator becomes very small, 

•When -- laposltlTe thli IdtoIt™ real tactOH. If-- Is negatlire tli« factors are 
InugiiiBTf IffiZJ. 
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increases without limit, that is, approaches infinity. l!huB the 
quadratic equation approaches a linear equation when a approaches 
0, and one of its roots disappeajs since it has increased in value 
heyond any finite limit. The loop-shaped graph of the quadratic 
equation must then approach a straight line as a limit when a 
approaches 0. This is made clear from the following figure, where 
a has the successive values 1, J, -^^, ^^, 0. 

In the figure the curves represent the following equations : 

^-l^2.y. (I) 

'i-l-2-y. (II) 

^-1-2-,. (Ill) 

^-5-2-,. (lY) 

-|-2 = y- m 

In a similar manner we can show that when in the equation 
bx + c = 0, b approaches as a limit, the root of the linear equa- 
tion becomes infinite. 



1. What real values must k approach as a limit in older that one root t 
eacb of the following equations ma; become infinite ? 

(a) fcaf + 6ai + 1 = 0. (b) (J? + l)i' + z + 1 = 0. 

(c) (tz-l)*-(i + 2)« = (J: + l)'. {d> fc» + 4t2i>-(a;-l)« + 2=0. 

(e) Vato;-l-l-V6t-l=Vii+T. (f) Vx^^ + VxTfe = Vfci + 1. 



,. (^-i)_« (t-i)_V 



+ 2k \x + l 



{]) (J?-l)a!' + (fc-l)x+i'-4*:- 
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2, What real vsltiea must k and m approach as a limit in order that both 
roots of the following may become infinite ? 
(a) iaa + mi + 1 = 0. 
<b) {2k -m)ifl + kx- 2 = 0. 

(c) 2k3? + {&m-l + k)x = »!t^-l. 

(d) (i - 1)1= + (t + m + 1)1 + 8 = 0. 

(e) I* - I - 2(4 + m) = (t + m)(x" - 1). 

(f) {k + m)x''+2{k + m) + l = t!'-2x. 

(g) (k + m+.l)x^ + {2k-m~l)x + l = 0. 
(h) (2k + m + 2)x» + {*k + 2m + Six + S = 0. 

115. Sum and difference of roots. Let x, and x^ be the roots of 

x' + bx + c = 0. (1) 

Then (§ 95) x — x^ and x — x^ are factors, and their product 
X* — (x-i + x^x + x^Xi is exactly the left-hand member of (1). 
Consequently the equation 

«' + is! + c = a;* — (ail + a;,) a; + x-yX, 
Is true for all values of x. Hence by § 96 

- (^1 + x^) = h, (2) 

a:,a-, = c. (3) 

We may state these facts in the 

Theorem. The coefficient of x in the equation a? ■{''bx-\-c = 0* 
is equal to the sum of its roots with their signs changed. 
The constant term is equal to the product of the roots. 



1. Prove the statement just made from the eiprefiaion for Uie roots in 
erms of the coefficients (§ 89). 

2. Form the equations wboae roots are the following : 

W 6, 1. (b) J, 1. (c) i, S. (d) - t, - 6. 

(»)1.1- <t) -!,+!■ (g) 2+V!, !-V5. (li)-V8, Vs. 

• We ehould for tlie present eicludethe caie where &<' 4c < a. since tbe roots 2, sod 
', are then Imaginary and we have not as yet detlned what we mean by (he sum or 
he product i>f Imaginary numbers. We shall see later that the theorem I* also trne In 



itized by Google 



GRAPHICAL REPRESENTATION 107 

3, If 4 is one root oli»-3a: + c = 0, what value must c have ? 
Solution : I«t Xi be the remaining root 

Then by (1} _ (x, + 4) = - 3, 

or «i = -l. 

By(2) e = x,.4 = (-l)5=-6. 

4. Find the value of the literal coefficients in the foUoning equattoiw. 
(a> *" + 6i - = 0. One root is 3. 

(b) z» + 4n-c = 0. One root U 2. 

(c) ax= + 3i - 4 = 0, One root ia 2, 

(d) ax^ + Sx + i = Q. One root Is 7. 

(e) (mS + 2 J + 6 = 0. One root is 6. 

(f) a? + &E + 4 = 0. One root U - 1. 

(g) a* - (a; - 8 = 0. One root is - 8. 
(h) »* + fee + 6 = 0. One root is - 6. 
(i) 33fl-6x-c = 0. One root Is - 4. 

(]) X* — ez + c = 0. One root is double Ihe other. 
(k) a? + c = 0. " The diflerence between the roota is 8. 

(!) x* — 6x + c = 0. One root exceeds the other b; 3. 

(m) 3^ — 7x + e = 0. The difference between the roots is 6. 

(n^ x!' — &x + e = 0. The difference between the roots is 4. 

(o) !t» — 3 a + c = 0. The difference between the roots is 2. 

(p) 3^ — 2x+c — Q. The difference between the roots is 8. 

116. Variatioa in sign of a quadratic. It is often necessary to know the 
dgn of the expression 

for certain real values of x, and to determine the limits between which x may 
vary while the expression preserves the same sign. We assume as usual that 
a is positive. 

Thbokbh I.» If the diacriminonf cif ax^ + te + c t» positive, the quadratic 
it negative for dU valuta <if x betiaeen, the valuea of the roots of the eqaaiion. For 
other ■eoXaei of x {atceptine the roots) the quadratic is positive. 

• It a were negative, Theorem I would read sb follows : // the itiBcrimitiant is poii- 
Hve, the guadralK ii poailive for alt trahiet n/ x fccltcfen the valua of the roole of the 
eguatiim. For ofher valuta of x (eicepHnj the rool») the qvadratie is tifgative. 

WbeD a Is negative Theorems II aod lU may be modiUed in au analogous aiauuer. 
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In § 98 we found that when the discriminant of a quadr&tic equation Is 
positive tlie equation haa two i«al roots. If two roots are real, the loop of 
the graph of the equation 03? + ia + e = y cuts the X aiis in two points 
(! 110) as in the figure. The roots are 
teptesented by A and B, and anj real 
value of X tietween the toots la repre- 
sented by a point P in the line AB. 
Since the curve is below the X ii^tis at 
any such point, the value of y, i.e. of 
the ezpression oz^ + bz + c for values 
X of as between the roota, is negative. 

The value of the expression for any 
value of z greater or less than both 
roots is seen to be positive, since for 
such points, for example Q and R, the graph is above the X axis. 

Tbborbh II. If the diacriminavX of ax^ + 61 + c itneffoHw, We«rjweMi<wi 
ttpoaitice for uU real vtduea of x. 

When the diacrimicact \% negative the entire graph of ox' + bx + c = y is 
above the X axis (g 111), and consequently for any real value of i the corre- 
sponding value of y, i.e. the value of ox^ + &z + c, ia positive. 

Theorem III. If (fte Aitcrimmant of m' + br, + cU zero, the valxie of the 
Mprewlon ii positive for aU values of x except the roota of the eqwjilm 
a*» + te + e = 0. 

Hiat. See example 16, p. IDS. 




Thbobem IV. Ifthedixriminaiitoflhe quadratic ox' + bx + t iapoiilive, 
the values of the quadratic and a differ in sign for ali values of % lyi/ig between 
the roots, and agree for other values. 

If the diicriminani U zero or negative, Ike value of the quadratic always 
agrees with a in sign. 

Casb I. Since the discriminant la positive, t^e equation >ix'-|-Eu;+c=0 
lias two unequal real roots, as xi and Zi, of which we will assume Xi ii the 
greater, and we may write the quadratic in the form 
axi + bx + c = a{x -Xi){x - x,). 

Now for any value of x between Xi and Xj the factor x — X| is negative, 
while X — iCa is positive, which shows that the quadratic is opposite in sign 
to a for such values of x. For other values of x both these factors are either 
positive or negative, and for such values the quadratic is of the same sign 
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Case II. Since t he dlacrii olnant b* — iae la negative and tlie roots are 
of the fonn , we may writ* the quadratic 

Now for any value of z the ezpreBSion [x -\ 1 ia positive, and since 

lfl — 4ac ia negative, iac — f ia positive; and we observe tliat the last 
member of the equation has tlie same sign bm a. 

Casb hi. Since tlie discrimirtant is zero, the roota are equal aud ttie 
expression has the form 

ax^ + lKC + c = a(x- Xif, 
which has evidently the same sign as a, for any value of x. 



1. Between what values of x is the expression Vi' - 6z + 4 imaginary? 

Solution: The roots of Jt' - 5x + 4 = Oare 4and 1. 

The discriminant 4 = 6>-4ac = 26-16 = 9is positive. 
Thus by Theorem I or IV, if 1 < z < 4 1 the expression under tie radical 
^gu ia negative and the whole expression ia imaginary. 

2. For what vaiuea of k are the roots of 

(t + 3)3f + ia: + 1 = (1) 

(a) real and unequal ? (b) imaginary ? 
SolDtlim; II = 4 + S, B = fc, C = 1. 

A = 6" - 4 ac = 1' - 4(t + 3} = jI« - 4 i - 12. 
(a) If A>0, the roots of (1) are real and unequal. 
The roots of *•' - 4 4 - 12 are i = - fl and 2. 
Then, by Theorem TI, if 

i < - 6 or i > 2, 4 > 0. 
<b) By Theorem I, if -a<*<2, 4<0, 
and tlie roots of (1) are imaginary. 

•SeefUZ. t Bead"! la leii than z which la less than 4" or" zls between land 4." 
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3. DetennlDe for wh»t values of x the f olloning eipreasions are negative, 
(a) as* + 2a! - 1. (b) z* - «x + 4. 

(c) a!*-ll» + 10. (d) x»-17it; + eO. 

(e) - X* - 2x + t (f) - X* + 7 a; + 3a 

4. Determine for what values of k the roots of the following equatiooB 
ire (a) real ajiil unequal, (b) ImagiDarj. 

(ft) 8fcE'-4x-2 = 0. (b) a!" + 4jto + it» + l = 0. 

(c) a:« + 9ta + 6i + i=0. (d) !r" + <3ft + I)* + 1 = 0. 

(e) (f + 8)i" + fcr - 4 = 0. (f) 21* - 4x- 2* + 8 = 0. 

(g) la!« + (4* + l>J! + 4t-3 = 0. <h) (t-l)!ra + 51x + 6t + 4 = 0. 
(1) (*-l)j:» + (2t + l)a: + * + 8 = 0. 
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SnnilTAMKOUS QUADRATIC EQUATIOMS IN TWO 
VARIABLES 

117. Solution of simultaneous quadratics. A single equation 
in two variables, as a' + y* = 5, is satisfied by many paii^ of 
values, as (1, 2), { Vfi Vl)j (2. 1), and so on, though there are 
at the same time numberless pairs of values that do not satisfy 
it, as (0, 1), (1, 1), (2, 3). Thus the condition that (x, y) satisfy a 
single quadratic equation imposes a considerable resti-iction on 
the values that x and y may assume. If we further restrict the 
value of the pair of numbers {x, y) so that they also satisfy a 
second equation, the number of solutions is still further limited. 
The problem of solving two simultaneous equations consists in 
finding the pairs of numbers that satisfy them both. 

118. Solution by substitution. In this method of ^lution the 
restriction imposed on (x, y) by one equation is imposed on the 

1 the other equation by substitution. 



Example. Solve 2a« + v' = l, 


(1) 


x^y^l. 


(2) 


SolotUm : EquaUon (2) atalea that ic = 1 + y. Thus om 


■ desired solution is 


such a. pair of numbers that (1) is satisfied and at the st 


line time x is equal 


tOJf+1. 




If we substitute in {1)1 + y for x, we are imposing 


on its solution the 


restriction implied by (2). 




Thus 2(l + )/)' + y«-l, 




or S]fi + iy + l = 0. 





Corresponding to y = — 1 we get from (2) xssO. 
Corresponding to ^ = — | we get from (2) as = J. 
Thus the solutioiiB aro (0, - 1) and (}, — }). 
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SolTe the following : 



3* - » = 6, 
xy-x = 0. 


5. 


* + !/ - a, 
is + i,^ = &. 




"■ 91 + 7 J/ = 70. 


a^ + l/» = 40, 
a!-8v = 0- 


8. 


*S - J/2 = 0, 




"■ 2a; + 3!, = 18. 




11. 








it" -X|/ + 1/^ = 7, 




»-!' 


+ !')( 
-!/ = 


j;-2^) = 7, 
3. 


8s + 4i/ = 10. 


■2y*, 


16. f ^ 


+ *> = 
y = 2 


: ^" + a - 18, 
:3. 


a'a!* — b'v' = aexy + w 


,„ J? + 2xy-\-^ = 1{x-y), 



,„ ax^ + {a. ~ h)xy - bifi = c\ g. 2i"-5xj* + j/'+10x+12y = 100, 

■ (x-vy):(x^y) = a.l>. *"' 2i-3v-l. 



7<« + 5)»-0(!/ + 4)! = 118, 
x — y = \. 

zs + !^ ^ ISO, 

2z-if + 1^8 
I. x-ty-vl S' 
ai-3zy + y2_5. 



■ 2»+y-l 2*+jf-li 

sx -H V = la 



!' + Sr« = qI, 



a!(a-i,)-5y = 6 



5(i/-l)=2(i + I). 



Digitized by GOOJ^IC 



SIMULTANEOUS QUADEATIC EQUATIONS 113 

119. Number of solutions. We have proved (p. 42) that two 
linear equations liave in general one and only one solution. 

Theorem. A quadratic equation and a ItTiear equation have 
in general two and only two solutions. 

If the linear equation is solved for one variable, say r, and this 
is substituted in the quadratic equation, we get a quadratic equa- 
tion to determine all possible values of the other variable (i.e. y), 
which must in general be two in number (§98). To each one of 
these values of y will correspond one and only one value of a:, 
thus affording two solutions of the pair of equations. 

EXERCISES 

1. When may, as a special case, a quadratic and a linear equation 
have only one solution? 

2. Wben may a quadradc and a linear equation have imaginary 
Boiutiona ? 

3. Find the real values of k for which the ioilowing equaliona have 
(1) only one solution, (2) imaginary soiutloos. 

,^, !e» + I/» = 16. 0) 

^*>i-I, = t. (8) 

Solotion ; x = j/ + k. 

Subrtltute in (1), (y + fe)« + j/* = 10. 

or . 2y» + 2*v + ts-16 = 0. 

As in £96, a = 2; b = 2k; c = k^-16. 

Hence A = 6"-4QC = 4*:*-8ts + 128 = -4it» + 128. 

(1) A = when 4t* = 128, 

or fc = ± 4 v^. There is then only one solution. 

(2) A<0 when fc*>82. The sointion is then imaginary. 



^>7:u 


^ ' iE» + v» = 6. 


<<.-";u 


<<:-t.:. 


«'>'.--r,to. 


<:Czl 


^t;r:^- 


<:-'i::i 


<%'^c 
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120. Solutioii when neither equation is linear. In the exam- 
ples previously given one equation has been linear and the other 
quadratic in one or both variables. Often when neither of the 
original equations is linear a pair of equivalent (p. 41) equations 
one or both of which are Knear may be found. These latter equa- 
tions may be solved by substitution. 



EXERCISES 
Solve the following equations. 

Wben neither equation is linear, we can often obtain by addition an 
equation from which by the extrdcUon ut the square loot a linear equation 



may be found. 



Solatian: 


*» + y* = 


17 


MulUply(2)by2, 


2xv = 


8 


Add *> 


+ 2^1/ + !/* = 


26 


Extract the square root. 


* + ? = 


±6. 


Subtract (4) from (3), ^ 


-23^ + J/« = 


9, 


^tract the square root, 


'■-y = 


±3. 





as' + ^» = 17, (1) 

(2) 

m 

(5) 
(8) 



« = + 4, +1, - 1, - 4. 
y = +l, +4, -4, -1. 
Thus the Bolutiona are four in number, (4, 1),(1,4),(-1, -4),(- 4, -1). 

The following exercise affords another case wbere a linear equation may 
be found by addition and extraction of the square root. 

2. af + I!/ = fl, (1) 

ij, 4- ys = 10. (2) 

Solntioa : Add (1) and (2), 

z' + 2 ly + y» = 16. 
Extract Uie square root, z + y = ± 4. 

SubsUWte In (I), ^ + 1(± 4 - z) = 6, 
as" ±4* -I" = 6, 

* = ± 3 = ± li. 
Substitute in (4), y = 5^, 2^, - 2i, - BJ. 

Tliu8 0ur8olutionsare(-l, 6!), (-J, - 2i), (5, +21), (J, -51). 
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When neltherof the original equationa is quadratic, we can often find by 
diviaion an equivalent pair of equations one of which ia linear and the other 
quadratic, as in the loHoning exercise. 

3. x" + j^ = 12, (1) 

1 + 1, = 2. (2) 

SotDtlMi: Divide (1) by (2), 
, a^ - 351/ + v' = 8. (8) 

Square (2), a* 4- 2 gy + y» = 4 

Subtract, — 8 xy = 2 

iv=-f (4) 

Solve (4) with (2) b; eubatitutJon. 

When the sum of the exponents of the variables is the same in every 
term, the equation la called bomogeiMons. 

Thus, z' + xs = 0, 2i^v — 3ty* — ilfi — Zi^ = 0. 

When one equation is homogeneous and the other either linear or quadratic 
we may solve them as follows : 

(1) 

(2) 



4. eir»^7«y + 2y* = 0. 




a!>-» = 4. 




8«lntioii: Divide (1) by y". 




«©■-©— 




Let - = I," e *> - 7 « + 2 = 0. 
Solve for I, Z = 1 o 




■■f 


I'l' 


V 


Solve (3) with iB = 2v and 2ie = 8y. 





term we may 

5. x^-xy + 2y* = 4, (1) 

2i*-3il/-2!/' = 6. (2) 

Solatlon; Eliminate the constant term by multiplying (1) by Sand (2) by 2, 
S^-Sxy+ ey^ = 12, (8) 

43^-ezv- 4y* = 12 (4) 

Subtract (S> from (4), z»-8z]/-10y»= 

• We observs that p 7^ 0. For II v = were ■ value that nHsfles equation (1), e = 
woDld correBpoad. Bat(0,0)doeeDot eatlaly(2); thus y = 1> Dot B value that can occur 
In the BoldUoDS of the equations. 
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Divide by V* and let - = (, where y^O, 

x»~8*-10 = 0. (5) 

Futor, («~6)(( + 2)==0. 

Thetoobiare - = 5, - = -2. («) 

Bolve (6) witb (1). 



(1) 
(2) 



Solntlm: Let 


V« - K = *. 


Then (1) becomes 


*» - 1 = 2. 


Solving for «, 


« = 2 or - L 


Thus 


MS. 


Solve (3) with (2) u In exercu 


7. a> + y> = ly = X + ». 


8. x» + y'=7iti/ = 28(* + v). 


!» + !]/« =2, 


'»•:.':;• 


„ a!(I*-l) = 10, 

"■ v{x-i) = n. 


■<tr- 




14 X + W-S5, 


"•»(a' + l/»)=l. 




,- 3i»-2v' = 9, 
Sa'-2v* = 18- 




,- i» + *y + i/' = 2, 
'■'■ !r« - zy + !/' - 8. 
HiHT. Eliminate zi or v'iiB if 

the equatioDS were linear eqna- 

tdoDs In zi uid |^. 


-, 5a + v + 3 = 2iev, 
"■ ll, = 2l-» + 9. 


:(i_a^ + I^ = 3T, 
■ iS ~ i^ = 40. 


,. (l + «)(8-.)-l(l, 


24 (ii^ + V")(a + V) = 5, 
■ xi/(* + v> = -2. 


,, (« + »)■. S.'-2, 
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26. 


x + -^^ = o, 


g, »>^ = S. 




y + ^ = b. 


V Vie + y = 1. 


28. 


« + J/ = 68, 
Vi + v^ = 10. 


2- vS + v^sa, 


30. 


3i+V = S. 




32. 


4ii« + y» = 8(ic + y). 




34. 


2xi/-Z(z + y) = 2. 


35 xy + xy-] = ^^.y*, 


36. 


^ + v' + z + y = lS, 
■ s" - y« + I - V = fl. 




38. 


3x^-2}fi = Hx-y), 




40. 


xf-xv + s'=lS(x-v), 
IV = 12. 

^z(l^v)+y/y{l-z) = a, 
■ x + y = b. 


■ |<-2)(v-l) = 0. 


42 




44. 


x-v = H- 


.-,= .8. 


46 


* y 16 
y X 15' 


« ,_26 
a!> - V" = 28, 


48 


«v5 + »V5 1 
■ x^~y^y 2 
!c« - 8 = 8 - 1/1. 




SO 


v^ _ Vo - a: = y/y-x. 






Va-ic 2 




1^1 = ?. 


a^ tf» _ 15 



!C« V» 4 
Hint. Let - = u, ; 
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R« ^ + 1 ST ^' 



'-2 ^ + 1 

1 1_5 4^8 

» + 2 y + 1 a' ic + a 



1/ Vi — *" = — ^- 






PROBLEMS 

1. Two itumbets are In the ratio 5 : 8. Their product is 735. What are 
the numbers ? 

2. Divide the number 100 into two parls such that the Bum of their 
squares is 5882. 

3. The sum of the squares of two numbers increased by the first is 
205 ; if increased by the secoDd the result is 200, Wliat are the numbers ? 

4. The diagonal of a rectangle is 85 feet long. If each side' were longer 
bj 2 feet, the ar«a would be increased by 230 square feet Find the length 
of the sides. 

5. The diagonal of a rectangle is 69 feet long. If each side of the rec- 
tangle were S feet shorter the diagonal would be 85 feet long. How long 
are the sides ? 

6. The sum of two numbers is 30. If one decreases the first by 3 and 
the second by 2 the sum of the reciprocals of the diminished numbers is J. 
What are the numbers ? 

7. The sum of the squares of two numbers is 370. If the first were 
Increased by 1 and the second by 3, the sum of the squares would be 500. 
What are the uumbeis ? 

8. A number of persons stop at an inn, and the bill for the entire party 
* is f 24. If there bad been 3 more in the party, the bill would have been 

f83. How many were in Uie party and how much did each pay? 
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B. A fruit seller gets $2 for hia stock of orangM. If bis st»ck had con- 
tained 20 more and he had charged ^ of a cent more for each, he would have 
received $3 for his stock. How many oranges had he and how much did he 
get apiece for them ? 

10. A man has a rectangular plot of ground wboae area is 1260 square 
feeL Its length is twice its breadth. He wishes to divide the plot into a 
rectangular flower bed, surrounded by a path of uniform breadth, so that 
the bed and the patii ma; have equal areaa. Find the width of the path. 

11. In going T50O yards one of the front wheels of a carriage makes lOOO 
more revolutions than one of the rear wheels. If the wheels were each ayaid 
greater in circumference, the front wheel would make 626 more revolutions 
than the rear wheel. What is the circuroference of the wheels 1 

12. A man has 95S9 to spend for sheep. He wishes to keep 14 of the 
flock that he buys, but to sell the remainder at a gain of t% per head. 
This be does and gmns ^8. How many sheep did he buy and at what 
price each ? 

13. A man buys two kinds of cloth, brown and blackl The brown coats 
25 cents a yard less than the black, and he gets 2 yards less of it. He 
spends 928 for the black cloth and (25 for the brown. How much was each 
a yard and how many yards of each did he get ? 

14. A man left an estate of $64,000 to be divided among 8 persons, namely, 
bis sons and his nephews. His children together receive twice as much as 
his nephews, and each one of his children Kcelves 98400 more than each one 
of his nephews. How many sons and how many nephews were there ? 

15. A and B buy cloth. B gives $8 more for 90 yards than A does for 
45 yards ; also B gets one yard more for $3 than A does. How much does 
each pay? 

16. A snm of money and its interest amount to 922,781 at the end of a 
year. If the amount had been greater by 9200 and the iDt«rest ^ of 1 per 
cent higher, the amount at the end of the year would have been 923,045, 
What was the sum of money and what was the interest f 

17. If one divides a number with two digits by the product of its digits, 
the result is S. Invert the order of the digits and the resulting number is in 
the ratio 7 : 4 to the original number. What is the number ? 

18. What number of two digits is 4 less than the sum of the squares of 
its digits and 6 greater than twice this product ? 

19. Increase the numerator of a fraction by 6 and diminish the denomi- 
nator by 2, and the new fraction is twice as great as the original fraction. 
Increase the numerator by 8 and decrease the denominator by the same, and . 
the fraction goes into its reciprocal. What is the fraction ? 
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12L EqttlTalence of pain of equations. In the theorems of 
this Bection the capital letters represent polynomials in x and y, 
and the small letters represent numbers not equal to zero. 



Theoeem I. The pain of equations 

^=«1 A=a 

B'^b^j^' B=±b 



are equivalent. 

If (Xi, j/i) be a pair of values that satisfy (1), then when x and 
y in B* are replaced by a;, and yi the equation B" = d" is a numer- 
ical identity. These values (x„ ?/,) must then satisfy one of the 
equations B = ^b, for if they did not, but only satisfied the equar 
tion say B = c when o ^ ±b, then the hypothesis that B" = 6* is 
satisfied by (xi, y,) would be contradicted. 

Conversely, any pair of values that satisfy B = ±b evidently 
satisfy B' = b\ 

ThU theorem U naed, tor Instance, In exercise 2, p. 114, and justifies the 
assumption that 

ir» + 2iy+l'»=lB; """ H-lf = ±4/ 
are equlTalcnt pain ot eqnatloos. 

Theorem XL llie pairs of equations 

are equivalent. 

Ji A =a and B = b are satisfied 1^ a pair of numbers {x-i, y,), 
we multiply the identities and obtain AB = ah. 

Conversely, if A = a, ABs^ab are identically satisfied by a 
pair (xi, y,), since o ^ we can divide the second identity by 
the first and obtain B=sb. Thus if (x„ yi) satisfy one pair of 
equations they satisfy the other pair. 

This theorem is Mawaed In exercise 3, p. IIS, to show that 

"■+»•-'>; ..d "'-"»+i'"=n«.«.u™i«,.. 
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Theorem IIL The pairs of equations 



^::}« 



cA + dB = 0{^^^ 



are equivalent where a, b, c, and d are numbers such that 

ad~be*0. 

If (xi, i/i) satisfy (1), evidently it also satisfies (2). Thus all 
solutions of (1) are among those of (2). 
Conversely, if (a;i, i/,) satisfy (2), then 

__bB__dB 

Thus {ad-bc)B = 0. 

Thus since (ad — fie) ^ 0, 

B = 0. 

Similarly, A = 0. 



are equivalent. In thUcaaea^ c=l, b — — il = 2. Thus ad — 5c = — 4 7*0, 

122. Incompatible equations. When a pair of simultaneous 
equations can be proven equivalent to a pair of equations which 
contradict each other or are absurd, they are incompatible and 
have no finite solution. 



(1) 



EXAHPLB 1. 


xy= 1 


Subtract, 


^ = -1 

0= 2 


EUHPLB 2. 


:^ + I/" = 4, 
4s» + 4v« = 49. 


Multiply (1) by 4, 
Subtract, 


4i«;" + 4!^-4!> 
= 83 
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123. Graphical representation of simultaneous quadratic equa- 
tions. Every equation tliat we have considered may be rep- 
resented graphically by plotting 
in accordance with the method 

already given (p. 93). 

The solution of simultaneous 
equations is represented by the 
points of intersection of the cor- 
responding graphs. 

Thus the equations 
x' + y» = 25, 

have the solutions 

„ V34 „ V34 

x=±2±-—, .v=¥2±— -, 



their graph the preceding figure. 



or ar = 4.a 
y = .9, 


1, .9, - 
4.9, - 


These equations have as their gr 
The equations 




= 0; 
= 0, 


■which have the solutions 




ar = ±V7=±2.6, 

y 2Tv/i = -3.3< 


ff - .7, 



have as their graph the figure shown 
above. 

As in the case of linear equations, 
incompatible equations afford graphs 
which do not intersect. Thus the graph 
of the equations in example 2, p. 121, is 
found to be two concentric circles, as 
is shown in the adjacent figure. 
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Simultaneous equations which have 
imaginary solutions also lead to non-inter- 
secting graplis (p. 101), 
Thus the equations 

x' + 1/^ = 4, 
4 x + 5 y = 20 
have the adjaeent figure as their graph. 



1. Interpret the graphical meaning of equivalent pairs of equations. 

2. Plot and solve z' + i^ = 2, 

x + y = 2. 
What general statement concerning the graphical meaning of a tingle 
solution of quadratic and linear equations doea this example suggest? 

3. Plot and solve the following : 

z' + y' = 26, t? + y^ = 25, 

^ ' i3^ + Q-ifi = lU. ^ ' 4*" -8a: + 9^ = 140. 

x> -I- ^ = 25, 
*■ ' 6af -i-y» = 26. 
What general statement concerning the graphical interpretation of fonr, 
three, or two real solutions of equations do these examples suggest ? 

4. State the algetn'akat condition under which two quadratic equations 
have four, three, two, or one real soiutJons (see p. 1 13). 

5. Plot and solve tlie following : 

i» -H y = 0, :t? + ^ = 9, 

,. 4a:-2j, = 3, ,., ^i' = V 



-4y. 



(<^)irj-:r to 



124. Graphical meaning of hamogeneoiM eq.natioiis. Consider for example 
the homogeneous equation 

&x^-Vtxy-8v' = 0. (1) 

If we let J = '^, we get 3 -10; - »«» = 0, 
or 8i«-|-10ii-3 = 0, 

or {iz.-i){2z + 3) =0. 
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or 4v-!t = f "id 3x + 2v = 0. 

These equations represent tno straight lines through the origin which 

taken together form the graph of equation (1). This 

example may obviously be generalized : Any AomO' 

~ getwoaa equation <if the formal^ + bxy + ey' = with 

~ positive diseriminant Tepreaetit* Ueo straight lines 

through the origin. Such an equation is equivalent 

~ to two linear equations. 

In an example like 5, p. 115, we obtain in place 

^ of the (^ven pair of equations a pair of equivalent 

_ equations one of which is homogeneous and the other 

_ of which is factorable. We can learn the graphical 

^ meaning of this method of solution by studying a 

particular case. Consider for example the equations : 

a^ + 2ii/ + 73/" = 24, (1) 

2x-'-xy-y^ = %. (2) 

By eliminating the constant terms we obtain the product of the two 

equations x + y = and z — 2 j/ = 0. Thus the problem of solving (1) and 

(2) is replaced by that of solving the two following pairs of equations : 

x''-23:y + j/» = 24, 

" + » = »■ (.> 

or x" -2xy + j/^ = 24, 



The graphical meaning of this 
method of solving the equations jl) 
and (2) is seen In the fact tliat the 
problem of finding the points of inter- 
section of the graph of equation (1) 
with that of (2) is changed to that of 

finding the Intersection of the graph of (1) with a pair of straight lines. 
This appears in the Agure where the curves uid Hues are numbered as 
above. The closed curve represents (1). 
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CHAPTER XI 
MATHEMATICAL ITOnCTION 

185. General statement. Many theorems are capable of direct 
and simple proof in special tiasea, while for the general case a 
direct proof is difflenlt and complicated. 

If we ask whether a:" — 1 is divisible by a; — 1, it is easy to 
make the actual division for any particular value of n, as n= 2 
or ra = 3. But if it* — 1 is shown divisible by a; — 1, we are no 
wiser than before eonueming the divisibility of a;* — 1. Suppose, 
liowever, we can prove that the divisibility for n = m + l follows 
from that for n = m, whatever value m may have. Then since 
we have established the fact by direct division for n = S, yre may 
be assured of the divisibility for n. = 4, then for n = S, and so on. 

Now a:"+'-l=a(a:--l) + (»-l) 

is identically true. If x — 1 is a factor of a;"^ — 1 for a given value 
of m, it is a factor of the right-hand member and consequently a 
factor of the left-hand, member (§ 69), which was to be proved. 
Thus the divisibility of a;" — 1 by a: — 1 is established for any 
integral value of ji''greater than the one for which the division 
has actually been carried out. 

To complete the proof of a theorem by mathematical Induction 
we must make two distinct steps. 

Mrst. Estahlish the tlieorem for some particular case or cases, 
preferably for n = 1 and n = S. 

Second. Show that the theorem for n = m + 1 follows from 
its assumed validity for n = m. 

Example. Prove that the sum of the cubes of the int^ers 
from 1 to wis H[«(« + l)]r- 

To prove that l' + 2» + 3' + ■-■+«■= IKn(n + l)]i*- 
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First. This theorem is true for n = 1. 

For 1- = 1 = )K1(2)]!' = 1'-1. 

The theorem is also true for n = 2. 

For 1» + 2» = 9 = S J [2 (2 + 1)] !» = (i ■ 6)^= 3" = 9. 
Second. Assume the theorem for n = m,* 

i. + 2" + ... + „. = j4[»(„ + i)]!-. 

Add (m + 1)' to both sides of the equation, 

l. + 2- + ... + m" + (» + l)'_tK"(»'+l)]!' + (™+I)" 
= [(t»)' + « + l](m + l)' 

-(=^^±^=^)(- + l)' 

-HC + lXm + S)?, 
which is the form desired, i.e. m + 1 replaces m in the formula- 



Prove by mathematical induction that 

1. 1 + 8+5 + .. ■+(2n-I)=n'. 
^2. ,2+2» + 2' + ... + 2- = 2(2'-l). 

3. 3 + fl + 9 + ■ ■ ■ + 3 n = I n(n + 1). 

4. l« + 2» + 3« + --- + n» = Jn(n + lK2« + I). 
•'5. 1» + 2> + 3' + - - . + n» = (I + 2 + 3 + . - ■ + n)*. 

6. 45 + 7' + »« + . . - + (3 n + 1)= = i n(8 ^' + 15n + 11). 

7. X" — ^ ia diyisible by z — y for any Integral Taluea of n. 

8. i'" — y"" ia divisible tj x + y for any integral values of n. 

9. 1. 2+2-3 + 3. 4 + 4-5 + . -- + 11- (n + l) = Jn(n + l)(n + 2). 

10. 1 ■ 1 + 2 - 3= + 3 . 5= + - ■ ■ + n(2 n - 1)" = 1 n(n + 1)(6 n» - 2 n - 1). 

11. 1.2-8 + 2-3-4+3-4.5 + .-. + B(n + lKn+2) = jB(n + l)(n+2)(n+8). 

12. (1« + 2» + 8> + . - ■ + n») + 3 (1» + 2* + 3' + . ■ - + n»} 

= 4(1 + 2 + 3+ ■■.+n)'. 

■ThiBB 

value 
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13. l-S+8S'+5-8' + ---l-(2n-l)8" = &' + i(n-l) + 8. 

15. !■ + g 4- 5» + . . . + [2(n - !)]■ ^ "g" ■HH"' - ') . 

17. 24 + 4-6 + 6-8-(--- + 2«(2n + 2) = |(2n + 2){2n + 4) 

18. A pyramid of shot slanda on a triangular base having m abot o. 
sid«. How man; allot are in tbe pile ? 
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CHAPTER XII 
BIKOHIAL THEOREH 

126. Statement of tbe binomial theorem. When in previous 
problems any power of a binomial baa been required we have 
obtained tlie result by direct multiplication. We can, however, 
deduce a general law known as tbe binomial theorem, which gives 
the form of development of (a + b)', where » is any positive integer 
and a and b are any algebraical or arithmetical expressions. This 
law is as f(dlows: 

(a + »)■ = «• + 5 e- ■ J + ll&-=^> a— j- + . . . + >. 

From this expression we deduce the following 

EULE FOR THE DEVELOPMENT OF (a + b)\ 

The first term is a*. 

The second term is — a"~'fc. 

To obtain any term from the jireceding term, decrease the 

exponent of « in the preceding term by 1 atid increase the 
exponent of b by 1 for the new exponents. Multiply the coefficient 
of the preceding term by tJte exponent of a, and divide it by the 
exponent of b increased by 1 for the new coefficient. 



Verify by multiplication the rule given lor 'the following : 
1. ta + 6)». 2. (z-yy. 

3. <2a + 86)*. 4. (^^+Vy)'. 

S {3a-6)». 6. {z-Vy}\ 

7. (3a -25)'. 8. (a-'o; + ft-'v)*. 
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^-^127. Proof of the binomial theorem. We have already stated 

that n(n — X\ 

(. + S)- = «- + ja— j + Jj^«— 6' + -. (1) 

and have seen that it is justified for every particular case that 
we liave tested. By complete induction we now prove this 
theorem when n is a positive integer. 

First. Let n = 2. 
That is, (a + fr)« = a« + 2 oi + h\ 

This expression evidently ot>eye the law as stated in (1). 

Second. Assume the theorem for n= m. 

That is, (a + i)" = a- + ^ «™-'6 + "^"^^"^^ a'-'b' + - - -. (2) 
Multiply both members by o + fi, 
(a + fi)-+' = a"+" + ja-b + ja'"'b' 



■+(m + l)a"i + ^"'^^)'" «-—6' + .. 



This expression is identical with (2) except that (m + 1) 
replaces m. Hence the theorem is established so far as the 
first three terms are concerned. 

128. General term. Though we have stated the binomial 
theoi-em fur a general value of n, we have only established the 
exact form of the first three terms. 

Let (a + ii)' = a" + Cia"-'b + Cja'-'b" -\ . 

We note that the sum of the exponents of a and & is n in any 
term of the development of (« -f b)\ Also the exponent of £ in 
the {)• + l)st term is r. 

We have abeady seen that 

» »(.-!) 

and that the first three terms are 
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respectively. This indicates that the coefficient of the next term 



.(. -!)(»- 2) 



and in general that the coefficient of the 



l-2-$ 
(r + l)8t term has the form 

n(n-l)...(n-r + l) 

l-2---r *-^-' 

which is in fact the form that our rule (§ 126) would afford for 
any particular value of r. 
This affords the following • 
Rule. The (r + J)st term of (a + 6)' is 

n(n-iy--(n-r+l) ^,_ , j. 

The form of the coefficient may be easily reme^nbered since the 
denominator consists of the product of the integers from 1 to r, 
while the numerator contains an equal number of factors consist- 
ing of descending integers beginning with n. 

For any particular values of n and r we could easily verify the 
rule by direct multiplication. For the rigorous proof see p. 178. 



Develop by tie binomial theorem : 



1.2 3 4 Vvi/ V a»/ l-2.3-4.5\^^ \ a'/ 

6-6-4.8-2-.1 /_ Vx\' 
l-2-3-4-6-6\ o>/ 

-f^_6— + — - — + — - — + — 
~ a' X? z a' (fi a» a"" 

2- (i-iaf. 3. (i/a + i/bY. 
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6 /^-i^V 7 /^-iV 

12. Find the 8Ui t«nn in tlie development of ( -^ - —^1 ■ 



SolntioD ; 


n = 10. r + 1 = B. 


The(r + l)attenn-of 


(a + 6)- is (§ 128) 




„(n-l)...(«-r + l),_ 




1.2...T ** 


In ttiis case we get 






lOft-8-7. 6-6-4 /2; 




1-2-3-4-6-6-7 \3] 








120-81 y* 1215y« 




11! X* 2i* 


13. Find the Tth ter 


"»'(-r 


14. Find the eth ter 


»»'fe-¥)" 


15. Find the 8Ui ter 


-"'(f-^r 


16. Find the 6th ten 


""'^^'-i^j" 


17. Find the Tth ter 




18. Find correct to 1 


iree decimal places (.9)'. 


SolDtiou; {.9)» = (1- 


.11' 


= {!)> 


-fw(-i) + |^0)'(-i)« 


+ '- 


■:i>(-i)'4.... 



= 1 _ 8 - 0.1 + 28 - 0.01 - 56 - 0.001 + 70 - 0.0001 
= 1 + 0.28 + 0.0070 - 0.8 - 0.056 
= :.2870 - 0.866 = -431. 
In this exercise any terms beyond those taken would not affect the first 
three places in the result. 
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Compnte the following correct to three places : 

19. (1.1)". 20. (2.9)«. 21. (;98)". 22. (1,0 

23. (IS)'. 24. (li)". 25. {9Sy. 26. (203 

27. In what term of (a + by does & tenn Involving a" occur? 

28. For what kind of exponent ma; a and b enter the same term n 
equal exponents 7 

29. For what kind of exponent ia the number of terms in the binon: 
development even ? 

30. Fmd the first three and the last three terms in the development o: 
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CHAPTEE XIII 
AKITHHETICAL PROGRESSION 

129. Definitions. A series of numbers such that each number 
minus the preceding one always gives the same positive or 
negative number is called an arithmetical seriea or arithmetical 
progreasion {denoted by A.P.). 

The constant difference between any term and the preceding 
term of an A.F. is called the common difference. 

The aeries i, T, 10, 13, • - - Is an A.P. with tha common diiference S. Tbe BeiieB 
8, 6i, 5, 31, ' " is an A.F. with the common difference — i. Tbe aeries 4, 6, T, 9, 
10, ■■- is not an A.P. 



inA.P. Hso, 

1. 6, m, Ij, ■ ■ •. 2. 27, 22J, 18, ■ ■ 

3. 6, 4i, 3, H, ■■-. 4. 6, -2, -8, - 

5. ■^/l, -v^, 3Vi. ■■■■ , 6- 8t ^, % If. ■ 



■v^ V2 ■^ 

^ 2 6 6(V3-4) 

130. The nth term. The terms of au A.P. in which a is the 
firat term and d the common difference are as follows: 

a, a + d, a + 2d, a + 3d, ■■: (1) 

The multiple of d is seen to be 1 In the second term, 2 in the 
third term, and iu fact always one less than the number of the 
temi. If we call I the nth term, we have 
l^a+(n-l)d. 
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We may also writ* the series in which I is the «th term as 
follows : 

a, a + d, a + 2d, ■■■, l~2d, I - d, I. 

131. The sum of the series. We may obtain a formula for 
computing the sum cS. the first n terms of an A.F. by the following 

Theorem. The sum s of the first n terms of the series 
a, a + d, ■■■, l — d, I is 

» = |(« + 0- 

By definition, 

« = « + (« + d) + (a + 2rf)+---+(i-2rf) + (i-d)+Z. (1) 
Inverting the order of the terms of the right-hand member, 

s = i + (^-rf)+(^-2rf)^-...^-(a-2d) + {<^ + <0^-«■ (2) 

Adding (1) and (2) term by term, 

2s = (l+a) + {l-\-a) + {l + a.) + ... + (l + a)+(l + a) + {l + a.) 

Thus 5 = ^(a + 0- 

132. Aiitbmetical means. The terms of an A.F. between a 
given term and a subsequent term are called arithmetical means 
between those terms. By the arithmetical mean of two numbers 
is meant the number which is the second term of an arithmetical 
series of which they are the first and third terms. Thus the 
arithmetical mean of two numbers a and b is — ^ — > since the 
numbers a, — - > b are in A.P. with the common difference -■ 

The two formulas 

l = a + {n-l)d, (I> 

* = ^(« + (11) 

contain the elements a, I, s, n, d. Evidently when any three are 
known the remaining two may be found by solving the two equa- 
tions (I) and (11). 
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1. 


Find the leth term and the earn of the series 4, 


SolDtton: ti 


1 = 18, a = 4, d = 2 - 4 = - 2. 




J 


! = a + <n - l)<i = 4 + 16{- 2) = - 2 






i = ^('' + ')=f(4-26) = -176. 


2. 


( = 42, a = 


-8, d = S. Find n and*. 




as-4,n 


= 8, « = 64. Find d and I. 




d=-i,» 


= 6,1 = 21. Find* and a. 




<J = -i,n 


= 10, 8 = 65. Find a and I. 




* = 181,1 = 


1 4, a = - 3. Find iJ and «. 




I = 22, . = 


243, n = lS. Find a and d 




. = -16,1 


= -2, d = 2. Find « and a. 




■i = 4J,a = 


= - 16, ■ = 140. Find n and I. 



10. Insert 8 arithmetical means between i and 28. 

11. Find expreSBlons for n and « in terms of a, I, and d. 

12. Find expreBsions for I and a in terms of s, n, and d. 

13. Find expreBsions for a and s in terms of d, I, and n. 

14. Find expressions for d and n in terms of », a, and L 

15. Find the 13th term and the Bum of tbe series 

■v^-1 V2 1 

2 ' 2 '2(V2-l)'"" 
Ifi. Find tbe 10th term and tbe sum of the series 
V^ 3V3 + 2 VS 2 



17. Insert 4 aritbme tlcal means between 

18. Insert 6 arithmetical means between 

19. Insert 3 arithmetical means between -- 

20. Find the 21st term and tbe mun of t^e 

21. Find the lOtb term and the 



, 5V2 



4^ 
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22. Slnd expressions for d and a in terms of ■, I, and n. 

23. Find expressions for d and I in terms of a, n, and g. 

24. Find the Sthterm and ttiesum of the series x, ix,Tx, ■■ ■. 

25. Find the Qth term and the sum of the series 8, 9J, 10), - ' -. 

26. Find the 12th term and the sum of the series 8, T^V, ^i, - - - - 

27. Find the 8th term and the sum of the series - 8, — 4, 0, . ' -. 

28. Find the I2th term and the sum of the series 27, 22}, 18, . - - . 

29. Find the 20th term and the sum of the seriefe 1, - 21, - 6, - ■ .. 

30. Find the 11th term and the sum oF the series 5, - 8, - 11, - - -. 

31. Find the fith term and the sum of the series x -y,x,x + y, ■• ■. 

32. Insertn — 2 arithmetical means between a and I. Wriia the first th^. 
Bbhare. OFten an exercise may be solved more simply iF Instead oF asaum- 

ing the series x,x-i- 2y, x + Sy, ■ ■ - we assume x — y. x.x + n when three terms 
are required, oix — 2y,z — v, x, z + y, a; + 2y when five terms are requteed, or 
T — 3y, X — y, x + y, x + iy when foor terms are required. 

33. The sum of the first three terms of an A.P. is 15. Tlie sum oF their 
squares is 83. Find the sum oF the series to ten terms, 

34. Find expressions for n and a in terms of s, I, and d. For wliat real 
values of s, I, and d does a series with real terms not exist ? 

35. In an A.P. where a is tlie firat term and a is the sum of the first 
n terms, find the expression for the sum of the first m terms. 

36. Find expressions for n and I in terms of a, I, and d. For what real 
values of a, 4, and d does a series with real terms not exist ? 

37. If each term of the series (1), g 130, is multiplied by m, is the new 
series In A.F., and if so, what are the elements of the new series ? 

38. If each term of the series (1) in § 130 is increased by b, is the new 
series in A. P., and if so, what are the elements of the new series ? 

39. The diSerence between the third and sixth terms of an A.P. Is 12. 
The sum of the first 10 terms is 45. Find the elements of the series. 

40. Find the 10th term oF an A.P. whose first and sixteentli terms are 8 
and 48.. Find also the sum of those eight terms of the series the last of 
which is 60. 

41. Two A.P.'s have the same common dlBerence, and their first terms 
are 2 and 4 respectively. The sum of the first seven terms of one are to tl)e 
sum of the first seven terms of the other as 4 is te 5. Find the elements of 
iMth series. 

42. The three digits of a number are in A.P. The number itself divided 
by the sum of the digits is 48. The number formed by the same digits in 
reverse order is 396 less than the original number. What is the number? 
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CHAPTER XIV 
GBOHETRICAL PROGRESSION 

133. Definitions. A series of numbers auch that the quotient 
of any term of the aeries by the preceding term ia always the 
same is called a {reometiical progreasion (denoted by G.P.). 

The constant quotient of any terra by the preceding term of a 
G.P. ia called the ratio. 

TbeG.F. series 4, 8,16, ■-- has the ratio 2. The G.P. series B, 4V2, 4, ... has 



Determine which of Qto following series are in G.P. and find the ratio. 
1. 4, 2, 1, .--. 2. 4, 8, 16, ... 

3. 8, -2, .6, • .. 4. 8, -4, -2, .... 

5. Vs. 1> VS, ••■■ 6. 8, -21, 73i, ■■-. 

7. -L, v^, 2, ..-. 8.4=. -2. -^>■■■. 

11. —J—-, 5-2-v'6,3V3-V2,---. 12. V2-], ], v^ + 1, ■■■. 

134. The »th term. The terms of a G.P. in which a is the 
first term and r the ratio are as follows: 



The power of r in the second term is 1, in the third term is 
2, and in fact ia always one less than the number of the term. 
If we call I the «th term, we have the following expression for 
the nth term : 

i = ar"-'. ([) 
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133. The som of the series. We obtain a formula for finding 
the sum of the first n terms of a G.V. by the following 

Theorem. The sum s of the first n terms of the geometricaX 
progression a, ar, ar', ■■■ is 

a^rl 

By definition, s = a + ar + ar'^ (- ai*-' 

= <t(l+r + r' + --. + r—') 

-"(t^t) by (HI), p. 15 

-^i^' = °T5?- I.y(l,,p.l37 

136. Geometrical metuis. The n — 2 terms between the first 
and the nth term of a G.T. are called the geometrical means * 

between those terms. 

If one geometrical mean is inserted between two numbers, it 
is called the geometrical mean of those numbers. Thus the 
geometrical mean between a and 6 is Va6, 

The two fundamental formulas 

l = Mr»-S (I) 



n(l — r") a — rl 



(II) 



contain the five elements a, I, r, n, s, any two of which may be 
found if the lemaining three are given. 



1. Find the Ttb term and the sum of the G.P. 1, 4, 16, ■ 
Sotatlon : a = 1, n = 7, r = 4. 

Substituting In (I), 1 = ar»'> = 1 ' 4> = 4096, 
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2. Insert 2 geometrical means between 4 and 32. 

3. Insert 4 geometrical meajis between 82 and 1. 

4. Insert S geometTical means between S and \^, 

5. Insert 4 geometrical means between a' and Jfi. 

6. Insert 4 geometrical means between 1 and 9^3. 

7. Insert 3 geometrical means between ^ and T3j. 

8. What is the geometrical mean between 3 and 27 ? 

9. Insert 3 geometrital means between VS and VSi 

10. Insert 4 geometrical means between a and o* Vab>. 

11. Insert 3 geometrical means between — { and — 2J. 

12. What Is the geometrical mean between — 2 and — j ? 

13. Find the 7th term and the sum of the series 1, 3, 9, ■ • -, 

14. Find the 6th term and the sum of the series 2, 4, 8, • ■ ■. 

15. What is the geometrical mean between Vo^S and Vo^? 

16. Find the 7th term and the sum of the series 8, 2, .6, ■ ■ -. 

17. Find the Bth term and the sum of the series Ai i*!. i- ' ■ ■ ■ 

18. Find the 7th term and the sum of the series v'S, 2, 2-^2, ..-. 

19. Find the 7Ui t«rm and the sumof the series y/2, V2, V?, ■■■■ 

20. Find the 10th term and the sum of the series ^, ^J,, ^, ■ - ■- 

21. Find the 6Ui term and the sum of the series V^ - 1, 1, 1 + V2, - 

22. The flrst and sixth tenns of a G.P. are 1 and 243. Find the inter 

23. Find the 5th term and the sum of the series 

^ ^— ^, 5-2V6, 9V3-ll-v^, ■■■. 

V3+ V2 

24. Inaert 3 geometrical means between — — and -. 

25. What is the geometrical mean between ^^^ and ^ — ^ ? 

x+s x-y 

26. Find the 6th term and the sum of the series — ;=. — -vf, — — , ■ ■ -. 



27. Find the 6th It.iu nu« ^,.= .,««. u^ »„= ==.,== .,-, -, -— 

28. Find the 5th term and the sum of the series V2, — 1, — — i 



V5,-I,^ 

V3 fW V§ 
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30. The geometrical mean ot two numbets is 4 and their sum is 10. Find 
the numbers. 

31. The fourth tenn of a G.F. is 192, the seventh term is 12,288. Find 
the first term and the ratio. 

32. If the same number be added to or subtracted from each term of a 
G.P., is the resuiting series geometrical ? 

33. Tlie product of tlie fii^t and last of four numbers in G.P. Is 64. 
Their quotient is also 04. Find the numbers. 

34. The product of four numbers in G.P. is 81. The sum of the second 
and third t^iius is }. Find the numbers. 

35. If every term of a G.P. be multiplied by the same number m, fe the 
resulting Eeries a G.P.? If so, what are the elements? 

36. The sum ot three numbers in G.P. la 42. The difference between the 
squares of the first and the second is 60. What are the numbers? 

37. The difference between two numbers is 48. The ariOimelical mean 
exceeds the geometrical mean by 18. Find the numbers. 

38. Four numbers are in G.P. The difference between the first and the 
second is 4, the difference between the third and the fourth is 30. Find the 
numbers. 

39. A ball falling from a height of 00 feet rebounds after each fall one 
third of the last descent. What distance has it passed over when it striites 
the ground for the eighth time? 

40. The difCerence between the first and the last of three terms in G.F. 
is four times the differen(;c between the first and second terms. The sum of 
the numbers is 308. Find the numbers. 

41. An invalid on a certain day was able to take a single step of 18 
inches. If he was each day to walk twice as far as on the preceding day, 
how long before he can take a five-mile walk? 

42. The dlfletence between the first and the last of four numbers in G.P. 
is thirteen times the difference between the second and third terms. The 
product of the second and third terms is 3, Find the numbers. 

137. Infinite series. When the number of terms ot a G.P. is 
unlimited it is called an infinite geometrical series. 

In the aeries a, ar, ai^, ■ ■ -, when r > 1, evidently each term ia 
larger than the preceding term. The series is then called inereaa- 
ing. When r < 1, each term is smaller than the preceding term 
and the. series is called decreasing. 

a(l-r") _ g CT* 

1-r ~l-r 1-T 
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Wlien r > 1, evidently r" becomes very large for large values 
of n. Forthiacase, then,the sum ot the tii'stw terms becomes very 
large for large values of n. In fa«t we can take enough tenns 
so that s will exceed any number we may choose. If, however, 
r < 1, as n increases in value r" becomes smaller and smaller. In 
fact we can choose n large enough ao that r" is as small as we wish, 
or as we say, approaches as a limit. But since r" may be made 
as small as we wish, ar" also approaches as a limit, and conse- 

q^uently :j approaches as a limit. Thus when r < 1 the 

value of the sum of the first n terms approaches r as n 

becomes very great. This we express in other words by asserting 
that the sum of the infinite series 

a + ar + ar* H , when r < 1, 



Tlnd the sum of the following infinite st 
1. 6 + 3 + ! + -. ■. 



SalatlDn: a = B 


r = l. 


•■'Tb'- 


~rr- 


2. l + i + } + -.-. 


3. 64 + 8 + 1+---. 


*-l + J + i+--- 


5- i + A + A + --- 


6. I + J + V+ ■■■ 


7. 2 + .6 + ,126 + ..-. 


«.V5 + . + f 


9. (V§ + 1) + 1+(V5-1)+--.. 


10. How large a value ol n must 


one take so that the sum of the first 


terms of the following series differs from the sum t<D inSnity by not more 


lan.OOl?- 




(a) 8 + 4 + 2 + .--. 




Solnthm: a = B, 


= i- 
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We must find for what value of n the expression Is less than .00 

8(i)- _8-2_ 16 
1 - 1 ^ 2" *^ 2«' 
By trial we see that if n = 14 the value of — is — - , which is less tl 
001 2. 1024 

(b) 27 + 3 + i + -.-. (e) 4 + i + ^j+-... 

(d) 1 + Vj + ill + ■ • ■■ (e) 64 + 16 + 4 + - . . . 

(t) 100 + 20 + 4 + ■--. (g) 00 + 20 + 6| + ---. 

11. What is the value of tlie following recurring decimal fractions? 

(a) .212121.... 

Solution : This decimal ma; be written In the form 

ll + ^i- + ^L + .... 

100 tlO**)' (M»)' 



(c) .717171--.. (d) .801801-- 

(f) 1.43131-.., (g) 2.61414--. 
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CHAPTER XV 

^RHUTATIONS AND COMBINATIONS 

138. Introduction. Before dealing directly with the subject of 
the chapter we must answer the question, In how many distinct 
ways may two successive acts be performed if the first may be 
performed in p ways and the second may be performed in y ways ? 
Suppose for example that I can leave a certain house by any 
one of four doors, and can enter another house by any one of five 
doors, in how many ways can I pass from one house to the other ? 
If I leave the first house by a certain door, I have the choice of 
all five doors by which to enter the second house. Since, how- 
ever, I might have left the first by any one of its four doora, 
there are 4 ■ 6 = 20 ways in which I may pass from one house 
to the other. This leads to the 

Theorem. If a certain act may he performed in p ways, and 
if after this act is completed a second act may be performed in q 
■ ways, then the total number of ways in which the txm acts may 
be performed is p-q. 

With each of the p possible ways of performing the first act 
correspond q ways of performing the second a«t. Thus with all 
the p possible ways of performing the first act- must correspond 
p times as many ways of performing the second act. That is, the 
two acta may be performed in p-q ways. 

It is of course assumed in this theorem that the performance 
of the second act is entirely independent of the way in which the 
first act is performed. 
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1. I have four coats and five hats. How many difierent combinations of 
coat and tiaC can 1 wear? 

Solution : The Srat act consists in putting on one of my coats, which maj 
be done in four ways^ the second act consists in putting on one of my 
hats, which may be done in £ve wai^s. Thus I have 4 . 5 = 20 different 
combinations of coat and hat. 

2. In how many nays may the two children of a family be Bssigned to 
five rooms if they each occupy a separate room? 

3. A gentleman has four coats, six vests, and eight pairs of trouBeis. In 
liow many different ways can he dress ? 

4. 1 can sail across a laiie in any one of four sailboats and row back 
in any one of fifteen rowboats. In liow many ways can I make the trip ? 

5. Two men wish to stop at a town where there are six hotels but do not 
wish quarters at the same liotel. In huw many ways may they select hotels? 

6. A man is to sail for England on a steamship line that runs t«n boats 
on the route, and return on a line tliat runs only six. In how many difierent 
ways can he make the trip ? 

7. In walking from A to B one may follow any one of three roads; in 
going on from B to C one has a choice of five roads. In how many different 
ways can one walk from A to C P 

139. Pennutations. Each different arrangement either of all 
or of a part of a number of things is called a permntatlon. 

ThiiB the digits 1, 2 have two possible permutations, taten both 
at a time,' namely, 12 and 21. 

The digits 1, 2, 3 have six different permutations' when two are 
taken at a time, namely, 12, 13, 21, 23, 31, 32. For if we take 1 
for the first place, we have a choice of 2 and 3 for the second 
place, and we get 12 and 13. If 2 is in the first place, we get 21 
and 23. Similarly, we get 31 and 32. In this process it is noted 
that we can fill the first of the two places in any one of three 
ways ; the second place can be filled in each case in only two ways. 
Thus by the Theorem, § 138, we should expect 3-2 = 6 permuta- 
tions of three things taken two at a time. We observe that this 
product 3 - 2 has as its first factor 3, which is the total number of 
things considered. The number of factors is equal to the number 
of digits taken at a time, i.e. two. This leads to the general 
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Theorem. The number of permutations of n objects taken r 

at a tvme is , i\ , , t\ t^\ 

n(n-l)--(n-r+l). (I) 

This is symbolized 1:^ P, ,. 

This formula is easily remembered if one observes that the first 
factor is n, the total Dumber of objects considered, and that the 
number of factors is r, the number of objects taken at a time. 
Thus P,,s = 7'6-5, 

We prove this theorem by complete induction. 

First, let )■ = 1. There are evidently only n different arrange- 
ment of n objects, taking one object at a time, namely (assuming 
our objects to be the first n integers), 

1, 2, 3, ■ , TO. 

Let us take two objects at a time, i.e. let r = 2. Since there 
are n objects, we have n ways of filling the first of the two places. 
When that is filled there are n — 1 objects left, and any one may 
be used to fill the second place. Thus, by the Theorem, § 138, 

there are for r = 2 

n(n - 1) 
different permutations. 

Second, assume the form (I) for r = m, 

?.. = "(»-i)--(»-'« + i)- (1) 

We can fill the first m places in P,_ „ different ways since there 
are that number of permutations of n things taken m. at a time. 
This constitutes the first act (§ 138). The second act consists in 
filling- the m + 1st place, which may be done in ji — m ways by 
using any of the remaining n — m. objects. Thus the number of 
permutations of n things taken m + 1 at a time is 

J"...», = ^„.-(»-'») = «C«-l)(«-2)-(»-'» + l)(»-'»), 
which is the form that (I) assumes on replacing m by m + 1. 

COROLLAEY, The number of permutations of n things taken all 
atalimei. p_ _ =„(._j).. .«._;_,;.. (2) 

TaJiing n = ria (I), we get (2). 
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1. How mEiiiy pennutations may be formed fiom 8 letters taken four at a 

SolDtloa: n = 8, r = i, n-r + l = 6, 

P6,. = 8-7-a-5 = l»80. 

2. In how many different orders may 6 boys stand in a row ? 

3. How many different numbers less than 1000 can be formed from the 
digital, 2, 3, 4, 5? 

4. How many arrangements of the letters of the alphabet can be made 
taking three at a time ? 

5. How many numbere between 100 and 10,000 can be formed from the 
digitel, 2, 3, 4, 6, 6? 

6. How many dUEei«nt permutations can be made of the letters in the 
word compute taking four at a time ? 

7. In a certain ciass tliere are 4 boys and 5 giris. In how many orders may 
they sit provided all the boys sit on one bench and all the ^rls on another? 

Hrax. Use Corollary § 139, and then Theorem, i 138. 

8. I haveflbooks with red binding and 3 with brown. In how many ways 
may I arrange them on a shelf so that alt the books of one color are together ? 

140. Combinations. Any group of thinge that is independent of 
the order of the constituents of the group is called a combination. 

The committee of men Jones, Smith, and Jackson is the same 
as the committee Jackson, Jones, and Smith. The sound made by 
stiiking simultaneously the keys EGC of a piano is the same as 
the sound made by striking CGE. In general a question involv- 
ing the number of groups of objects that may be formed where 
the character of any group is unaltered by any change of order 
among its constituent parts is a question in combinations. 

Suppose for example that we ask how many committees of tiiree 
men can be selected from six men. If the men are called A, B, C, 
D, E, F; there are, by § 139, 6 ■ 5 ■ 4 = 120 different arrangements 
or permutations of the six men in groups of three. But the permu- 
tations A, B, C ; A, C, B ; B, A, C, etc. (3 ! = 6 in all for the men 
A, B, and C), are all diatincf, while evidently the six committees 
consisting of A, B, and C are identical. This is true for every 
distinct set of three men that we could select ; that is, for the 
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six different permutations of any three men there is only one 
distinct committee. Hence the number of committees is one sixth 
the total number of permutations, or -^- 

Thia leads to the general 

Theorem. The nvmber of eombinatioiis of n (kings taken r at 

a time is , ,- , ,- 

n(n — l),..(n — r + l) 

r ! 
This is symbolized by C^ ^ 
The number of permutations of n things taken r at a time is 

P^, = «(n-l)--(n — J- + 1). 
In every group of r things which form a single comiifuttion 
there are (Cor., p. 146) r! permutations. Thus there are r\ times 
as majiy permutations as combinations. That is, 

c„, Sy, »(" -!)-_;(" - + 1) . . ^ 

This formula is easily remembered if one observes that there 
is the same number of factors in the numerator as in the deiiomi- 
nator. Thus 

^10,,- ^^.2.3 

Corollary. C^^=C^^_^. 

Multiplying numerator and denominator of (11) by (n — r)\, 
.(.-l)...(.-r + l)(.-,)..^2.1 . 
H(»-r)l 

(II) 



r!»- 


-rl 






»(»- 


-IV 


■•(r+1) 






(«- 


r)I 




n(n- 


-IV 


.r»-(»- 


■'•)+ll 



This ooroUarj' eaves compvbition in some oaaes. For insUuce, If we wish to 
compute CiD.u, it 1b more coayenient to write Cis, 17= Ab, » = = 171 tbiui the 

ezpreasioD for Cin. u- 
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1. How many committees of 5 men can be selected from a body of 10 
in three of whom can serve aa chairman but can serve in no other capacity ? 



Tliera are 3 men lo select from for the remaining place of chairman, 
and the selection may be made in 3 ways. Thus the committee can be 
made up in 3 • 36 = 106 ways. 

Z. How many distinct crews of 8 men may be selected from a squad of 
14 men? 

3. How many distinct tdangles can be drawn having their vertices in 
10 given points no three of which are in a straight line? 

4. How many distinct sounds may be produced on 9 keys of a piano by 
striking 4 at a time ? 

5. In how many ways can a crew of 6 men and a hockey team of 5 men 
t>e made' up from 20 men ? 

!. e-/ be broken up 



7. If 8 points He in a plane but no three in a straight line, how many 
straight lines can l>e drawn joining them in pairs? 

8. How many straight lines can t>e drawn through n points taken in 
pairs no three of which are in the same straight line? 

9. geven boys are walking and approach a fork in the road. They 
agree that 4 shall turn to tlie right and the remainder turn to tlie left. In 
how many ways could liiey break up ? 

Solution : The number of groups of i boys that can be formed from the 

For each group of 4 boys there remains only a single group of S ttoys. 
Thus the total number of ways in which the party can divide up is 



10. If there are 12 points in space but no four in the same plane, how 
many distinct planes can be determined by the points? 

Hint. Three points determine a plane. 

11. Eight gentlemen meet at a party and each wishes to shake hands 
with all the rest. How many hand shakes a 
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12. In how many ways can a baseball team of S men be selected from 
14 mea only two of whom can pitch but can play in no other position? 

13. How many baseball teams can be selected from 16 men only four of 
whom can pitch or catch, provided these four can play in either of the two 
positions ? 

14. Two dormitories, one having 3 doors, the other having 6 doors, stand 
facing each other. A path runs from each door of one to every door of the 
other. How many paths are there 'f 

15. Show that the number of ways in which p ■\- q things may be divided 

into groups of p and q things respectively is v A . ^ . 
plgl. 

16. Out of 8 consoniHits and 3 vowels how many words can be formed 
each containing 3 consonants and 2 vowebt? 



17. A boat's crew consists of 8 men, three of whom can row only on one 
sideand two only on the other. In how many ways can the crew be arranged? 

18. A pack of cards contains 52 distinct cards. In how many diSerent 
ways can it be divided into 4 hands of 13 cards each ? 

19. Five points lie in a plane, but no tht«e in any other plane. How 
many tetrahedrons can be formed with these points taken with two points 
not in the plane ? 

141. Ciictilar permutations. By circular permutations we 
mean the various arrangements of a group of things around a 
circle. 

Theorem. The nwniber of orders in which n things may be 
arranged in a circle is (n — J) .', 

Suppose ,4 is at the point at wliich we begin to arrange the 
digits 1, 2, 3, ■ ■ -, M, Suppose we start our arrangement of digits 
at A with a given digit a. We have then ^ 

virtually Ji — 1 places to fill l^ the remaining 
» - 1 digits. Thus we get (m - 1) ! (p. 145} 
permutations of the n digits keeping a, fixed. 
But suppose we start our arrangement, that is, | 
fill the place at A with any other digit, as h, 
and the remaining places in any order what> 
ever. If we now go around the circle till we 
come to the digit a, the succession of digits from that point 
around the circle to a again must be one of the (re ~ 1) ! orders 
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which we obtained when we took a as the initial fi^re. Thus 
the only distinct orders in which the n digits can be arranged 
on a circle are the (n —1)! permutations we obtained by filling 
the first place with a. 

EXERCISES 

1. In how many orders can 6 men sit around a circular table ? 

8«lntion: 

n = 0, n-l = 5, (»-!)! = 5! = 120. 

2. In bow many ways can 8 men eit around a circular table ? 

3. In how many ways may the letters of line be arranged on a circle ? 

4. In how many ways may the letters oi permutation be arranged on a 

5. In how many ways can 4 men and 4 ladiea sit around a table so that 
a lady 1b always between two men ? 

6. In how many ways may 4 men and tbeir wives be seated around a 
table so that do man sits next his wife ? 

7. In how many ways can 6 men and their wives be seated around a 
table so that each man always sits next his wife ? 

8. In bow many ways can 10 red flowers and 6 white ones be planted 
around a circular plot so that two and only two red ones are adjacent ? 

142. Theorem. The number of permutatwns of n things of ' 

which V are alike, taken all together, is — ^■ 
p! 

If all the things were difEerent, we should have n ! permutationa. 
But since p of the n things are alike, any rearrangement of those 
p like things will not change the permutation. For any fixed 
arrangement of the n things there are p ! different arrangements 
of the p like things. Thus — f of the n! permutations are iden- 
tical, and there are only — r distinct permutations of the n things 
p of which are alike. 

COEOLLARY. If of n things p are of one kind, q of another 
kind, r of another, etc., then there are ■■■■■ ■ ■ ' — permutations 
of the n things taken all at a time. "' ^' 



itized by Google 



PERMUTATIONS AND COMBINATIONS 



1. How many distinct amngements of the letters of the word Cindtinati 
ire poaaible ? 

Solution : There are in all 10 letters, of which 3 are i, 2 are e, and 3 are n. 
Thus the number of arrange men ta is 

101 _ ;-2-g.i|.6.g-7-8-910 
813121" X-^.»-X-^-9Xt 
= 2-5-7-8-»-10 = 60,400. 

2. How maoj distinct arrangements of the letters of the word panUIel 
:an be formed ? 

3. How many signals can be made by banging 15 flags on a staff if 2 
lags are white, 3 black, 5 blue, and the rest red? 

4. How many signals can be made by the flags in exercise 3 If a white - 



5. How many signals can be made by the flags In exercise 3 if a red flag 
is always at the lop ? 

6. Would 3 dots, 2 dashes, and 1 pause be enough telegraphic symbols 
for the letters of the English alphabet, the numerals, and six punctuation 
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143. The Inuginary unit. When ve approached the solution 
of quadratic equations (p. 62) we saw that the equation x^ = 2 
was not solvable if we were at liberty to use only rational num- 
bers, but that we must introduce an entirely new kind of number, 
defined as a sequence of rational numbers, if we wished to solve 
this equation. The excuse for introducing such numbers was not 
that we needed them as a means for more accurate measurement, 
— the rational num bers are entirely adequ ate for all jiifvliaiiirni 
.nurpoaea, — but that they are a mathematical necessity if we 
propose to solve equations of the type given, 

A similar situation demands the introduction of still other 
numbers. If we seek the solution of 

«■ — 1, (1) 

we observe that there is no r ational number whose sqtiare is — 1. 
Neither can we define V— 1 as a sequence of rational numbers 
which approach it as a limit. We may write the aymhol V— 1, but 
its meaning must be somewhat remote from that of V2, for in 
the latter case we have a process by which we can extract the 
square root and get a number whose square is as nearly equal to 
2 as we desire. This is not possible in the case of V—l. In fact 
this symbol differs from 1 or any re al n umber not merely in 
degree but in kind. One cannot say V—l is greater or less than 
a real number, any more thaji one can compare the magnitude of 
a qu art a nd an inch. 

V—l is symbolized by i and is called the imag:inar7 unit The 
term " im^nary " is perhaps too iirmly established in mathe- 
matical literature to warrant its discontinuance. It should be 
kept in mind, however, that it is really no more and no less 
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imaginary than the negative numhers or the inational numbers 
are. So far as we have yet gone it is merely a thing that satis- 
fies equation (1). When, however, we have defined the various 
operations on it and ascribed to it the various characteristic 
properties of numbers we shall be justified in calbng it a 
number, 

Jnst as we built up f rom the unit 1 a system of real numbers, 
so we build up from V— 1= i a system of imaginary numbers. 
The fact that we cannot measure V — 1 on a rule should cause 
no more confusion than our inabihty exactly to measure v2 on a 
rule. Just as we were able to deal with irrational numbers as 
readily as with integers when we had deiined what we meant 
by the four operations on them, so will the imaginaries become 
indeed numbers with which we -can work when we have defined 
the corresponding operations on them, 

141. Addition and subtraction of imaginary aumbers. We 
write 

= 1, 



Also just as we pass from a rational to an irrational multiple 
of unity by sequences, so we pass from a rational to a n irr ational 
multiple of the imaginary unit. Thus we write a V— 1, or ai, 
where a represents any real rnunber. Consistently with § 76 we 

write 

±v:r^=±v«»-(-i)=±v^-vri=±aV^=±a;.(ii) 

We speak of a positive or a negative imaginary according as 
the radical sign is preceded by a positive or a negative sign. 

We also define addition and subtraction of im^^naries as 
follows : 

ai±bi=(a±b)i, (III) 

where a and b are any real numbers. 
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Assumption. The commv-tative and associative laws of multi- 
plication and addition of real numbers, § 10, ive assume to hold 
for imaginary numbers. 

145. HoltlpUcatlon and division of Imaginaries. We liave 

already virtually defined the multiplication of imaginaries by 
real numbers by formula (I). Consistently with § 76 we define 

ThuB V^- Virfi= V^. Vjtt= ■>/^:(_i) = _ Vah. 

The law of signs in multiplication may be expressed verbally 
as follows : 

The product of imaginaries with tike signs before the radical 
is a negative real number. The product of imaginaries with 
unlike signs is a positive real number. 

For Instance, - V^^ ■ V^^ = - 2 ■ 3 ■ i» = 6. 

We also uota that ' ' ' 

f> = -l, i> = -i, i* = l, i»=i, ■■.. / 

And, In general, i*"+* = i*, t = 0, 1, 2, 3. 

We define division of imaginaries as follows : ,\ '^ 

In operating with imaginary numbers, a number of the form 
V— a should always be written in the form Vai before per- 
forming the operation. This avoids temptalaon to the following 

error: , , , , — 

VZTa. -v^Tj = V(- a) ■(-b) = -vW. ^ 



.\ O 



Simplify the following: 



'I- . 

1 i' f — i 

Solution :— = -- = — — = — - = — (. 
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146. Complex oombers. Tlie solution of the quadratic equation 
with negative discriminant (p. 71) affords us an expression which 
consists of a real number connected with an imaginary number 
by a + or — sign. Such an exptession is called a compUx number. 
It consists of two parts which ate of different kinds, the real 
part and the imaginary part. Thus 6 + 4 1 means 6 I'a + 4 t's. 
Obviously, to any pair of real numbers (x,.y) corresponds a complex 
number x + iij, and ctrnversely. 

147. Graphical representation of complex numbers. We have 
represented all real numbers on a single straight line. When we 
wished to represent two numbers simultaneously, we made use of 
the plane, and assumed a one-to^ne correspondence between the 
points on the plane and the pairs of numbers (x, y). The general 
complex number x + iy depends 
on the values of the independent " 
real numbers x and y, and may - 
then properly be represented by ' 
a point on a plane. We repre- , 
sent real numbers on the X axis, ■ 
imaginary numbers on the y axis, " 
and the complex number x + iy - 
by the point (x, y) on the plane. " 
Thus the complex numbers Q + i3, 
— 4 + *4, 7 — *5, — 2 — i4 are represented by points o 
as indicated in the figure, 

148. Equality of complex nnmbers. We define the two com- 
plex numbers o + tfi and c + id to he equal when and only when 
a = c and h = d. 
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Symbolically a + ih = c + id 

when and only when a = c, J = (/, 

The definition seems reasonable, since 1 and * are different in 
kind, and we should not expect any real multiple of one to cancel 
any real multiple of the other. 

Similarly, if we took not abstract expressions aa 1 and * for 
units but concrete objects aa trees and streets, we should say that 

a trees + A streets = e trees + d streets 
when and only when « = e and b = d. 

Principlk When tvx> numerical expresswns involving imagv- 
Tiaries are equal to each other, we may equate real parts and 
imaginary parts separately. 



From the definition given we see that a + ib = when and 
only when n = 6 = 0. 

Assumption, We assume that complex numbers obey the com- 
mutative and associative laws and the distributive law given in, 
§ 10. We also assume the satne rules for parentheses as given 
in § 15. 

This assumption enables us to define the fundamental opera- ■ 
tions on complex numbers. 

149. Addition and subtraction. By applying the assumptions 
just made we obtain the following symbolical expression for the 
operations of addition and subtraction of any two complex num- 
bers a + i6 and c + id: 

a + ib±(c + id)=a±c + i(b±d). 
RuLK To add (subtract) complex numbers, add (^subtract) the 
real and imaginary parts separately. 

150. Graphical representation of addition. We now proceed 
to give the graphical interpretation of the operations of addition 
and subtraction. 
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Theobem. The sum. of two numiers A = a+ib aiid B = c + id 
is represented by the fourth vertex of the parallelogram formed 
on OA and OB as sides. 

Let OASB be a parallel<^am. Draw 
ES X OE, All X ES, BD (= d) X OE. 
A AHS — A ODB since their sides are 
parallel, and OB = AS. 

Thus DB = US = d, 

OD = AH = e. 

Thm ES =EH + HS = b + d, 

OE=OF+FB = a + c, 
and S haa coordinates (a + c,b + d) and represents the sum of 
A and B, by § 149. 




1. The difference A — B ot two numbeiB A = a + ib and B = c + id is 
repreBenled by the extremity D of the line OD drawn from the origin par- 
allel to the diagonal BA of the parallelogram formed on OB and OA aa 

2. Beprefient graphically the following expressions, 
(a) 1 + i. <b> - 4 - 2 i. 
(c)6-i. (d) -8 + 4i. 
(e)2 + 4t. (f) (l + + (2 + li- 
te) (2-f)~(6-3i). (h) (l_i)_(l-2i). 
(i) (2 + 4f)_(i_3i). <i) 4(l + i),-2(2-8i), 

(k) (6-2i) + (2 + 3i). (1) (5 + 3i) + t-l-6()- 

151. Multiplication of complex numbers. The assumption of 
§ 148 enables us to multiply complex numbers by the following 

RuLK To multiply the complex number a -\- ih hy c + id, pro- 
ceed as if they were real binomials, keeping in inind the laws for 
multiplying imaginaries. 
r Thus a + ib 



\-id 



ac + wb + iad + (i)' I 



-bd-\- i{cb + ad). 
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132. Conjugate complex oombers. Ctmiplexiiumbersthat differ 
only in the sign of their imaginary parts are called conjugate com- 
plex nnmben, or conjugate imaglnarlea. 

TUEOBEH. The sum and the product of conjugate complex 
mtnibers are real numbers. 

Thus a + U> + a-if> = 2a, 

(a + ib)(a-ih)=a^ + b\ 

1S3. Division of complex numbers. The quotient of two com- 
plex numbers may now be expressed as a single complex number. 

Rule. To express the quotient — in the form x + iy, 

rationalize tlte denominator, using as a rationalising factor 
the conjugate of the denominator. 

+ id c + td e — td 

_ ac + bd ~ i(ad — be) 

c» + «P 
_ ac-{-bd . ad — be 
~ c' + d' * c' + d'' 
We have now defined the fundamental operations on complex 
numbers and shall mate frequent \ise of them. If the question 
remains in one's mind, "After all, what are they?" the answer is 
this : They are things for which we have defined the fundamental 
operations of numbers and, since they have the properties of 
numbers, must be called numbei-s, just as a flower that has all 
the characteristic properties of a known species is thereby deter- 
mined to belong to that species. Furthermore, our operations hhve 
been so defined that if the imaginary parts of the complex num- 
bers vanish and the numbers become real, the expression defining 
any operation on complex numbers reduces to one defining the 
same operation on the real part of the number. Thus in (1) 
above, if b = d = Q, the expression reduces to • 



(1) 
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Cany out the indicated operations. 

1. (S + V^ii+V^^). 
Solutios: 3+V^r2 = 8+V2(-l) = 2 + J V2 



2. 5^y/2-iV3. 
Solution: 



V^-t%^ (v^-iV3)(V2 + iVS) . 2 + 8 
3. (1 + {)*. 4. (1 + ()•. 

Hint. Develop b; the biDomloidieorem. 



5. (a + a)'. 


6. (,/5 + v^)'. 


I. <x + W. 


8. (. + i»)- + (.-W. 


9. Vr+7 ■ vT^. 


10. i^/S + iV2)(V2 + tVs). 


11. (vm+vnn)". 


12. (aV5 + fcVd)(aV5-icV3). 


13. (vi + ivs)(v;-ivi). 


U. (2V7 + f8V8)(3V7^ilOV2) 


14.' + '^. «.' + '. 


17. " . 


le. ■■ 19. l"^'* 

1 + V^ (1 + 1)' 


. 2o.(=i±i^: 



"■(^^)- "-(^T 






- i Vl - a* 



so. ^ 31. — ?t=. 

4 + iV:r5 1 + 3 V-7 



33. 



1 + a + iVl- 
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34. Find three roots of the equation z° — 1 = and represent the roots 
as points on the ptiuie. 

35. Find four roots of tlte equation x< — 1 = and represent ttie roots as 
points on the plane. 

36. Find six roots of z° — 1 = &nd represent the roots as points on the 
plane. Show graphicailf that the sum of the eix roots Is zero. 

37. Find three it>ota of z< — 8 = and represent the roots as points on 
the plane. Show graphically that the sum of the three rcxits is zero. 

154. Polar representation. The graphical representation of 
complex numbers given in § 147 gives a simple graphical inter- 
pretation of the operations of addition and subtraction, but the 
graphical meaning of the operations of miiltiplication and divi- 
sion may be given more clearly in another manner. We have 
seen that we may represent x + iy by the point P (x, y) on the 
plane. Represent the angle between OP and the X asis by ft 
This angle is called the argument of the complex number x + iy. 

liepresent the line OP by p. This is called 
. the modulua of a: 4- iy. Then from the iigure 

X = p cos $, (1) 

—^ V^P^inS, (2) 

T' + y' = pK (3) 

Hence the complex number x -i- iy may be written in the form 
X + iy = p(eos6 + isia6), (4) 

when the relations between x, y and p, 6 are given by (1), (2), and 
(3), A number expressed in this way is in polar form, and may 
be designated by (p, ff). We observe that a complex number 
lies on a circle whose center is the origin and whose radius 
is the modulus of the number. The argument ia the angle 
between the axis of real numbers and the line representing the i 
modulus. 

155. Multlpllcatjoa in polar form. If we have two numbers 
/> (cos tf -J- » sin ^ and p'{cos ff" -|- 1 sin tf'), we may multiply them 
and obtain 
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p (eoa $ + i Bin $)p'(Goa $' + i sin 9") 

= pp' [(co3 tf COS ft' — Bin $ sin ff) 
+ i (sin tf COS (*' + cos tf sin tf')] 
= pp' [cos (fl + ff) + 1 sin (fl + ffy\ (1) 
= ii {coa + i sin 0). (2) 

In this product pp' is the new modulus and 6 -\- $' the new- 
argument. We may now make the following statement: The 
product of the two numhers p (coa 6 + i sin ff) and p'(cos 6' + i sin 6') 
has as its modulus pp' and as its arffument 6 + ff. Thus the 
product of two numbers is represented on a circle whose radius 
is the product of the radii of the circles on which the factors are 
represented. The argument of the product is the sum of the 
a^uments of the factors. 

156. Powers of numbers in polar form. When the two factors 

of the preceding section (p, ff) and {p, 6') are equal, that is, 

when p = p' and 6 = 6', the expression (1) assumes the form 

[p (cos 6 + i sin tf)]* = p'(eos 2 ff + * sin 2 ff). (1) 

This suggests aa a form for the nth power of a complex number 

[p (cos tf + t sin tf)]" = p'{co&ne + i sin n&). (2) 

The student should establish this expression by the method of 

complete induction. The theorem expressed by (2j ia known aa 

DeHolvre's theorem. Stated verbally it is aa follows : The modulus 

of the nth power of a number is the nth power of its modulus. The 

argument of the nth power of a number ia n times its argument. 



EXERCISES 

Plot, find the arguments and moduli of the following numbers and of 
their products. 

1. 1 + i VS, -v^ + i. 

Solatlon : 

Let VS + i = p (cos fl + 1 Bin S), 

1 + i V5 = p' (cos ff" + i sin #0. 
Then by (1), (2), (S), § 154, p = 2 ; p' = 2. 
1 = 2 co8#,' lience 8'= 60° 
l = 3sinff^ hencef =30». 
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ThuBlf the ptDdnct hail the form J?(cose + i Bin @), we have bj § 165, 


2. 1 + i, 2 + i. 




3. (l-i)». 


4. 8 + 8(,2-iVl2 




5. 2i,l-iv^ 


«^¥)' 




'■-14 — 


'■".^^-'-f 




- 1 . iV5 ^^ i^ 


10. [2(c(»lfi°+»aiiil6'0]» 


11. [Hcoe3(P+iHin30°)]< 


12. [)(CO8t20°+iB[Q 


120=)]'. 


13. [2 {cos 185° + i sin 135°)]». 


14. H (cos 180° +i sin 


180=)]>. 


15. [J(cofl315='-K8in315=)]». 



157. Division in polar form. U we have, as before, two com- 
plex numbets in polar form (p, i))and (p', $'), we may obtain their 
quotient as follows. 

pfcoatf + tsin tf) 
/>'(co8tf' + »sin(f) 

pa' (cos tf + i sin ff) fees $' — i sin 6^ 
' ^"(003 ^' + 1 sm 0') (cos ff — ism 0') 

op [cos (fl — ^) + t sin (0 — 0^1 

S 102 and S !33, = f^f V ... V . /^ , \ iJ 

Slac>isiifie + coe*9-l, = ^ [cos (tf — 0')+ tain(tf — tf")] 

P 
= R(^coa@ + iain&). 
We may now make the following statement : The quotient of 
two complex numbers has as its modulus the quotient of the moduli 
of the factors, and as its argument the difference of the arguments 
of the factors. 

158. Roots of complex numbers. We have seen that the square 
of a number has as its modulus the square of the original modulus, 
while the ailment is twice the original argument. 

This would suggest that the square root of any number, as (p, 0), 

would have Vp as its modulus and - as its argument. Since 
every real number has two square roots, we should expect the 
same fact to hold here. Consider the two numbers 
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ieiii(- + 180° 



Vp (cos^ + isin-j and "v^ ^^{2 "*" ^^°J 

where V? is the principal square root of p(g 72). The square of 
the first is (p, 6), by § 155. That the square of the second is the 
same is evident if we keep in mind the fact that 

cos {6 + 360°) = cos tf 
and sin (fl + 360°) = sin 6. 



Thus Vp (cos fl + « sin 6] 



"i)« 



■^ Tcos (I + ISO-) + i .in (I + I80AJ . 



The graphs of these two numbers are situated at points sym- 
metrieal to each other with respect to the origin. 

We may obtain as the corresponding expression for the higher 
roots of complex numbers the following : 

'f^^ ^ _^ - ■ ., '/z[ / g + it 360° \ . . . / g+A36Q' \1 

V p(eos tf + 1 sin tf) = Vp cos | I + 1 sin | 1 , 

where for a given value of n, k takes on the values 0, 1, ■ ■ , » — 1, 
and where Vp indicates the real positive nth root of p. 



Petform the indicated opemtiona and plot: 


1. 2- 


2V^i + l + i. 




Solntioii: 




Let 


l + i = p(ca 


e + (sin»). 


3- 


2V3i = /^(co 


aff+iainr). 


Then 


P = VF" 


+T«=VS, 




^ = ^ 


+ (-2v^)* = 4. 


By (1) and (2), f 164, 




Bin0 


= ««. = -, 


heDC« e = iS'. 
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Thus — 
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cos9' = } = i, hencefz: 



4<coa800° + iBin800°) 
"2v^(coH46°+ialn46")' 



2. V-a+avsi. 

Let -2 + 2-v^i = p(co8S + i8in*). 
Then (5164) p = 4, cosfl=-i = -l, 



V- 2 + 2 VS i = V4(co8 12r + i Bin 120°) 

(wliere t = or 1) 

= 2(coa6(>'+t8in60°) = l + iv1i,wheiitK0. 
= 2(008 240°+ism240°)=-I-iv^, when t=l. 




3. V^ + iV2. 
5. -l + j + l-i. 

9. 2-iVl2 + 8 + S 




(' 


J' 


4. V-l-i. 
6.1-1^.1 + . 
- . 1 iVi 1 ( 

■ 2 2 *4"^4' 
10. -2-i^-2V2i-v-2 + 2 VSf 


11. Vl(co8l5»+i8in 


6"). 


^°+'-^Mdnr'-*-'^l 




r 


?'V^- 


hen 


8 r I 3 /J 

fc = 0, l,or2). 

1(C0H S^+iBin S'^, when t =^ 0, 
1 (COB 126° + i sin 125°), when t = 1, 
l(cos245°+ i8in245°), when i: = 2. 

12. Vi. 


./ 


» V'- 


i 


13. ^mi 


/ 


14. ■v'2 + 2-v^i. 


c 
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16. V27 (COS 75°+ (Bin 76=). 17. Vie (cos 200°+ (sin S 

18. Solve the following equations and plot their roots. 

(<i) a# - 1 = 0. 

SolatiOD ; l* = I* or i = VI. 

Letl = l + 0.i = ^(coB» + jBine). Then p = I, S =? 0". 









x=V 


sO^+.BlnO") VI cosi ^ 1 


{where * takes on tto values 0, 1, 2, 3, 4) 




cc 


« 0=+(BmO° = I, whenfc = 0. 




cc 


« 72° + ( sin 72°, when fc = 1, 


" 




yalW + i sin 144°, when fc = 2, 
s 210° + i sin 210°, when A: = 8, 
18288° + t sin 288°, when k = i. 


These numbeiB we observe lie on a'circle of 


unit radius at the vertices of a regular pentagon. 


(b) z*'- 


1 = 0. (c) I' - 1 = 0. 


(e)i« 


- 


1 = 0. (t) »» - 1 = 0. 



+ i sinj 
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CHAPTER XVII 

THEORT OF EQUATIONS 

159. Equation of the nth degree. Any equation in one variable 
in which the coeflBcienta are rational numbers can be put in the 
form 

f{x) = 0,3- + a,3:"- ■ + . ■ - + a. = 0, (1) 

where a^ is positive and ««, - - -, a, are all integers. 

The B]'mbol/(z) Is read "/of x" aod ja merely an sbbrsTtatioD (oi the right- 
haod member ol the equation. Otton vb wish to replace x in the equatioD by 
some constant, «b a, — 2, or 0. We may symbolize the cesult of thia eubetitatiott 
by /(*),/(- 2), or/(0). 

Thus /(6) = an6, + Oi6'-' + --- + a,. 

We symbolize other ezpresaiona aimilaily by ^(x), Q(z), etc. 

When we speak of an equation we assume that it is in the form 
of (1). This equation is also written in the form 

iC" + S,x"-' + -'-6. = 0, (2) 



The i's are integers only when «» = 1. 

160. RcEiainder theorem. We now prove the following impor- 
tant fact. 

Theorem. When /(a;) is divided by x—e, the remainder is 
f{x) with c substituted in place of the variable. 

Divide the equation (1) by x — c. Let R be the remainder, 
which must (§26) be of lower degree in x than the divisor; 
that is, in this case, since a; — c is the divisor, R must be a con- 
stant and not involve x at all. Let the quotient, which is of 
degree n — 1 in a;, be represented by Q (x). 
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Then m^ «(;,)+ _^. 

Clearing of fractions, 

f(x)=Q(x)(x-c}+R. 

But since this equation is an identity it is always satisfied 
whatever numerical value x may have (§ 53). 
Let X = c. 

Then /(c) = a,c- + a,<^-' + .-. + ».= Q (c) (c - c) + R. 

But since c - e = 0, Q(c)(o - c)= 0, and 

R = o^tf- + a,c"- ' + -.- + a, =/(c). 

Corollary. If c is a root of f{x) = 0, then x — c is a factor 

of the left-hand member. 

For if e U a root of the left-hand member, it satisfies that 
member and reduces it to zero when substituted for x. Thus by 
the pi-evious theorem we have, since 

a„c" + aic"-' H a, = R = 0, 

f(x)=Q(x)(x-c). 

161. Synthetic division. In order to plot by the method of 
§ 103 the equation 

y =s a^s^ + Ojie"" • H [- a„ 

when the a's are replaced by integera, we should be obliged 
laboriously to substitute for x successive integers and find cori'e- 
sponding values of y, which for iMge values of w involves con- 
siderable computation. We can make use of the preceding theorem 
to lighten this labor. The object is to find, with the least possible 
computation, the remainder when the polynomial f(x) is divided 
by a factor of form x — e, which by the preceding theorem is the 
value of /(x) when x is replaced by e, that is, the value of y 
corresponding to x = c. For Uluatration, let 

f(x) = 2x? ^ 3:c» + a;» - I - 9 and e = 2. 
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By long division we have 



l«'-2»' 


3 a!" 


— X 

-6j! 




5z- 9 



+ 1 



We can abbreviate this process by observing the following 
facts. Since x is here only the carrier of the coefficient, we may 
omit writing it. Also we need not rewrite the first number of 
the partial product, as it is only a repetition of the number 
directly above it in full-faced type. Our process now assumes 
the form 

1-2| 2 -3+1-1- 9 |2 + 1 + 3 + 5 
-4 
+ 1 -; 



+ 1 

Since the minus sign of the 2 changes every sign in the partial 
product, if we replace — 2 by + 2 we may add the partial prod- 
uct to the number in the dividend instead of subtracting. This 
is also desirable since the number which we are substituting for 
a; is 2, not — 2. Thus, bringing all our figures on one line and 
placing the number substituted for x at the right hand, we have 

2-3 + 1-1- 9[2 

+ 4 + 2 + 6 + 10 
2+1+3+6+ 1 
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We observe that the figurea in the lower line, 2, 1, 3, 6, up to 
the remainder are the coefBcients of the quotient 2x* + x' + Zx + 5. 

KuLE FOH SYNTHETIC DIVISION. Write the eoejicients of the 
polj/nomial in order, sapplyina wlun a coe^cient is lacking. 

Multiply the number to be substituted for x by the first coeffi- 
cient, and add (algebraically) the product to the next coefficient. 

Multiply this sum by the number to be substituted for x, add to 
the next coefficient, and proceed until all the coefficients are used. 
The last sum obtained is the remainder and also the value of 
the polynomial when the number is substituted for the variable. 

162. Proof of the rule for synthetic division. This rule we now 
prove in general by complete induction. Let the polynomial be 
OVE" + a,a!^' + a,a-'» + ... + »,. 

Let the number to be substituted for x be a. 

First Let n = 2. Carry out the rule on a^fic^ + a,a; + a,. 

We have , , , , 

Oq ' + «i + "<» If 

+ q(i« +(aaa-\-a^a 

Oa a,a + o, (a^a + a,) a + Oj = 0,0;* + a,a + a^, 

Second. Assume the validity of the nile for n = m, and prove 

that its validity for n = m'+ 1 follows. Assume then that the rule 

carried out on 

f(x) = a^ + ai3!"— ' H 1- a„ 

affords the remainder 

Oo«" + Kio--' + ■ ■ ■ + a„ =/(a). 
Now the polynomial of cirder m + 1 is 

«„a;"+' + a^x" 4. .. - + a„a; + a^^, = x fix) + tt,^.,. 
■ Hence the next to the last remainder obtained by applying the 
rule to this polynomial would be /(a), since the succession of 
coefficients is the same for both polynomials up to «„+,. By 
tbe rule the final remainder is obtained by multiplying the expres- 
sion just obtained, in this case /(a), by a and adding the last 
coefficient, in this case a„^.|. This affords the final remainder 
«■/(«) + «»,*i = «««"*' + '^itt- + ■■■ + «»« + *.+ !. 
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EXERCISES 

1. Prove by complete Indnction that the partial remaindera up to the final 
remaioder obtuned in Ihe process o( synthetic division are the coefficients of 
the quotient of /(i) by z — or. 

2. Perform by synthetic division the following divisions, 
(a) K»-7a;»-6a;-f72 + !c-4. 

Sotntloa: 1-7- 6 + 72[4 

4-12-72 





1-3 


-18 








QDotient = i* — Sa- 


18. 










(b) ii-Ot + lO^* 


-2. 


{c)ix'-Tx~ 


87, 


z- 


-Z. 


(d)z> + »x^-ix- 


E + z - 2. 


(e) tf + 4t?- 


71- 


80 


-i-x + a 


(t) I'-et' + lle- 


6 + i-'l. 










(g) e«-I6i' + 86*a 


-176* + 106 + ic>-8a! + 7. 








Hint. 8lnoez"-8a!+ 


= {z-1){x 


-1), divide byx-Tandtlie 


qaotteatbya:— 1 


(h) a!> + 1 + K + 1. 




(l)i«-l-.« 


-1. 






(j) I* + x> - a - 1 H- 


x»-I. 


(k)z«-2z'- 


4x*x~ 


-8. 


(1) tf^~2x*-ix-~ 


-i-ic + 2. 


(m)4i>-6x« 


-2z 


-1 


^1-8. 



(n) 2i* + 5i«-87i' + 44s + 84-!-i>+5i-6. 
163. Plotting of equations. We can now form the table of 
values necessary to plot an equation of the type 

«o3^ + a,*:"- ' H h a,_,x + a, = y. 

Example. Plot ai* + 4 a' - 4 
1 + 4 + 0-411 



1+6+5+1 

1 + 4 + 0^41-1 



1+3-8-1 



+1-3+5 
1 + 4 + 0-41-4 



0-4 

1 + 1 


-1-1 

-2 +4 
-3 +6 
-4 -4 
1" 1 




1 


4^ 


t 


t C 


t 


jt \ 


t 


± ^ 


V 4^ 


j 


\ i 


/ 


^ T J 




L 7 




^ '^ 




--^t- 
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In this figure two squares are t&ken to represent one unit of x. A single 
square represents a unit of y. 

By an inspection of the figure it appears that the ctirve crosses the X axis 
at aljout I = .8, * = — 1.2, and a; = — 3.7. Thus the equation for y = has 
approximately these values for roots (§ 110). 

164 Extent of the table of values. , Since the object of plot- 
ting a curve is to obtain information regarding the roots of its 
equation, stretches of the curve beyond all crossings of the X axis 
are of no interest for the present purpose. Hence it is desirable 
to know when a table of values has been formed extensive enough 
to afford a plot which includes all the real roots. If for aU values 
of X greater than a certain number the curve lies wholly above 
the axis, there are no real roots greater than that value of x. 

By inspection of the preceding example it appears that if for 
a given value of x the signs of the partial remainders are all 
positive, thus affording a positive value of y, any greater value 
of X will afford only positive partial remainders and hence only 
positive values of y. 

Thus when all the partial remaiTtders are positive no greater 
positive value of x need be substituted. 

Similarly, when the partial remainders alternate in sign begin- 
ning with the coefficient of the highest power of x, no greater nega- 
tive value ofx need be snbstituted. 

In plotting, if the table of values consists of values that are 
large or are so distributed that the plot would not tie welt propor- 
tioned if one space on the paper were taken for each unit, a scale 
should be so chosen that the plot will be of good proportion, 
that is, so that all the portions of the curve between the extreme 
roots shall appear on the paper, and the curvatures shall not be 
too abrupt to form a graceful curve. This was done, for example, 
in the figure, § 163. 



Plot and measure the values of the real roots of the equations when y = 0. 
1. e3_7j;_8_j,. 2. a!»-7a: + 6 = y. 

3. 7a:»-9s-6 = j/. 4. le' - 81 « + 19 = y. 

5. xa - nz ~\i. = v. 6. la:» - ISz + 6 = y. 
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7, **-12i-lfl=v. 8. a* - 46i + 162 = V. 

9. x*~23fi-x + 2 = y. 10. 8i» - 18*' + ITa; - 6 = y. 

11. x*-nx* + x + 20 = y. 12. z'-4i» + 9i>-8a; + H = i/. 

13. 18a»-86z» + 9i + 8= !/. 14. i* + 6a;' + 12zs+ 52z-40 = y. 

15. a:*-2z»-7s*+19s-10=y. 16. a^ -Bi* + 8af + 26z - 24 = y. 
17. 6a;< - ISai* + 201^ - 87z + 24 = y. 

165. Roots of an equation. In the case of the linear and 
quadratic equations we have been able to find an explicit value 
of the roots in terms of the coeflBcients. Such processes are prac- 
tically impossible in the case of most equations of higher degree. 
In fact the proof that any equation possesses a root lies beyond 
the scope of this book, and we make the 

Assumption. Every equation possesses at least one root. 
This ifl equivalent to the assumption that there is a number, 
rational, irrational, or complex, which satisfies any equation. 

166. Htunber of roots. We determine the exact number of 
roots by the following 

Theorem. Every equation of degree n has n roots. 

Given the equation/{a;)= 0^3;" + a,a:"-' H 1- o, = 0. 

Let a, (see assumption) be a root of this equation. Then (p. 166) 
a: — Wi is a factor of the left-hand member, and the quotient of 
f(x) by 3! — a, is a polynomial of degree n—X. Suppose that 
OixT 4- «,«—' + ... 4. a, = aa(x - tti) (a;— > + b^x"-^ + ---+K- 1)- 

By our assumption the quotient af~' + bi^~' -\ 1- 6,_ , = 

has at least one root, say a^, to which corresp<mds the factor 
x-a,. Thus 

f{x)=a,(x-a,){x~a,)iai'-' + e,x'-> + --- + c,.,). 

Proceeding in this way we find successive roots and corre- 
sponding linear factors until the polynomial is expressed as the 
product of n linear factors as follows : 

/(«)-«.(«-«,) («-«,)...(«-«.) = 0, 
where the roots are a,, a^, ■■■, a,. 

Rbhare. This tlieorem gives no information regarding how many ot the roota 
may be real or imaginary. This depeadBOntheparticular values of the coefficients. 
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Corollary. Any polynomial in x of degree n may be expressed 
as the product of n linear factors of the form x — a, where a is 
a real or a complex number. 

It should be noted that the roots are not necessarily distinct. 
Several of the roots and hence several of the factors may be 
identicaL 

lif(x) is divisible by (x — a^y, that is, if Oi = «„ we say that 
«! is a double toot of the equation. Similarly, if f(x) is divis- 
ible by (x — «[)'', di is called a multiple root of order r. When 
we say an equation has n roots we include each multiple root 
counted a number of times equal to its order. 

Theorem. An equation of degree n has no more than n 
distinct roots. 

Let/(x)= oo^^H |-a, = have the roots «„«„■-■,«.. Write 

the equation in the form 

a„{x-a,)---{x~a,)=0. 

If r is a root distinct from a^, ■ - -, tr, , it must satisfy the equation 
and 

a.(r-.,)...(r-.J = 0. 

Since this numerical expression vanishes one of its factors 
must vanish (§ 6). But r + a^, thus j- — ai ^ 0. Similarly, no 
one of the binomial factors vanishes. Thus (§ 5) a,, = 0, which 
contradicts the hypothesis that the equation is of degree n. 

This theorem may also be stated as follows : 

Corollary I. If an equation a„af + a^af "^ H i- a, = o/ 

degree n is satisfied by more than n values of x, all its eoeffi,cie7iis 
■Banish. 

The proof of the theorem shows that if the equation has n + 1 
roots, Ofl = 0. We should then have remaining an equation of 
degree n —1, also satisfied by w + 1 values of a:. Thus the coefB- 
cient of its highest power in x vanishes. Similarly, each of the 
coefficients vanishes. 
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COBOLLARY II. If tvpo polynomials in one variable are equal 
to each otker for every value of the variable, (he coefficients of 
like powers of the variable are equal and conversely. 

Let a^ + «,x"- ' + ■■■ + '«, = Ao3^ + h^f"' + ■■■ + *. 

for every value of x. 

Transpose, (a, - 6,)a- + ■ ■ - + a. ~ &, = 0. 

By Corollary I, a^ — b^ = 0, ot Of, = bo, 

ffli — 6i = 0, or o, = bi, 

0'n-K = 0, or a, = J,. 

167. Graphical Interpretation. The graphical interpretation 
of the theorems of the preceding section is that the graph of an 
equation of degree n cannot cross the X axis more than n times. 
Since each crossing of the X axis corresponds to a real root, there 
will be less than n crossings if the equation has imaginary roots. 

168. Imaginary roots. We now show that imi^naiy roots 
occur in pairs. This we prove in the following 

Theorem. If a + ih is a root of an equation with real coeffi- 
cients, a — ib is also a root of the equation. 

If a H- it is a root of the equation aai^ -\- Oix"- ' H + o„ = 0, 

then X —{a -\- ib) is a factor (p. 166). We wish to prove that 
x — (a — ib)K also a factor, or what amounts to the same thing, 
that their product 

[:.-(<. + .•»)] [X -(»- ii)] =[(»-.)-»][(»!-»)+ a] 

is a factor of /(»). Divide f{x) by (re — a)' + I/' and we get 

/W=eW[(^-«)" + »T + ™ + ''. (1) 

where ,r and r' are real numbers. This remainder rx + r' can ho- 
of no higher degree in x than the first, since the divisor 
(i-.)- + S- 
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is only of the second degree (§ 26). Now this equation (1) being 
an identity is true whatever value is substituted for x, as, for 
instance, the root of /(x), a + i6. Substituting this value for x, 
we get 

/(a + t&)=0 = Q(o + ti)[{a + *6-o)» + 6'] + r(o + t6) + r', 
or (p. 33) and (p. 3) = 0+ ra + r' + irb, 

or (p. 166) ra + r' = 0, (2) 

rf = 0. (3) 

Since 6 ^t 0, by (3), p. 3, r= 0. 
Also from (2), r' = 0. 

Hence rx + r' = 0. 

Consequently there is no remainder to the division of f(z) by 
(x — a)' + 6', and hence if a + *5 is a root otf(x), a — ih'ia also a 
root. 

CoBOLLART. Every equation of odd degree with real eoegi- 
dents km at least o-ne real root 

The roots cannot all be imaginary, else the degree of the equar 
tion would be even by the preceding theorem. 

169. Graphical interpretation of imaginary roots. When we 
plot the equations 



= x* + 4a^-4 (1), 



= x' + ix*-l (2), 



iii 
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^' (3), 





2/ 
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X* 


+ i 


'' 


+ 1 (4), 

|_jr* 1 
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we see that corresponding to the increase of the constant term is 
a corresponding elevation of the curve with respect to the A' axis. 
In fact in each case the curve is the same, but the value of y is 
gradually increased- In (1) and (2) we have three real roots, in 
(3) the curve touches the X axis, and in (4) we have only one 
real root. As the elbow of the curve is raised and fails to intersect 
the X axis a pair of roots cease to be real, and since a cubic equar 
tion always has three roots, a pair of roots become imaginary. 
Thus we have the 

Principlk Corresponding to every elbow of the curve that 
does not intersect the X axis there is apair of iikaginary roots 
of the equation. 

The converse is not always true. It is not always possible to 
find as many elbows of the curve which do not meet the X axis 
as there are pairs of imaginary roots. 



ESEKCISES 
Plot the following eqiiatioiis and determine from tlie plot tow many roots 
ire real. 
I. x*-l = j/. 2. ^-2 = y. 3. a' - !c - 1 = y. 

4. 3* + 1 = J. ■ 5. i< + 2 + 1 = J/. B. x^ + 2x^ ■¥2 = y. 

7. i' - Sa:^ - I + 1 = y. 8. i« - 2a;= + 4a - 1 = y, 

9. 2i» + 33;*+5H-6 = !/. 10. x» -3x*-4iB- 6 = ». 
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170. Relation between roots and coefficients. If we write the 
expression (Corollary, p. 173) 

x-' + b,x-' + --. + b^=(x-^,)(x-fi,)-- -{x - j8.) , 
and multiply tlie factors, we obtain by equating coefficients of like 
powers of x (p. 174) relations between the roots and the coeffi- 
cients. Take for example » = 3, 
X* + h,x» + h^ + h,^{x- fiO (X - A) (x - A) 
= x*-(fi, + ft + A)a:* + (^ift + M» + ftA)^ - ^iftA = 0. 
Hence ft, = - (ft + ft + ft), 

h = ftft + ftft + ^ift, 
6.=-ftftft- 
This suggests the 

Theorem. The coefinent of af'^ is equal to the sum of the 
roots with their signs changed. 

The comtant term is equal to the product of the roots with 
their signs changed. 

In general the coefficient of i^~' is e^al to the sum of all 
possible products of r of the roots with their signs changed. 

We prove this theorem by complete induction. 

First. We have already estabHshed the theorem for equations 
of degree two on p. 106 and for equations of degree three above, 

Secojid. Assume the theorem for n = m. That is, if 

a- + &,«--' + ■■■ + 6, = (a:-ft)(x- ft). -.(a;- /SO. (1) 
we assume that b„ the coefficient of x"", is the sum of all possi- 
ble products of r of the numbers — ft, — ft, ■ ■ -, ^„- 

Multiply both sides of (1) by x — y9„ + i. Denote the result by 

x-^' + 6'i^"+-- + S'„.„s(x-ft)(a=-ft)...(a.-^„^0- (2) 
The term in a?"+'-' in this equation is obtained by multiplying 
the terms b^af-' and Sr+i^^*'"' in (l)\fy x and — j8.+, respec- 
tively. That is, in (2) 

K = K + l'r^x-(^«+,)- (3) 

Now all possible products of r of the negative roots — ft, — ft, 

■■; — Pm+i niay b« formed as follows ; (1) Neglect — 0_+i, and 

form all possible products of r of those remaining. ■ The sum of 
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tliese is b^ (2) Form all possible products of r — 1 of the nega- 
tive roots excepting — 0„+i, and mnltiply each product by 
— j8.+,. Add all the products obtained. This process, it is 
observed, is precisely that indicated by (3). 

BuiABK. ItlBnotlcedtb&t in the rule the signs of the roots ore olwajs changed 
before tonnlng any t«rm. Thle does not Involve any change when r is an even 
number, but I* Included In the rule lor the sake of nnifonnitj. 

Corollary. Every root of an equation is a /actor of its con- 
stant term, 

171. The general term In the binomial ezpanslim. On p. 129 
ve gave an expression for the rth term of the binomial expan- 
sion, the validity of which we can now establish. In (1), § 170, 
let /J, = ft = ■ ■ ■ = /3,, Denote this common value by — a. The 
expression (1) beo(Hnes, on writing a in place of m, 
ar" + 6ia^-' + ■■■ + K=(x + a)'. 

By th^ theorem in § 170, h^ is the sum of all possible products 
of r of the negative roots. Since there are 

c.,, "(-^)-;[''--+" 

such products, and since the roots are now identical, we obtain 

'("-')■■■("-••+') ^-.,. 

as the form of the rth term of the expansion of (x +^y. 

178. Solution by trial. Since by the previous corollary every 
root of an equation is a factor of its constant term, we may in 
many cases test by synthetic division whether or not a given equa- 
ticm has integral roots. Thus the integral roots of the equation 

x*-Ss^ + ix'+2ix-21 = (i (1) 

must be factors of 21. 

We try +11^ synthetic division, 

1-8 + 4 + 24- 21[1 

+ 1-7- 3 + 21 
1-7-3 + 21 

Thus 1 is a root of (1), and the quotient of the eqnsticHi by 
'"^'^ *»-7««-3.r + 21 = 0. (2) 
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If this equation has any integral root it must be a factor of 21, 
We try + 3 by synthetic division, 









1_7- 3 + 21[3 

+ 3-12-46 
1-4-15-24 


Thus 3 is 


not a- root. 


-\Ve try + 7, 










1 _ 7 - 3 + 21 [7 

+ 7 + 0-21 



1+0-3 
Thus 7 is a root, and the remaining roots of (1) are the roots of 
a;» - 3 = 0, 
that is, ' *« = ± Vs. 

Hence the roots of (1) are + 1, + 7, ± VS. 

EXERCISES 
Solve by trial : 

1. a!»-7a!* + 50 = 0. 2. !> - 9i + 28 = 0. 

3. 3? -"Sea! - 01 = 0. 4. z* + Sz + 26 = 0. 

5. z»- 19^ + 30 = 0. 6. z"- 271-54 = 0. 

7. i« + 2a!»-28i + 6 = 0. 8. i" - 6x" + llx - fl = 0. 

9. i»-2z=- 111 + 12 = 0. 10. I' -81' + 191 -20 = 0. 

11. i» + 03;2 + 27z + 2e = O. 12. x* - Sx" + 83;* + 40* - 32 = 0, 

13. (j<-13a;» + 48a!-60 = 0. 14. z< -3i'-34iK* + 18a;+188 = 0. 

15. ^ + 8z»-73f-60i + 48 = 0. 

16. a:*- 33!'- 6^' + 291-30 = 0. 

17. i*-63:»+18i'-303: + 40 = 0. 

18. 3;«-8i» + 21z»-34z + 20 = 0. 

19. a;* -12ii;» + 483^-423: + 10 = 0. 

173. Properties of binomial surds. A binomial surd is a 
number of the form a ± Vfi, where a and b are rational numbers, 
and where b is positive but not a perfect square. 

Though we have not explicitly defined what we mean by tlie sum oi an 
Irrational number and a rational number, we shall assume that we can 
operate with the binomial aurd just as we would be able to operate if 6 were 
a perfect square. 
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Theorem \. If a. binomial surd a + Vfe = 0, then a=0 and 
b = 0. 

If a + V& = and either a = or fi = 0, clearly both must equal 
zero. Suppose, however, that neither a nor b equals zero. Then 
transposing we have a = — Vfi, and a rational number would be 
equal to an irrational number, which cajinot be. Hence the only 
alternative is tliat both a and b equal zero. 

Theorem IL If two binomial sards, asa + V6 and c + -y/d, are 
equal, then a=G and b = d. 

Let <i+V6 = c + VS. 

Transposing e, a — c + Vft = Vd. (1) 

Square and we obtain 

(a-cy + b + 2ia-c)-fb^d, 
or 

(a _ c)* + J - rf + 2(a - <•) Vfi = 0. 

Thus, by Theorem I, either J = 0, which is contrary to the defi- 
nition of a binomial surd, or a — c = 0, that is, a = c. In the 
latter ease (1) reduces to Vfi = Vrf, or fi = rf, and we have a = c and 
b = d, which waa to be proved. 

a + Vfr and a — Vi are called conjugate binomial surds. 

Theorem IIL If a given binomial surd a + vfe is the root of 
an equation with rational coefficients, then its conjugate is also a 
root of the same equation. 

The proof of this theorem, which should be performed in writ- 
ing ly ea«h student, may be made analogously to the proof of 
the theorem on p. 174, 

174. Formation of equations. If we know all the roots of an 
equation, we may form the equation in either one of two ways 
(see p. 167 and p. 177). 

1*188? METHOD. If a^, a^-.-, a, are th^ given roots, multiply 
together the factors w — a^,---,x — a^. 

Second method. From tlu given roots form the coefficients 
by the rule on p. 177. 



itized by Google 



THEORY OF EQUATIONS 



181 



If the equation and all but one of ite roots are known, that 
root can be found by the solution of a linear equation obtained 
from the coefficient of the second or the last term. If all but two 
of its roots are known, the unknown roots may be found by the 
solution of a pair of simultaneous equations formed from the 
same coefficients. 

In the solution of the following exercises use is made of the 
theorem on p. 174, Theorem III, p. 180, and the various relations 
between the roots and the coefficients. 



1. Form the equationa which have the loUowtng n 
by usLng both methods of S 174. 
(a) 2, - 8, 1. 

Salation ; , 

First meiAod. {x - 2) (z + 8) (a: - I) = i" - 

Second metJtoi. Let the equation be 

x' + bix'' + bix + ba = 0, 
Theu, by § 170, 



The equation then is 
(b) 1, 2, 3. 
(d) 3, 1, 1, 0. 
(f) ±V2, ± i. 
<h) 2, - 8, 1, 0. 
0) 7, V5, - V5. 
(I) 3, 1 + (, 1 - i. 
(n) 1 ± i, - 1 ± i 
(p) -I,2„8,-4. 
(r) ±V6, ±iVT. 
±V3 



Check the procen 



W ±1,. 



-S+V6 -8 
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- gx + 12 = haa two roots - 



. 6 = + 2 or - 2. 
1 2 and 1. Find Ote remaining root. 

1. Find the remaining roots, 
)t 6. Find the remaining roots. 

— 60 = are 1 and 2. Find the remain- 



2. The equation x< + 2 x* — T a 
+ 1. Find the renuiining roots. 

SolntlOD: Let the unlmowD rootc 
Then, by § 170, ~a-b 

SolTing for a and b, we obtain 

3. 3^-Tx + 6 = Oha8theroo 

4. X* - S 2 + 2 = has the roo 

5. z* - 162 - 35 = has the r< 

6. Two roots of «•- 86** + 90 as -56 
ing roots. 

7. The roots of>- 6a? -4a! + 24 = 

8. Thetwoequationsa!'-6a;"+llie-( 
have a root common. Plot both equations 
roots of both equations. 

9. Determine the middle term of the equation whose loots are — 2, 
+ 1, S, — 4 without determining any other term. 

10. Whatis the last term ot the equation whose roots are — 4, 4, ± V— 3? 

11. One rootof i«-4a^ + 5a:" + 2a: + 62 = is3-2i. Find the remain- 

12. One rootof iE«-4i* + 6z* + 8iE-14 = 0is2 + iV3. Find the othera. 

13. Plot the following equations, determine all the integral roots, and 
find the remaining roots by soWing. 

(a) 3;'-ea!» + 24*-l« = 0. 



ire in A.F. Find them. 
Oand»'-Ua!i' + 63z-90 = 
tbe same axes, and find all the 




X 


V 


e -1 

2 -2 
-8 




+ 155 



In this plot two squares on the X axis represent a unit of x, while one 
square on. the T axis represents ton units of y. The integral factors are 
a: — 2 and * + 2, ance ± 2 are roots, that is, ate values of x for which the 
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curve ia on tbe X axis. To find the quotient of our equation we fliBt divide 
synthetically by 2, and then the quotient by — 2, using the principle given 
in S 161. 

1_8+ + 24-16[2 
+ 2 - 8-16 + 16 

1_4- 8+ 8 |-2 



Thus the quotient of the polynomiai and (x-2)(x + 2) is z' — 6z 
Solving the equation 

ire obtain the two remaining roots, x = S± V5. These remaining i 
might also be found by the method of e 



(b}x»-6i-12 = 0. 


(c) x»-8ic" + 7 = 0. 


(d) x>-7x« + 5O = 0. 


(e) i»-8ic> + 18z-a = 0. 


(0 3!"-6** + 7j;-2 = 0. 


(g) i»+3a* + 4as-24 = 0. 


(h) i<-3z'+7a!»-21iJi = 0. 


(i) iK«-3a*-7iE> + 27«-lB = 0. 


0) it*-0«« + 2l2»-18a! + e = 


0. 


(k) How man J imaginary roots 


can an equation of the 5th degree have ? 


(1) ii!> — (M* + 6z - c = has 


wo roots whose sum is zero. What is the 


rd root? What are the two roo 


ts whose sum is zero? 


(m) a;» + x»+te + c = Ohaaon 


e root the reciprocal of the other. What 



re the values at Ote roots? 

(n) x» - 4i» + oi + 6* = has the 81 
lust be the values of a and b ? 



175. To mnltiply the roots by a constant. Suppose we hare 
the equation 

f(x) =a^ + Oia:— ' + ... + a, = 0, (1) 

vhose roots are «(, «„ ■-■, a,. An equation of this type for 
values of n greater than 2 is usually not solvable by elementary 
methods. It often happens, however, that by changing its form 
slightly we may obtain an equation one or more of whoae roots 
we can find. We shall see that if an equation has rational roots 
we may always find them if we change the form of the equation 
aa indicated on the following page. 
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We seek to form from (1) an equation whose roots are equal 
to the roots of (1) multiplied by a constant factor, as k. Thug 
the equation we seek miisfc have the roots kai, ka^, ka^ We 
carry out the proof, which Is perfectly general, on the equation 
of the third order 

f(x) = ct^x' + aix* + a^x + a, = 0, 

whose roots are a„ a^, ag- The equation that we seek must have 
roots Aa„ ka^, ia,. Since now (§ 63) f(x) = is satisfied by 
a, where a stands for any one of the roots, that is, since /(a) = G, 
evidently /(t) = ia satisfied by ka, that is. 



/(?) = 



/(«)=«■ 



Hence we obtain an equation that is satisfied by koi, ka^, ka, 
it infix) weletx = |- 

The required equation ia then 

Ay = ir + ^ + X + "» = °' 

or, multiplying by A', 

Ooz' + Aitiz' + k^diZ + ft*oj =i 0. 
This affords the general 

Rule. To multiply the roots of an equation hy a cotistant k, 
multiply (he successive coe£icients beginning with the coeffident of 
af~' hy k,]^, ■ ■ ■, kf respectively. 

In performing this operation the lacking powers of x should be 
supplied with zero coefficients. 

Etcamplb. Multiply the roots of 2x' — 3* + * = by 2. 
Multiply the coefficients by t^e rule abore, 

2ir' + 2 - Ox* - 4 ■ S* + 8 ■ 4 = 0. 
Simplifying, a!" - 6 a: + 16 = 0. 
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When an equation in form (2), p. 166, has fractional coefficients, 
an equation may be formed whose roots are a properly chosen 
multiple of the roota of the original equation and whose coefifi- 
ciente are integers. 

Corollary I. When k is a fraction this method serves to 
divide the roots of an equation hy a given number. 

Corollary IL When k= — l this method serves to form an 
equation whose roots are equal to the roots of the original egita- 
tion hut opposite in sign. This is equivalent to t/ie statement 
that f(—x) = has roots equal hut opposite in sign to those 

EXERCISES 

1. Form the equation whose roots are three times the roots of 

Solntion : Supplying the missing t«rm in the equation, ne have 

Since it = 3, we have by the rule 

a- - 8 ■ 6 1" + 9 - 1> ^ 27 . I* + 81 = 0, 
or x< - 18i» - 273^ + 81 = 0. 

2. Fiitd the equation whose roots are twice the roots of 

ij^ + 3ii;»-2z + 4 = 0. 

3. Find the equation whose roots are one half theroots of 

a!'-2i'+ 3s-4 = 0. 

4. Find the equation whose roots are two thirds the roots of 

i»_4e-6 = 0. 

6. By what may tlie roots of the following equations be multiplied so thai 
In the resulting equation the coefficient of the highest power of « la unit; 
and the remaining coefGcients are integers? Form the equations. 

(a) 8a^- 6z + 2 = 0. 

S«littloii : We wish to bring into every term such a factor that all tiie 



suiting coefBcients are 


! divisible b; 


Let 




Supply the lacking tei 


rm, 




3i' + 03f - 


By rule, 3a» + 3 


■Ox»-e.6; 


Dividing bj 8, 


«»- 
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,d, .. + ?,. + £ + J = 0. (e,« + ?!-| + , = 0. 

(f) 2a»-8a^-;t + 4 = 0. (g) 3jj^ - 3x" - 4x + l = 0. 

(h) 5^-6«»-2a;>+l = 0. (i) 16x» - 21j;' + 8i> - 21 + 1 = 0. 

6. Form equationa whose roots are the negatives of the roots of the fol- 
lowing equations. 

(a) a'-*9; + 6 = 0. 

Solution : Supply the lacking term, 

*'+ 0i;»-4i + 6 = 0. 
Changing signs we obtain b; Corollary II 

x' — Oifl-ix- 6 = 0, 
or x''-ix-S = 0. 

(b) ai" - 2«» - 4a = 0. (c) ir* - Si* + 1 = 0. 

(d) x'-2a;' + i» + 2a;-l = 0. (e) i» + 3i» + 7i - 13 = 0. 

7. What effect does changing the sign of every term of the member 
involving x have on the graph of an equation? 

8. What is the graphical interpretation of the transformation which 
changes the signs of the roobi of an equation, that is, what relation docs 
the graph of the equation before transformation bear to the graph of the 
equation after transformation (a) when the degree is an even number, 
(b) when tlie degree is an odd number? 

9. If 4a^ + 16a' + 85z' + 4a + 21 = has as two roots ~ J and -3, 
what are the roots of 41' — 16a:» + 85x2 — 4i + 21 = 0? 

10. n a root of a>- lli» + 36ic- 36 = is 2, what are the roots of 
ie»+ll3;> + 3ex + 86=0? 

176. Descartes' rule of signs. A pair of successive like signs in 
an equation is called a continuation of sign. A pair of successive 
unlike signs is called a change of sign. 

In the eqnatloD 

2x^ -S^ + Ux' + Zx-S — O (1) 



■ Let US now inquire what effect if any ia noted on the" number ■ 
of changes of sign in an equation if the equation is multiplied by 
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a factor of the form x — a when a is positive, that is, when the 
number of positive roots of ■ the equation is increased by one. 
Let ua multiply equation (1) by a; — 2. We have then 

2a;'-3a:' + 2a!" + 2^ -3 

x-2 

~ix* + &x''-~4x^~ix + 6 
2x' - 7 X* + Sx' - 2x* - 7 x + 6 

In this expression the succession of signs is + — + — — +, 
in ■which there axe four changes of sign, that is, one more change 
of sign than in (1). If an increase in the number of positive roots 
always brings about at least an equal increase in the number of 
changes of sign, there must be at least as many changes of sign in 
an equation as there ate positive roots. This is the fact, as we 
now prove. 

Dbscahtes* RULE OF SIGNS. An eqtiation /{x)= kas no more 
real positive roots than f(x) has changes of sign. 

Illustration. In the equation of degree one a^ — 2 = there 
is one change of sign and one real root. In the case of a linear 
equation there is ho possibility of more than one change of sign. 
In the quadratic equation a;* + 2a- + l = there is no change of 
sign, and also no positive root since for positive values of x the 
expression a;* + 2* + 1 is always positive and hence never zero. 
In the equation x^ + 2x — A = we have one change of sign, 
and one positive root, + 1. 

We shall prove this ggneral rule by complete induction. 

First. We have just seen that the rule holds for an equation 
of degree one. 

Second. We assume thatwthe rule holds for an equation of 
degree m, and prove that its validity for an equation of degree 
m + 1 follows. We shall shqw tluit if we multiply an equation 
of degree m hy x — a, where a is positive, thiis forming an equar 
tion of degree m + 1, the number of changes of sign in the new 
equation always exceeds the number of changes of sign in the 
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original equation by at least one. That is, the number of changes 
of sign increases at least as rapidly as the increase in the number 
of positive roots when such a multiplication is made. 

Let /(a:) = represent any particular equation of the nth degree. 
The first sign of f(x) is always +. The remaining signs occur in 
successive groups of + or — signs which may contain only one 
sign each. If any term is laeking, its sign is taken to he the same 
as an adjacent sign. Thus the most general way in which the 
signs of /(x) may occur is represented in the following table, 
in which the dots represent an indefinite number of signs. The 
multiplication of /(i) by x — a is represented schematically, only 
the signs being given. 



/(x) 


+ ■■■■ + 


AU- signs 


All + ltgnB 
+•■■■+ 


AU-slgne 


Further 
group. 

+■■■■+ 


AU - BigB. 

+ - 




+ + ■•--1- 


- + ■■■ + 


+ + ■■■ + 
+ 


- + ■■■ + 


+ +■■- + 


-+ + + 


(!-«)/(!) 


+ ±--± 


-±--± 


+ ±---± 


_±.,.± 


+ ± ± 


-±---± + 



The ± sign indicates that either the + or the — sign may occur 
according to the value of the coefficients and of a. The verti- 
cal lines denote where changes of sign occur in /{x). Assuming 
that all the ambiguous signs are taken so as to afford the fewest 
possible number of changes of sign, even then in (x — a)f(x) 
there is a change of sign at each or between each' pair of the 
vertical lines, and in addition, one to the right of all the vertical 
lines. Thus as we increase the number of positive roots by one 
the number of changes of sign increases at least by one, perhaps 
by more. 

The only possible variation that could occur in the succession 
of groups of signs in /(s^}, namely, when the last group is a 
group of -1- signs, does not alter the validity of the theorem. 
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We illustrate the foregoing proof by the following particular 
example. 

Let f(x) = x^-ix'-x + 2, and let a = 2. 

Multiply f(x), 1 + 0-4-1-0-1 + 2 4 changes 

by 1-2, 1-2 

x/(:r), 1 + 0-4 + 0-1 + 2 
-2f{x), -2-0 + 8-0 + 2-4 
(a; - 2)f{x), 1-2-4 + 8-1 + 4-4 5 changes 

177. Negative roots. Since /(—a:) has roots opposite in sign 
to those of f{x) (p. 185), we can state 

Descartes' rule of signs for negative roots. f(x) has no\^ 
TTiore negative roots tkan there are changes in sign in /(— x). 

If by Descartes' rule it appears that there cannot be more than ■ 
a positive roota and h negative roots, and if a + fi < n, the degree 
of the equation, then there must be imaginary roots, at least 
n — (a + 5) in number. 



1. Prove Descarles' rule of signs for i' + in; + c = directly from the 
expression for 6 and c in terms of the roots (see § 115). 

2, FEnd tlie masimum number of positive and negative roots and any 
possible information about imaginary roots in the following equations. 

(a) a!»+2a;«+l = 0. 

Solution : Writing signs of f{x), + + + + , there Is no change, hence no 

Writing signs of /(—*), — + + +, there la one change, hence no more 
than one negative root Since Oiere can be only one real root there must 
be two imaginary roots. 

(b) iJi» + 1 = 0, (c) X* - 2 = 0. 
(d) a? - a; + 1 = 0. (e) ^ - x + 1 = 0. 
(f) *♦ + It + 1 = 0. (g) ^ + i8 + 1 = 0. 

(h) ie»-6j)^ + 4a:-l = 0. (1) i'-2i<-3iS+423+ * + l = a 

(j) x» + 2x<-6i»-*i»+i-l = 0. 
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178! Integral roots. In finding tlie rational roots of an equa- 
ti<ai we make use of the following 

Theorem. If the equation 

af + a^oT-^-] \-a, = (1) 

(where the a's are integers) has any rational root, such root must 
be an integer. 

Suppose — be a fraction reduced to its lowest terms which 
satisfies the equation. 

Then £: + ^ + ... + „, = 

ia an identity. • 

Then clearing of fractions and transposing, 

p' = ~q {ayp-^ + ■ ■ ■ + «»?—'). 
Thussomefactorof yisafactorof^ithat is, of7it(p. 52), which 
contradicts the hypothesis that ^ is reduced to its lowest terms. 

Thus aU the rational roots of the equation are integers, which 
as we know (§ 170) are factors of a,. 

179. Rational roots. If we seek the rational roots of 



where «„ ^ 1, we can multiply the roots by a properly chosen 
constant (§ 175) and obtain an equation of form (1) above whose 
integral roots may easily be found by synthetic division. 

Example, What rational roots, if atif, liaa 

8ic»-lll-H = 0P (1) 

Multiply the roots by 8, 3!i?- 99ir-378 = a 
Divide by 8, i^- 83 s -126 = a (2) 

Since by Descartes' mle of signs equation (1) has only one positive root 
and no negative nxit,ne do uot need to carry the table further than to teat 
for a positiye root 
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X y Form a table of values for equation (2) by synthetic diviHion. 

1 ^le ^* "^^ "^^'y to try the factors of 126 (§ 170). 
2—62 Thus (2) lias tlie root 8. Hence the original equation (1) has 

3 ^'^ ^* ^^ ^ = *■ 

EULK To find all Oie rational roots of an equation, trans- 
form the equation so that the first coefficient is +X. 

Find the maximum number of positive and negative roots by 
Descarte^ rule of signs. 

Find tlte integral roots of this equation by trial, and the 
roots of the original equation by dividing the integral roots 
found by the constant by which the roots were multiplied. 

By the Tlieorem g 178 we are assured that all the rational 
roots can be found in this way. 

EXERCISES 
Find all the rational roots of the following equations; 
- 1. 4a» = 27(* + l). 2. 16x' + lSa»~2 = 0. 

3. 4i»-6i-6 = a 4. a*-2Ja;"+2Ii-l = 0. 

5. 4i»-8i"-a: + 2 = 0. 6. 8a^- 8a;» - 36i' + 26 = a 

7. 4z»-4ia + z-6 = 0. 8. 3i'+ 181^+111-14 = 0. 

9. 4i«»+16x"-0a;-86 = 0. 10. 2a^-21a:2 + 74* - 86 = a 

11. flai»-473' + 7l3; + 70 = 0. 12. 12x>- 62x3 + 28a: + 42 = 0. 
13. 6i«»-20x»+ 68a: -45 = 0. 14. Sx*- a;>- Sa?"- 14a! + 12 = 0. 
15. 27a:' + 63a!3 + 30a;-8 = 0. 16. 2«*-13a:»+16a?'-ea! + 20 = 0. 
17. 3a:S-28x"+62a:-24 = 0. 18. Qx* -a'- 4»x^+ 66^ - 60 = 0. 
19. lBai»+81a;a + i2lx + 6O = 0. 20. 12x* + 6a:»-23x''-6a; + 8 = 0. 

21. 10i< + I7i«-Wi= + 2i^20 = 0. 

22. 8x« + 16a:'-148a:'+41x + 80 = 0. 

23. 30a:»-72x«-31j):*+67a; + BO = O. 

24. 28 x* - 108x» + 828x» - 241x + 60 = 0. 

180. Diminishing the roots of an equation. In the preceding . 
sections we have solved completely the problem of finding the 
rational roots of an equation. We now pass to the problem of 
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finding the approximate values of the irrational roots of an equa- 
tion. In carrying out the process that we shall develop it is 
desirable to form an equation whose roots are equal respectively 
to the roots of the original equation each diminished by a constant. 

Let f{x)= aa^ + fliif "' + - ■ ■ + a, = 0, (1) 

whose roots are a,, «,, ■ ■ ■ , a,. Let a be any constant. We seek 
an equation whose roots are a^ — a,ai — a,-- -, a, — a. 

If we let a stand for any one of the roots of (1), since f(a) = 
(p. 33), we see that 

/(z + a) = is satisfied hy a — a, 
that is, /(«-« + «) =/(«) = 0. 

Thus to form the desired equation replace x \iy z + a. We 
obtain 

/(;,) =/{=, + ,.)=».(, + «)■ + o, (2 + a)— + ... + a. = 0. 

Developing each term by the binomial theorem and collecting 
like powers of z, we get an equation of the form 

f(x) = F(*) = 4o2" + vl,z-i + . . . + ^^ = 0, (2) 

where the A'a involve the a's and a. This is the equation desired. 
We now seek a convenient method of finding the values of the 
coefficients Aa, A^, A^, ■■■, A„ when a,,, Oi, a^, ■■■, a, are given 
numerically. Now A^ is the remainder from the division of F(z) 
by X. But since F(z) =f{x) and s = a; — «, the remainder from 
dividing F(z) by s is identical with the remainder from dividing 
f(x) hy X — a. Thus A, is the remainder from dividing f(x) hy 
Furthermore, since A^_, is the remainder from dividing 



by a; — a. The process may be continued for finding the other ^'s. 
We may then diminish the roots of an equation by a as follows : 

KULK The constant term of the new equation is the remain- 
der from, dividing f(x) hy x — a. 
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Th^ coefficUnt of z in tJte new equation is Ike remainder from 
dividing the quotient just obtained by x — a. 

The coefficients of the higher powers of z . are the remainders 
from dividing the successive quotients obtain^ by x — a. 

Example. Form the equation whose roots are 2 less than the roots of 
x*-2x»-4xs + x-l = 0. 

The diviaions required by the rule we cany out syntlwtically (p. 189): 
1_2 -4 +1 - 1[2 



+ 2 +0 -8 


-14 


1 + 0-4-71 
+ 2 +4 +0| 


-IS 


1 + 2 +0|-7 
+ 2 +8| 





1+e 

The desired equation is 

xi + 6a;s + 8a"-7a!-16 = 0. 

181. Graphical interpretation of decreasing roots. If an equa- 
tion has roots a units leas than those of another equation, if a is 
positive its interseetiona with the X axis or with any line parallel 
to the X axis are a units to the left of the corresponding inter- 
sections of the first equation. It is, in fact, the same curve, except- 
ing that the Y axis is moved a units to the right. If o is negative, 
the Y axis is moved to the left. 





EXERCISES 


Plot, decrease the 


■oota by a units, and plot the 


1. x»-3x'-2a:- 


3 = 0. a = 3. 


Salutlcai: 


1_8 - - 2 -313 




+3-0-0-6 




1_0 - - 2|-9 




+ 3 + 9 +27| 




1 + 3 + 9| + 2S 




+ 3 + 18| 




1 + 6| + 2T 




+ 31 




1 + 9 



iiiiMB, Google 



ADVANCED ALGEBRA 





] I Irl — 



Thus the required equaUon is 



X 


f 





- 8 


2 


-15 


3 


- 9 


-1 


+ 8 



the 



In the figure one square on the Fasia repre- 
sents two units of y, and two squares 
X axis represent one unit of x. 
2. I* - 16 = 0. a = 2. 
3. a!»-8 = 0. = 1.4. 4. jr»-2i«> + l = 0. a = .2. 

5. 3;' + 4i-8 = a a = 3. 6. le" - 4^* - 2 = 0. a = .5. 

7. iB' + 2i + 6 = a a = -l. 8. ic' + 4a;> + a-8 = 0. a = - 

9. ii*-2ica + 8*-7=0. a = 2. 10. k> ^axa + a; - Is a a = - 

11. ie<-Sii:" + 2a;-2 = 0. a = -2. 

12. i«»-16i' + 7s + 125 = 0. o = 5. 

13. 23;»-ea» + 4x-8 = 0. a = -a. 



14. iE* + 6Z» + lOiE* + K 



-1 = 



-1. 



182. Location principle. If when plotting an equation y =/(x) 
the value x = a gives the corresponding; value of y positive and 
equal to c, while the value x — b givea the (lorrespondiug value 
of y negative, say equal to — d, then the 
-point on the curve x = a, y ^ e is above 
the X axis, and the point on the curve 
a; = J, y = — rfis below the X axis. If our 
curve is unbroken, it must then cross the . 
X axis at least once between the values 
x = a and x = b, and hence the equation 
must have a root between those values 
of X. The shorter we can determine this 
interval a to S the more accurately we can find the root of the 
equation. This property of unbrokenness or continuity of the 

graph of 1/ = agX' + ttja;""' H 1- a, we assume. 

then the following 



Y 




K'.. 




HI» 


\.fe> 
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Location principle. When for two real unequal values of x, 
say x = a and x = b, tke value of y =f(x) has opposite signs, 
the equation fix) = has a real root between a and b. 

Illustration. The equation /(»)=»• + 3 a; — 5 = has a 
root between 1 and 2. Since /(I) = - 1, /(2) = 9. 
.^3. Approximate calculatiOB of roots by Horner's method. 
We are now in a position to compute to any required degree of 
accuracy the real roots of an equation. Consider for example 
the equation 



a^ + 3 



20 = 



(1) 



Form the table of values for plotting the equation 
:r' + 3a:-20=y. 

By the location theorem we find 
that a root is between + 2 and + 3. 
To find more precisely the position 
of the root we might estimate from 
the graph the position of the root 
and substitute aay 2.3, 2.4, and so 
on, until we found two values be- 
tween which the root lies. We can 
gain the same result with much 
lees computation if we first dimin- 
ish the roots of the equation so that 



of the two integral values between which 
Here we decrease the roots of (1) by 2, 
1 + + 3 - 20[2 



+ 2 + 4+14 



the origin is at tlie 
we know the root lies. 



l + 4r+15 

+ 2| 
1+6 
The equation whose roots are decreased by 2 




(2) 
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We know that (2) has a root between, and 1, since equation (1) 
has a root between 2 and 3. From the graph we can estimate the 
position of the root. Having made an estimate, say .3, it is neces- 
sary to verify the estimate and determine by synthetic division 
precisely between which tenths the root lies. Thus, trying .3, we 
''^^^ 1 + 6.0 + 15.00 - 6.000[^ 

+ 0.3 + 1.89 + 5.067 
1 + 6.3 + 16.89 - 0.933 
which shows that for x = .3 the curve is below the Zaxis, hence 
the root is greater than .3. But we are not justified in assuming 
that the root is between .3 and .4 until we have substituted .4 
for X. This we proceed to do, 

1 + 6.0 + 16.00-6.0001^ 
+ 0.4+ 2.66 + 7.064 



1 + 6.4 + 17.66 + 1.064 



Since the value of y is positive for x = A, the location principle 
shows that (2) has a root between ,3 and A, that is, (1) haa a root 
between 2.3 and 2.4. 

To find the root correct to two decimal places, move the origin up 
to the lesser of the IjjQi numbers between which the root is now 
known to lie. The, new equation will have a root between and .1. 

This process is performed as follows : 

1 + 6.0 + 15.00 - 6.000[^ 
+ 0.3 + 1.89 + 5.067 



1 + 6.9 
Thus the new equation is 

x» + 6.9 x' + 18.87 X - .933 - 0. (3) 

This equation has a root between and .1. We can find an 

approximate value of the hundredths place of the root .by solving 
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the linear equation 18.87 a) — .933 = 0, obtained from (3) by drop- 
ping all but the term in x and the constant term. 

■"•" "iS = -<»- 

This suggestion muat be verified by synthetic 'division to deter- 
mine between what hundredths a root of (3) actually lies. 
1 + 6.90 + 18.870 - 0.9330|.O4 
+ 0.04 + 0.277 + 0.7658 
6.94 + 19.147-0.1672 
Thus the curve is below the X axis at a: = .04 and hence the 
root is greater than .04. We must not assume that the root is 
between ,04 and .05 without determining that the curve is above 
the X axis at « = .06. 

1 + 6.90 + 18.870 - 0.9330[XI5 
+ 0.05+ 0.347+0.9608 



6.95 + 19.217 + 0.0278 
Thus the curve is above the X axis at x = .06. By the location 
principle (3) has a root between .04 and .05, that is, (1) has a 
root between 2.34 and 2,36. We say that the root 2.34 is conect 
to two decunal places. If a greater degree of precision is desired, 
the process may be continued and the root found correct to any 
required number of decimal places. 

The foregoing process affords the following 

Rule. Hot the equation. Apply ike location principle to deter- 
mine between what consecutive positive integral values a root lies. 

Decrease the roots of the equation by the lesser of the two 
integral values between which the root lies. 

Estimate from the plot the nearest tenth to which the root of 
the new equation lies, and determine by synthetic division pre- 
cisely the successive tenths between which the root lies. 

Decrease the roots of this equation hy the lesser of the two tenths 
between which the root lies, and estimate the root to tlie nearest 
hundredth by solving the last two terms as a linear equation. 
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Determine hy synthetic division precisely the hundredths inter- 
val in which the root must lie. 

Proceed similarly to find the root correct to as many places as 
may be desired. 

The sum of the, integral, tentlts, and hundredths values Tiext less 
than the root in the various processes is the approximate value 
of the root. 

To find the negative roots of an equation f(x) = 0, find the 
positive roots of f(—x) = and change their signs. 

When all the roots are real a check to the accuracy of the com- 
putation may be found by adding the roots together. The result 
should lie the coefficient of the second term. 



Find Qte values of tbe real roots of the following equations comet to 
three decimal places. 

1. x» + 4z« + 1 + 1 = 0. (1) 
SoIotioD: Since by Descartes' 
rule of signs there are no posi- 
tive roots, we form the equation 
/(— i) =:Oand seek itspo^tive 

Thus 
a^-4a^ + a-l = 0. (2) 

Plot the equation (2) set equal 
toy. In the figure two squares 
are taken as the unit of z. 

There is a root of this equa- 
tion between 3 and 4. 




Decrease the roots of (2) by 8, 

1-4+1 ■ 
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The equ&tioD Is a!' + 5a!> + 4ic-7 = 0. 

From aiB plot we estimaW the root of (3) at .8. 

Verily, 1 + 6.0 + 4.00 - 7.000 [^ 

+ 0.8 + 4.M + 6.912 
+ 5.8 + 8.64 -0.088 
1+5.0 + 4.00 --7.000^9 
+ 0.9 + 5.31 + 8.370 
+ 6.9 + 9.31 + 1.379 

Thtu the root Is determined between .8 and .9. 

Decrease the roots of (3) by .8, 



1 + 6.0 + 4.00 -7.0001^ 
+ 0.8 + 4.64 +6.012 

1+5.8 + 8.041- .088' 
+ 0.8 + 5.28| 

1 + 6.6] +11.93 
+ 0.8| 

1+7.4 


The equation is x> + 7.4 ir* + 13.92 


11 -.088 = 0. 


EaUmate the root of (4) at * = -i|^' 


= .006. 


Verify, 1 + 7.400 + 18.920000 - .088000]. 008 
+ O.OOa + 00.044438 + .083784 
+ 7.400 + 13.964 -.00421U 


1 + 7.400 + 13.920000 -■OS8000I.007 
+0 .007 + 00.051849 + .097804 
+ 7.407 + 13.972 +.009804 


Thus the root of the equation (1) con 


ect to three decimal places is 3. 


2.-a^-4 = 0. . ' 


3. x« - S = 0. 


4. I" + 1 = 20. 


5. 8x*-6!(» = 3L 


6. I* + a" = 100. 


7. a' - it ~ 88 = a 


8. *♦ + a: - 100 = 0. 


9. x"- 81 -24=0. 


10. a^-4a^ + 12 = a 


11. it* + !« + I = 111. 


12. a:* - *« + a - 44 = 0. 


13. it* + 10i-18 = 0. 


14. a* + 8a:>-2z-l = 0. 


15. ;t» + 1' + a; - 09 = 0. 


16. «»-»a»-2;e + 101 = 0. 


17. 3» + i» + z> - 88 = 0. 


18. «• - 12ai* - Idx + 41 = 0. 


19. z»- 61^ + 62 + 11 = 0. 


20. a!»-lO** + 36ir + 60 = 0. 


21. 2z*-4i' + 3i'-l = 



22. 8*«-2x*-2l!t»-4!c + ll = 0. 23. 9it»- 45ii!> + 34ii + 87 = 0. 
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184. Roots nearly equal. Suppose we wish to tind the positive 
roots, if any exist, of 

x' + irx'-iGx + QQ^O.- (1) 

By Descartes' rule of signs we see that there can be 
only two positive roots. We obtain the adjacent table 
of values. From the plot that these values indicate we 
cannot tell whether any real root exists between 1 and 2, 
but if it does exist the plot indicates that it Is nearer 
1 than 2. 

Decrease the roots of (1) by 1, 

1 + 17 - 46 + 29[1 

+ 1 + 18 ^ 28 
1 + 18 - 



+ 71 




.. (2) 

Estimate the root of (2) at .2 and carry the origin up to .2 
and also up to .3. 



1 + 20.0 - 9.00 

+ 0.2 +4,04 


+ 1.0001^ 
- 0.992 


1 + 20.0 - 9.00 + 1.000^ 
+ 0.3 + 6.09 - 0.873 


1 + 20.2 - 4.96 
+ 0.2 + 4.08 


+ 0.008 


1 + 20.3 - 2.91 

+ 0.3 + 6.18 


+ 0.127 


1 + 20.4 
+ 0.2 


-0.88 




1 + 20.6 
+ 0.3 


+ 3.27 




1 + 20.6 




1 + 20.9 





By Descartes' rule of signs on the numbers obtained by moving 
the origin to .3, it is seen that there are no positive roots of (2) 
greater than .3, while the rule would indicate that there might 
be roots greater than .2. We consider the equation 

x' + 20,6 x^ - 0.88 X + 0.008 = 0. (3) 
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Estimate the roots of (3) at 

Verify, 1 + 20.60 - 0.880 + O.QO8O0|.Ol 

+ 0.01 + 0.206 - 0-00674 
1 -I- 20.61 - 0.674 + 0.00126 
1 + 20.60 - 0.880 + 0.008001 .02 

+ 0.02 + 0.412 - 0-00936 
1 + 20.62 - 0.468 ~ 0.00136 . 
This determines a root of (3) between .01 and .02. 
1 + 20.60 - 0.880 + 0.008001 .03 
+ 0.03 -f 0.619 - 0.00483 ^ 
1 + 20.63-0.161+0.00317 
This determines another root of (3) between .02 ^nd .< 
Decrease the roots of (3) by .01, 

i + 20.60 - 0.880 + 0.008001 .01 



+ 0.01 + 0.206 - 0.00674 



1 + 20.61 - 0.674 + 0.00126 
+ 0.01 + 0.206 


1 + 20.62 
+ 0.01 


-0.468 


1 + 20.63 




The new equation is 

x' + 20.63 ?:' - 0.468 x + 0.00126 = 0. 

Estimate the root of (4) at ;e = ^^ = ■002.»' 


Verify, 1 + 20.630 - 0.468 + 0.001 26 1. 002 
+ 0.002 + 0.041 - 0.00085 


1 + 20.632 - 0.427 + 0.00041 

1 + 20.630 - 0.468 + 0.00126] .003 

+ 0.003 + 0.062-0.00122 



1 + 20.633 - 0.406 + 0.00004 



• Weobserve that Inibeao twocasBB thcestimateil talucsof thoro 
i Teriflcatlon to be fnaccurale. Thin shoulil Lneiira great care tn n 
ion- The eatijmUed values ahoutd nefer be assumed fo be accurate ip it 
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This indicates that a root is betveen .003 and .004. 

Vierify, 1 + 20.630 - 0.468 + 0.00126|.004 

+ 0.004+0-083-0.00154 
1 + 20.634 - 0.385 - 0.00028 

This determines a root of (3) between .003 and .004. 

Thus one root of (1) correct to three decimal places is 1.213. 

The other root could be found similarly to be 1.229. 

EZERaBES 

Find all Uie real roots of the followiDg equationa correct to four decima 
placea. 

1. x>-7a: + 7 = 0. 

2. 7i'-iaa!>-Uie + 8 = 0. 

3. 2a*-4i'-8((;'-6 = 0. 

4. 4ii!«-5iir'-8i + 10 = 0. 

5. 8a?-10a?-88ic-H10 = 0. 
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CHAPTEE XVIII 
DETXRHINANTS 

185. Solution of two linear equations. We Imve already 

treated, the solution of linear equations in two variables and 
stated (p, 47) the -method, of solving three or more linear equa- 
tions in three og more variables. This latter process is rather 
■ laborious and can be very much abridged aijd also developed 
more eymmetrieally by the considerations of the present chapter. 
Let us solve the equations 

aix + 6iy = c,, (1) 

a^x + 6,y = c,. (2) 

Multiply (1) by i, and (2) by b,, and we obtain 
aihx + bibiy = hci 
OtbiX ■+■ bihiji = biCt 
Subtracting, we get (ai&, — aibj)x = frjC, — b^Ct, 

or if «,fi, - fljSx 9!= 0, x = h^^zh^. (S) 

Similarly, we obtain y = -—■ ^- (4) 

a-iht — a^bi ^ ' 

We note that the denominators of the expressions for x and y 

are the same. This denominator we will denote symbolically by 

the following notation : 

«! J, — Ojfti —\ , . (6) 

The symbol in the right-hand member is called a determinant. 
Since there are two rows and two columns, this determinant is 
said to be of the second order. The left-hand member of the equa- 
tion is called the development of the determinant. The symbols 
"i, bi, a„ Jj are called- elements' of the determinant, while the ele- 
ments ai and b^ aie said to comprise its principal dlagonaL 
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Rule. The development of any determinant of the second 
order is obtained by subtracting from the product of tiie ele- 
ments on the principal diagonal the prodvct of the elements on 
the other diagonal. 



Evidently ea«h term of the development contains one and only- 
one element of each row and each column, that is, for instance, 
the letter a and the subscript 1 appear in each term of (5) once 
and only once. 

We can now rewrite the solution (3) and (4) of equations (1) 
and (2) in determinant form r 



(6) 



c, 


il 




Ci 


K 




o, 


h 




«! 


b. 





It is noted that the numerator of the expression for a; 
from the denominator by replacing the column which contains 
the coefiicients of x, a, and Oj, by the constant terms c, and c^. 
Similarly, in the numerator of the expression for y, 6i and ft, of 
the denominator are replaced by ci and cj. 

One should keep in mind that a determinant is merely a sym- 
bolic form of expression for its development. In the ease of 
determinants of the second order the introduction of the new 
notation is hardly necessary, as the development itself is simple; 
just as we should scarcely need to introduce the exponential 
notation if we had to consider only the squares of numbers. It 
turns out, however, as we shall see, that we are able to denote by 
determinants with more than two rows and columns. expressions 
with whose development it would be very laborious to deal. 

186. Solution of three linear equations. Let us solve the 
equations 



UiX + b,i/ + CiS = dj, 
aix + i^y + c,s = d,, 



(1) 

(2) 
(3) 
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Eliminating y from (1) and (2) and (1) and (3), we obtain 
(ttifij — aifii)a! + (Aj(;i — 6iCj)« = dji^ — d^b,, 
(a,6, — aibt)x + (Cjfii — J,Ci)« = ^,6, — rf,6i. 
Eliminating s, 
[(rti6, — «s6i)(eA — fijCi) — (''t*! — ai&j){Jjei — /'iC-)]a; 

= {rf,6, - djbt) (cs6, - 6gc,) - (d^h - d^bt) (6,c, - 6ic,). 
Developing, canceling, and dividing by b„ we obtain 
_ dibiCg + rfjJji^i + rfjfiifi — rf|6gCt — rfsfijc, — dgbjCf 
OiSjC, + ajfiaCi + ao^iC, — «i6gOs — Oji-jC, — a,d[C, 
Following the analogy of the last section, we write the denomi- 
nator 1^ J I 
ii^jC, + di&jCi + a,fiiC» — (ti&a"! — aibfCj — ajb,Cf = aj S, cJ. (5) 

The right-hand member of this equation we call a determinant 
of the third order, and the left-hand member its development. 
As in the determinant of the second order, the elements aj, Jj, e, 
comprise the principal diagonal; each term of the development 
contains one and only one element of each row and each column, 
and aU possible terms so constructed are included in the develop- 
ment. The signs of the tenns of the determinant of the third 
order may be kept in mind by the following device. 

Rewrite the first and second columns to the right of the deter- 
minant as follows : , , , , , 

(Xj 6) eJa, bJ. 

The positive terms are found on the diagonals running down 
from left to right, the negative terms on the diagonals running 
up from left to right. 

The numerator of the fraction (4) expressed in determinant 
notation is 
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We can find similarly the values of y and a that satisfy equa- 
tions (1), (2), and (3). The soIutioQB of the equations in detei-mi- 
ilant form are as follows : 



rf, i, c, «, rf, c, 

di bj Ct a^ df Cj 

a, b, c, ' * a, t, C, ' 

O. ^, C, a, 6, Og 



(6) 



6, 
6. 

The same principle observed on p. 204 for forming the deter- 
minants in the numerators of the expressions for x and y may be 
followed here. The determinant in the numerator of the expres- 
sion for X, y, or s is found from the denominator by replacing the 
column that contains the coefficiente of the variable in question 
by a column consisting of constant terms. Thus in the numerator 
of X we tind the column d^, d„ d^ replacing the column c„ c^, c, of 
the denominator. 

EXERCISES 
1. Find the value of the following determinauta. 



Solntioii : 4 6 2=18-H4-H0-6-8-0 = e. 

14 3 11 12 II 

(b) 1 2 . tc) 2 1 . 

|6 1 Ij |l 2 0{ 

12 1 11 

(e) 6 3 3 . 



13 4 II 

(d) p 2 4 . 
|l ej 



4 2 3 
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2. Solve the following equations by deteiminaats. 

S«lDtion : Using the expresiona (6), p. 206, we obtain 



-8 11 



|1 1|. 



|l-2 |1-2| 

Cieek: Y-* = ? = l' 

^'7z+6y = 2. ' ' 8ie-9i/ = 2_. ; ' 2a-3v = -l. ^' 
3. Solve the followiog equations by detenniiiiinta. 



z - 7 V = 12, 

7a! + ff = ll. 



Sdnthm : Reairao^g bo that'UnnB In the M 
and supplying the zero coefflclente, we get 



e variable are In a colnnui, 



Ox+ y-2s: = e. 

(2 1 ■ 11 



-12 + + 4-18 + 8+O _ 

-6+0+1-0-0+2 



-8 + + 0-0 + 4 + _ 



|0 1 -2| 
ChM* :6 + (-j) + (-Y) = 6-J^ = a-4 = 2. 
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, 2z + 8p = 12, 


J3s + 4z = 10. 


x + y-z = l1. 


(d) !r + I - » - 18, 


V + z-z = l. 


x+y+z=lW 


(£)3i^2t = 4, 


, 5v-*s = 0. 


a + y + « = 9, 


(h) x + 2s + 3z = 


■ ii: + 3i/ + Sj! = 


.2a + .3!, + .4« 


(j) .Zx + .iy + .bi 


.4z + .5i/ + .62 



i^-i» = o. 


(c)J:t-iz = l, 


!*-iJ/=.2. 


2a + 2v = T, 


(e) 71 + 92 = 29, 


l( + 8z=17. 


;.+ y + 22 = M, 


(g)i + 2i/ + i = 33, 


2 a: -1-^-1-^ = 32. 


■ <w -1- 6f/ - M = 2 


(l)6i,-Hcz-az=2 


ez -1- <« - 6y = 2 


3a; + 2y + 3z = 


(t) 5H-j,-4t = 



187. Inversion. In order to find the development of detenni- 
nants with more than three rows and columns, the idea of an inver- 
sion is necessary. If in a series of positive integers a greater 
integer precedes a less, there is said to be an inversion. Thus in 
the series 12 3 4 there is no inversion, but in the series 12 4 3 
there is one inversion, since 4 precedes 3. In 1 4 2 3 there are two 
inversions, as 4 precedes both 2 and 3 ; while in 1 4 3 2 there are 
three inversions, since 4 precedes 2 and 3, and also 3 precedes 2. 

186. Development of the determinant. In the development of 
the determinant of order three we have 

Og 6a e, =s a,6jC, -f- OjfisC, + ag&,Cg — aa&gC, — a^b-yCt — a^btC^. (1) 

If we' keep the order of letters in each term the same as their 
order in the principal dia,gonal (as we have done in the development 
above), it is observed that the subscripts in the various terms 
take on all possible permutations of the three digits 1, 2, and 3. 
The permutations that occur in the positive terms are 12 3, 
2 3 1, 3 1 2, in which occur respectively 0, 2, and 2 inversions. 
The permutations that occur in the subscripts of the negative', 
terms are 3 2 1, 2 1 3, 1 3 2, in which occur r 
and 1 inversions. 
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Thus in the'subscripts of the positive terms an even number 
of inversions occur, while in the subscripts of the negative terras 
an odd number of inversions occur. This means of determining 
the sign of a tenn of the development we shall assume in generaL 

\Vhen we have a determinant with n rows and columns it is 
called a determinant of tlie ntb order. The development of such a 
determinant is defined by the following 

Rule. Ths development of a determinant of ike nth order tS 
equal to the algebraic sum of the terms consisting of letters fol- 
lowing each other in the same order in which they are found in 
the principal diagonal hut in which the subscripts take on all 
possible permutations. A term has the positive or the n^ative 
sign according as there is an even or an odd number of inver- 
sions in the s 



This means of finding the development of a determinant is use- 
ful in practice only when the elemente of the determinant are 
letters with subscripts such as in (2) below. When the elements 
are numbers we shall find the value of the determinant by a more 
convenient method. 

In this statement it is assumed that the number of inversions 
in the subscripts of the principal diagonal is zero. If this number 
of inversions is not zero, the sign of any term is + or — accord- 
ing aa the number of inversions in its subscripts differs from the 
number in the subscripts of the principal diagonal by an even or 
an odd dumber. 

Since each term contains every letter a, 6, ■■-,/: and also every 
index 1, 2, -■ ■ , w, one element of each row and column occurs in 
each term. 

In the detennlnajit of the fourth ordel ' 

0, 6, «, €(2 

U 6. c, d, ^^' 

I Of 6« -<i dil 
the terms o^f)*"!^ ^"^ (ii^<^<I|i 'or inataDoe.-fa>.yB ths minus aign, as 2 4 1 3 baa 
three iuTersioiiB and 4 2 3 1 has five inversions; wLile the terms aib^Cidg and 
OfbiCirfi hare two and six inversions respectively and henc^e have the positive sign. 
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189. Number of terms. We apply the theorAn of petmuta- 
tions to prove the following 

Theorem. A determinant o/ the nth order has n ! terms in 
its development. 

Since the number of terma is the same as the munber of per- 
mutations of the n indices taken all at a time, the theorem follows 
immediately from the corollary on p. 146. 

190. DeTelopment by minois. In the development of the 
determinant of order three, p. 208, we may combine the terms as 
follows : 

a, ^1 e, =a,(J,c, — 6,c,) — a,(Vi — Vi) + "8(V« — Vi) 

We observe that the coefficient of a, is the determinant that 
we obtain by erasing the row and column in which a^ lies. A 
similar fact holds for the coefficients of b, and a,. The determi- 
nant obtained by erasing the row and column in which a given 
element lies is called the minor of that element. Thus / is 

the minor of a,. We notice that in the above development hy 
minors (1) the sign of a given term is -|- or — according as the 
sum of the number of the row and the number of the column 
of the element in that term is even or odd. Thus in the first 
term a^ is in the lirst row and the first column, and since 1-1-1 = 2, 
the statement just made is verified for that case. Similarly, Oj is 
in the first column and the second row, and since 1 -f 2 = 3 is 
odd, the sign is minus and the law holds here. The last term 
is positive, which we should expect since «j is in the first column 
and the third row, and 1 -J- 3 = 4. The proof for the general 
validity of this law of signs is found on p. 215. 

The elements of any other row or column than the first may 
be taken and the development given in terms of the minors with 
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respect to such elements. For instance, take the development 
with respect to. the elements of the second row, 

a, ftj c,=— ffljL' ,' +^>L' (.'""« ' 7p' ■ 

The rule of signs is the same as given above ; that is, for 
instance, the last term is negative, as c, is in the third column 
and the second row, and 2 + 3 = 5. By generalizing these con- 
siderations we may find the development of a determinant by 
minors by the following 

BULE. Write in succession the elements of any row or column, 
each mvltiplied by its minor. 

Give each term, a + or a — sign according as the sum of the 
number 0/ the row and the number of the column of the element 
in that term is even or odd. 

Develop the determinant in each term by a similar process 
until the value of the development can be determined directly by 
multiplication. 

Tbat this rule tor development gives the same result as the deflnitlan given in 
S 188 we have Been foradeteTiuiDaDt of order tbree. The fact holds in geaeral, as 
we^bhall prove (p. 216). 



1. In the determinant of order four on p. 209 what sign should be pre- 
fixed to the following t«mis ? 

(a) Ctbodad,. 

Solution : C4&s<tiili = Otthc^di. In 2 8 4 1 there are three inversions. The 
algn should be minus. 

(b) OfbiCidi. (c) OibiCt^i. (d) biCtdtOi- 
(e) dtbio*'^- (f) diHiCibi. (g) cjaiidft,. 

2. Develop by minora the following and And the value of the determinant. 

13 2 41 
(a) 2 1 4 . 



"■"""' Is ; e!"'!' "r'l' "I""''' «i 

= a(e - 1)- 2(12 - 4) + 3 (8 - 4) = 6 - 16 + 12 = 2. 
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11 4 
(b) 7 8 



(e) d e\. 
\e f 0\ 



W 



6 7 21 

3 7 1 . 

-2 3 -l| 

la b\ 

(8)0 c 0. 

\d e\ 



m 4 2 1 2 ' 

3 12 3 
SolDtion : Develop with respect to the elements of the first column, 

2 8 1 11 

3 1 1 2I 

4 2 1 2r 



3 12'! 



jl 1 EI 

m 1 Ji- 
ll 2 3 



1 2 



1 



|2 1 



-(•I2 ; 



iH\^ 



Jl 21 



= 2(-l + 2 + 0)-8(-3 

= 2 +,12 - 12 

3 

8 1 

6 1 

2 1 

Hint. It la always advisSible to develop with re 
a Dumber of elements equal to zero. 
0b 



IH IH'll l\-i IH l\) 

+ l) + 4(-8^1 + l)-S(0-l+2) 



(i) 



ik) 



b a Q 

b a 

b a 

2 3 4 1 

2 3 3 6 

3 3 11 
2 3 3 1 



(1) 



X 











V 


y 


X 














y 


X 














y 


X 














y 


I 



bs ci di 

c, da 

d, 

a, 

02 6i 

a, b, Ci 

Oi bf Cf d^ 

a g 

e a f 

a 
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191. Multiplicatioa by a constant. In this and the following 
Bectiona we shall give a number of theorems on determinants 
which greatly facilitate their evaluation and which make a proof 
for the solution in terms of determinants of any number of linear 
equations in the same number of variables a simple matter. 

Theorem. If every element of a row or a column is multi- 
plied by a number m, t/ie determinant is r 



Suppose that every element of the first row of a determinant 
is multiplied by m. Since each term of the development contains 
one and only one element from the first row, every term is multi- 
plied by m, that is, the determinant is multiplied by in. 

Illustration. 
m(ti tit <^ I 



m^t 



Ci "si 

+ moibtCi 



Sa^iCi — fnaib^c, — motbiCf — viafb^ei 



a, a, 
= m ft, fi, 


6> ■ 




e, Ct 


c. 




Similarly, 


6 4 
8 3 
10 4 


1 i 

2 = i 
1 I 



23 
2-4 
25 



= 24 3 
d 4 



192. Interchange of rows and columns. We now prove the 

Theorem. The value of a determinant is not changed if the 
columns and rows are i-nterchanged. 

Take for instance the determinant of order four. 
bi c, di 
bj e, i/j 6[ b^ ft, bi 

bi c, (/, '^ 

ii c, d^ 

In each of these determinants the principal diagonal is the same, 
and hence the developments derived according to the statement on 
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p. 209 will be the game for each determinant, since the terms will 

be identical except for their order. The same reasoning is valid 

for any determinant. 

193. Interchange of rows or columns. We now prove the 
Theorem. If two columns or Iwo roivs are tjUercJtanged, the 

sign of the determinant is changed. 

Again let ns take for example the determinant of order four and 

fix our attention on the first and second rows. We must prove that 



Ca rfi 



a^ b, Cg t^g 



at bt <k dt 



Os b. 



In the first determinant the principal diagonal is aibfCfd,, vhile 
in the second the principal diagonal, a^biCsd,, is obtained from the 
principal diagonal of the first determinant by one inversion of 
subscripts. Hence this term is found among the negative terms 
of the first determinant. 

Since the only difference between the second determinant and 
the first is the interchange of the subscripts 1 and 2, evidently 
any term of the second is obtained from some term of the first 
by a single inversion. Thus if a single inversion is carried out in 
every term of the first determinant, we obtain the various terms 
of the second. But since this process changes the sign of each 
term of the first determinant (p. 213), we see that the second 
determinant equals the negative of the first. Similar reasoning 
may be applied to the interchange of any two consecutive rows 
or columns of any determinant. 

Consider now the effect of interchanging any two rows which 
are separated we will say by k intennediate rows. To bring the 
lower of the two rows in question to a position next helow the 
upper one by successive interchanges of adjacent rows, we must 
make k such interchanges. To bring similarly the upper of the two 
rows to the position previously occupied by the other requires k + 1 
further interchanges of adjacent rows. Hence the interchange of 
the two rows is equivalent to 2 k +1 interchanges ( 
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rows, the effect of which is to change the sign of the determinant, 
since 2 i + 1 is always an odd rnunber, 

194. Identical rows or columns. This leads to the important 
Theorem, If a determinant has two rows or two columns 

identical, its value is zero. 

Suppose that the first and the second row of a determinant are 
identical. Suppose that the value of the determinant is the num- 
ber D. By ^193, if we interchange the first and second rowa the 
value of the resulting determinant is -- D. But since an inter- 
change of two identical rows does not change the determinant at 
all, we have d^ — D 

or 2 i> = 0, that is, = 0. 

CoROLLAKT. If any row (or oolumn) is m times any other 
row (or column), the value of the determinant is zero. 

By § 191, the determinant may be considered as the product of 
m and a determinant which has two rows (or colimins) identical. 
Hence this product equals zero, 

195. Proof for development by minors. On referring to the 
rule on p. 211 we observe that in order to show that the develop- 
ment 1^ minors is the same as the development obtained by the 
definition on p. 209 we must prove the two following statements. 

First. The coefficient of any element in the development of a 
determinant {apart from sign) is the minor of that element. 

Second- Each element times' its minor should have a + or 
a — sign according as the sum of the number of the row and the 
column of the element is even or odd. 

Consider the element a,. 

First. Each term that contains a, must contain every other 
letter than a, and the indices of these letters must take on all 
permutations of the numbers 2, 3, ■-■, n. This coefficient of a^ 
contains then by definition (p. 210) all the t«rms of its minor. 

Second. Since in each term ai ia in the first place, the only inver- 
sions in the subscripts are those among the numbers 2, 3, •■■,n. 
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Hence the sign of each term in the coefficient of a, is positive or 
negative acconCng as there is an even or odd number of inversions 
in its subscripts. Hence our theorem is established for the ele- 
ment Oj. 

Consider now any element, as (/j, which occurs in the fifth row 
and the fourth column. Interchange adjacent rows and columns 
until rf( is brought into the leading position in the principal 
diagonah This requires in all seven interchanges, three to get 
the df in the first column, and then four to get it ijito the first 
row. This changes the sign of the determinant seven times, 
leaving it the negative of its original value. By the reasoning 
just given in the case of oi the coefficient of rfj (which is now in 
the position previously occupied by oi) in the original determi- 
nant would be the minor of d^, except that the signs' would 
all be changed. Hence the term consisting of d^ times its minor 
has the — sign, and the theorem is proved for this case. 

In general, to bring a term in the ith row and kth column to 
the leading position requires i — l + k — l = i+k — 2 inter- 
changes of adjacent rows or columns. This involves i+ k — 2, 
or what amounts to the same thing, i + k changes of sign. Hence 
a positive or a negative sign should be given to an element times 
its minor according as t -H A is even or odd. 

196, Sum of determinants. We now prove the fact that under 
certain conditions the sum of two determinants may be written in 
determinant f oim. The fact that the product of two determinants 
is always a determinant is extremely important for certain more 
advanced topics in mathematics, but the proof lies beyond the 
scope of this chapter. 

Theorem, If each o/lhe elements of any row or any column con^- 
sists of the sum, of two numbers, the determinant m.ay he written 
as the sum of two determinants. 

For example, we have to prove that 

I <»i -|- <*'i Si eA I a, bi cA I a'l _ bi Ci I 
OiH-a', Jj c = Uj bi <!,H- ffl'j &2 Cj . 



itized by Google 



DETERMINANTS 



217 



Develop the first determinant by minois with respect to the 
first column, wiiere we symbolize the minors of Oj + «',, a, + a',, 
a, + a'thj Ai, A^, A^ respectively. 

We have 

[oi + a'i 61 Cil 

by §"190, o, + o', J, c, 

I Ot + a', bt Cfl 

= («! + a'O^t -(«» + ffli)-*. +(«■ + a'.)-*i. 
by the distributive law, 

= aiAi — OtAi + a^At + a\Ai — a'^A, + a\At, 



by S 190, 



As bt 



b, C, . 



The method of proof ^ven is applicable to the case of any row 
/ or column of a detenninant of order n. 

'/ 197. Vanishing of a determinant. For the solution of systems 
of linear equations we shall make uBe of the 

Theorem. If in tlis development of a determinant in terms 
of the minors with respect to a certain column (or row) the ele- 
ments of that column (or row) are replaced by the elements of 
another column (or row), the resulting development equals zero. 

For example, we have 



(1) 



where an A represents the minor of the a with the same sub- 
script. We have to prove that if we replace the a's, for example, 
1^ the b's, the result equals zero, that is, that 

biA, - btA, + Ml - h^i = 0- (2) 



bi Ci di 
bt Cf dj 

b, cg d, 
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Thia expression (2) when written in detenninant form evidently 
would have the same form as the left-hand member of (1) excej-t- 
ing that the first column would consist of J,, &a, &,, J,. We should 
then have two identical columns of the determinant, which woiilJ 
then equal zero (§ 194). Thus the development in (2) vanishes 
identically. This method of proof is perfectly general 

Corollary. The value of the determinant ia unchanged if tic 
elements of any row (or column) are replaced by the elements of 
that row (or column) increased by a multiple of the elements of 
another row (or column). 

Thus, for instance, 

loi &i ci| joi + n^ hi Ci] 

O] bx cA^\a^ -¥nbf b^ Cj . 

{ Oi bf Cg { I Oi + n^i bf Ci I 

The proof follows dirpctly from. g§ 191, 190, and the preceding 

theorem. 

198. Evaluation by factoring. If in a determinant whose 

elements are literal two raws or two columns become identical 

on i-eplacing a by b, then a — 5 is a taotor of the development. 

This appears immediately from § 160. 

Illustration. Evaluate by factoring 

[1111 

a b c\. (1) 

. \a' A»-c?| 
Since two columns become identical if a is replaced by b, a by c, 
or b by e, then we have as a factor of the development 

(«-»)(»-')(»-«)■ (2) 

To determine whether the signs iii this product are properly 
chosen, that is, whether the development should contain a — b or 
J — a, we note that the terra be' is positive in the development 
of (1) and also positive in the expansion of (2). Evidently thoi.' 
is no factor of (1) not included in (2). 
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199. Practical directions for evaluating determinants. In 

finding the value of a numerical determinant tlie object is to 
reduce it to one in which as many as possible of the elements 
of some row or column are zero. One should ask one's self the 
following questions on attempting to evaluate a determinant: 

•First. Is any row (or column) equal to any other row (or 
column)? If so, apply § 191 for the ease m = 0. 

Secovd. Are the elements of any row (or column) multiples of 
aiiy other row (or column) ? If so, apply § 191. 

Third. If we add (or subtract) a multiple of the elements of 
one row (or column) to the elements of another, will an element 
be zero ? If so, apply § 197. 



^Evaluate the following detenniDants. 



1 



Solutira ; We observe that if we subtract each element of the first column 
from the coiregpondtng element of the second column, the new second colunm 
bas ever; element 1, A similar result is obtained b; subtracting the last col- 
umn from tlie third column. Thus, by § 191, 



2 3 4 3 




2 1 


1 3 


4 5 3 2 




4 1 


1 2 


12 7 8 


~~ 


1 1 


1 6 


0- 1 B 7 




1 


1 7 



6 118 
4 2 12 
8 2 1 

Solntiaii : Mulllplyiog the la«t column b; 2 and the whole determinant by } 
doed not change the value of the determinant (g 191). Thus 



4 2 12 
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4 8 
6 1 


1 i 
6 


4? 


1 4 

1 e 


8 6 


2 2 


2 2 

1 a 


2 2 



SubtractiDg the last row from the first ri 



i$- 



-it ; i-M •>-;<—' 






13 


17 


4 


18 


28 


S3 


8 


80 


40 


54 


13 


24 


ST 


46 


11 



1 
1 



2 111 

112 1 
1112 



12 14 IS 18 
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200. SolntioB of linear equations. Suppose that -we have given 
m linear equations in n variables. We seek a solution of the equar 
tions in tenns of determinants. For simplicity, let n = 4. Given 
, <tiX + b,y + c,z + d,w=/„ (I) 

OiX + hy + c^z + d^w =/fc (2) 

a.a: + hy + c,« + rf.w =/„ (3) 

aiX + bty + C4S + d,w =/,. (4) 

The eoefficieuts of the variables taken in the order in which 
they are written may be taken as forming a determinant D, which 
we call the determinant of the system. Thus 
Ui bi Ci tfi 
o, 6, c, ^' -n 
«a ''i Cg tfg 
a, bt c^ d. 
Symbolize by ^4,, B„ etc., the minors of a„ li„ etc., in this deter- ' 
minant. Let us solve for x. Multiply (1), (2), (3), (4) by Aj, A^, 
At, At respectively. We obtain 

A,aiX + Atbiy + A^CiX + Aid^w = Aj/i, 
AidiX + Ajb^y + -Isi-jS + Ajd^w = A,/,, 
AfOtX + Afb^y ■+■ AaC,^ ■+■ j4grf,M' = A^/g, 
A^atX + Aibiij + Atr^s + A,d,w = Atft. 
If we add these equations, the coefficient of ar is the determi- 
nant B, while the coefficients of y, x, w are zero (§ 197). The 
right-hand member of the equation is the determinant D, except- 
ing that the elements of the lirst column are replaced hy fi, /„ 
jj, ft respectively. Hence 



/. 


61 


Cl 


rfl 


/. 


6, 


"t 


rf. 


/. 


i. 


<h 


^, 


A 


*. 


c* 


rf* 


a, 


X 


Ci 


^ 


«i 


K 


c, 


rf, 


at 


K 


Cj 


d. 


«4 


h 


C4 


d. 



iiiiMB, Google 



222 



ADVANCED ALGEBRA 



In a similar manner we can show that the value of any variable 
which satisfies the equations is given by the following 

EULE. The value of otie of the variables in ike solution of n 
linear equations in n variables consists of a fraction whose 
denominator is the determinant of the si/stem and whose numer- 
ator is the same determinant, excepting that the column which con- 
tains the coeffi.cients of the given variable is replaced by a column 
consisting of the constant terms. 

^Vhen H = 0, we cannot solve the equations unless the numer- 
ators in the expressions for the solution also vanish^ 
Illustration. Solve for x 





,xJr1,h,j 


= 1. 




2Jj, + 3<!2 


-2, 




3M + 4rfw 


= 3, 




4i« + 6<.i 


»4. 


Bearranging, we obtain 






ax + 2by 




= 1, 


2h,j + 3a 


-2, 




3« + 4dw 


= 3, 


5tix 


+ 4<J«. 


.4. 





1 


6 










2 


h 







24 












3 





c 


d 




4 








,1 




~ar 


"T 





~0 







h 


p' 





24 




















d 




5a 








d 



1 


b 








1 





c 





3 





,; 


d 


4 








d 


a 


h 











b 


e 











c 


d 





-56 





d 





1 


c 





-h 


3 


c 







4 





d 




b 


e 





a 





c 


d 




-51 





d 
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201. Solutioii of homogeneous linear equations. The equa- 
tions considered in the previous section become homogeneous 
(p. 115) if /, =/j =/3 =/, = 0. We have then 

aiX + biy + CjS + diW = 0, 

a,a; + SjJ/ + Cj« + diw = 0, 

(^a; + Jji/ + c,« + rfjw = 0, *• -* 

a,x + ijj + CiZ + djw = 0, 

These equations have evidently the solution a; = y = * = w'=0. 
This we call the zero solution. We seek the condition that the 
coefficients must fulfill in order that other solutions also may 
exist. If we carry out the method of the previous section, we 
observe that the determinant equals zero in the numerator of 
every fraction which affords the value of one of the variables 
(§ 191). Thus if /> is not equal to zero, the only solution 
of the above equations is the zero solution. This gives us 
the following 

Principle. A system of n linear homogeneous equations in n 
variables has a solution distinct from the aero solution only 
when the determinant of the system, vanishes. 

Whether a solution distinct from the zero solution always 
exists when the determinant of the system equals zero we shall 
not determine, as a complete discussion of the question would be 
beyond the scope of this chapter. 

Theorem. If x^, y,, z„ w^ is a solution of equations (I) 
and k is any number, then kx„ ky^, fe„ fcw, is also a solution. 
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The proof of this theorem is evident on snbatituting kxi, etc., 
ill equations (I) and observing that the number £ is a factor of 
each equation. Thus if a system of ti linear homogeneous equa- 
tions has any solution distinct from the zero solution it has an 
infinite number of solutions. 



Solve for all the TBriablM: 




x + y = a. 




V + ' = b, 


1 


z + u=c. 




u + o = d. 




v + x = e. 




x + v + w = a. 


3 


z + v, + x=b. 




u, + x+v = c, 




x + v + » = <i. 




y + « + 5«. = lI, 


5 


1 + 1 + 410 = 11, 


i + i, + 8» = ll. 




a + i + 8y = B3. 




X + ]/+Z+)B=2i, 


7 


i + 2y + 3i-9uj = 0. 





* + 8»=19, 




V + Sz = S, 


2 


« + 8« = 7, 




u + 8r = ll, 




i. + 8i = 15. 




3* + v + « = 20, 


4 


,1 + 4y + 8«. = 80, 




8a + 2 + 3Ki = 40, 




8» + 8* + 5ai = 50. 




z~2v + St-u, = &, 


6 


V-2e + Sw-x = 0, 


*-2w+3x-!/ = 0, 




w-'2x + Sy-g = 6. 




x-<ry + z + tB = 60, 




i + 2i/ + 3z + 4ur = ll>0, 




a + Sy + a« + 10w = 150, 




i + 4tf + 10a + 20w = 210. 
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CHAPTER XIX 
PARTIAL FRACnONS 



express a rational algebraic expression ~r}-{' § Hj as the sum of 



202. Intioductioii. For various purposes it is convenient to 

•!§■ , 

several fractions called partial fractions, which have the several 
factors of <^(a:) as denominatoi's and which have constants for 
numerators. If we write <lt{x) = (x — a}{x — ^y-- (x — v), we 
seek a means of determining constants A, B, •-, N such that for 
every value of x 

>f>{x) x-a^x-p^ ^ x-v ^^ 

If the degree of f(x) is equai to or greater than that of ^ (x), 

we can write 



where Q (x) Is the quotient and f, (x) the remainder from dividing 
f(x) by <ti(x), and where the degree of f,(x) is less than that of 
tti(x). Ill what follows we shall assume tliat the degree of /(z) 
is lessthan that of ^(af). In problems where this is not the case 
one should caiTy out the long division indicated by (2) and apply 
the principle developed in this chapter to the expression coitc- 
sponding to the last term in (2). 

203.' Development when ^(x) = O has no multiple roots. Let 
us consider the particular case 

f(') "' + 1 

+ W (i-l)("!-2)(»!-8) 
We indicate the development required in form (1) of the last 
section, 

(i-l)(a:-2)(ic-S) i - 1 ^ » - 2 ^ rt - 3 '■ ' 
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/ 

■where A, B, and C represent constants which we are to deter- 
mine if possible. The question arises immediately, Are we at 
liberty to make this assumption? Are we not assuming the 
essence of what we wish to prove, i.e. the form of the expansion ? 
To this we may answer, We have written the expansion in form (1) 
tentatively. We have not proved it and are not certain of its 
validity. If, however, we are able to find numerical values of 
A, B, and C which satisfy (1), we can then write down the actual 
development of the fraction in the form of an identity. 

If, on the other hand, we can show that no such numbers A,B,C 
satisfying (1) exist, then the development is not possible. 

Clear (1) of fractions, 

x-\-l = Aix-2'){x-S)-\-B(x-l)ix --3) +C{x-l)(x-2) 
= {A +B + C)a;'-(5J + 4B4-3C)3; + 6^+3£ + 2C. 

Since we seek values of A, B, and C for which (1) is identi- 
cally true for all values of x, equate coefficients of like powers of 
X in the last equation (Corollary H, p. 174). We obtain 

(2) 
(8) 
W 



(5) 
(2) 



(r.-l)(x-2)(»-3) x-1 x-2^.-S 

As a check we might clear of fractions and simplify. If equa- 
tions (2), (3), and (4) had been incompatible, we should have con- 
cluded that we could not develop the fraction in form (1). 







A+B+C= 


:0, 




-5^ 


-4:B-3C = 


^1, 




&A-\-ZBJr2C = 


:1. 


Add (4) to 


(3) and 


we obtain 








A-B-C= 


■■% 






A+B+C= 





Adding we 


obtain 


2A = 


:2 






A = 


:1 


From (3) and (4> we obtain 








B = - 3, C = 


-2. 




X 


+ 1 
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We assume now for the general case 

*(>,)=(^-a)(«-ft...(»-v), 
and that the roots a, j3, ' - - , v are all distinct from eaeh other. 
Let us consider the expression 

where A, B, ■■-, iVare constants. Let us assume for the moment 
the possibility of expressing -y^ in terras of these partial fra«- 
tions. We shall now attempt to determine actual values A,B,---, 
JV which satisfy such an identity. If we multiply both sides of 
the identity by 

♦ (;.)-(»-a)(^-«.-.(=.-K), 
we obtain 

f(_r)^A(x-fi)..-(x-y) + B(x-a)...(x~y) + ... 

f(x) is of degree not greater than n~l, and consequently when 
written in the form of (1), p. 166, has not more than n terms. If 
we multiply out the right-hand member and collect powers of x, 
we have an expression in x of degree w — 1. By Corollary II, 
p. 174, this expression will be an identity if we can determine 
values of A, B, ■■■, N which make the coefficients of x on both 
sides of the equation equal to each other. Hence we equate 
coefficients of like powers of x and obtain n equations linear in 
A,B, ■ ■ -, iV which we can treat as variables. Th^e equations have 
in general one and only one solution which we can easily deter- 
mine. The values of A, B, ■■-, N obtained by solving these equa- 
tions we can substitute for the numerators of the partial fractions 
in (6). After making this substitution we can actually clear of 
f raetions the right-hand member of (6) and check our work by 
showing its identity with the left-hand member. 

There is no general criterion that we have applied to (6) to 
determine whether the n linear equations obtained by equating 
coefficients of x have any solution or not Hence in this general 



itized by Google 



228 ADVANCED ALGEBKA 

discussion it should be distinctly understood that assumption (6) 
holds when and only when these equations are solvable. In 
any particular case we can find out immediately whether the 
equations are solvable by attempting to solve them. If the num- 
bers A, B,--',iV do not exist, the fact will appear by our inability 
to solve the linear equations. As a matter of fact, one and only 
one solution always exists under the assumption of this section. 

I( io (6) we usame that several o( tbe aymboU A. B. ■■■ , y stand for expres- 
hIodb liaear in z, as, for inataQce, tu + &, we should then have a larger Dumber of 
variables (o determine than there are equations. UnderthegenircumstaiiceB there 
is an infinite number of solutioua of the equatlona. TtiuB if we should seelc to 

fix) 
express - ■ as the sum of partial tractions where the numerators are not con- 
stants but {unctions o( z, we could get any number of such developments. 

We have the following 

BuLE. Factor ^(a;) into tijuar factors, as 

Write the expression 

4>{x) x — a x — ^ x — v 

Multiply both aides of the expression by 0(x), equate coefficients 

of like powers of x, and solve the resulting linear equations for 

A,B,---,N. 

Replace A, B, ■■■, 2f by these values and check by substituting 

for X some number distinct from a, ^, ■■■,v. 



Separate into partial fractions : 
1 i*-2 

Solution; Assume = ■ — — + — — ~ + — 

(x-l)(x~2)x x-l x-2 X 

Multiply by (x - 1) (a - 2)*, 

;^-2^A{x-2)x + B{x-l)x + C{x-l)(<i;- 
3?-2 = (A+B + C)3fi~(2A + B + 3C)x + 
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Bqu&Uag coefflcienta of like powers of x. 






^-1-^ + = 1, 






2J + B + 8C=0, 






2C = -; 


Hence 




= -: 


SolTlng 
B obtain 




^ + B = 2, 
2^ + B = 8, 

B=l 




3?-i 


i 1,1 


■^■^ (ST 


-1)(X- 


-2)x .-l-^«-i 


Check: Let 




!=-!, 




0), 


-11 1 



it? + 3» + 2 

1 


Sa-i 


-2a:- 
4ic» 


8 


(x*- 




-1) 
r + 1 



23?- 


-6a:- 
5a; 


-S 


ai? 


-6»- 


■1 




2a?- 


-1 



■ (a? + 3a: + 2)(a:-l) 

9 a^ + 4 

■ (a:-l)(a;-2)(z-8)' ' (a: - 2)(a: + 2)ta: - 1) 

204. Development when ^{x') = has imaginary roots. In 

the preceding section no mention has been made of any distinc- 
tion between real and imaginaiy values of a, 0, ■•■, v. In fact 
the method given is valid whether they are real or imaginary. It 
is, however, desirable to obtain a development in which only real 
numbers appear. 

Let 113 assume the development 

where let us suppose that p. and v are the only pair of conjugate 
imaginary roots of i^ {x), m and w being con jugate complex numbers. 
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Let ;( = a + t6, v = a — 16. 

Then adding the corresponding tenns of (1), we obtain 

x-a-ib x-a+ih (x-ay + b' (x-a^ + b' *■ -^ 

Since fi and v are the only imaginary roots of <^ (x) = 0, the last 
term of (2) is real, as is also the entire righ1>hand member (g 162). 
Hence, letting the numerator 

x(m + n)- a(m + n) + ib(m - n)= MX + N, 

we have the development 



/a^_J_ _B_ Mx + lf 



(3) 



By complete induction we can establish this form of numerator 
where there is any number of pairs of imaginary roots of ^(«) = 0. 
We have proved the form (3) where there is one pair of imagi- 
nary roots. Assuming the form where there are A pairs, we can 
prove it similarly where there axe i + 1 pairs. Hence we have the 

Theorem. If ^(x) is factorable into distinct linear and quad- 
ratic factors, hut the quadratic factors are not further reducible 
into real • factors, (hen - ^ is separable into partial fractions 
of the form ^^^' 

A , B 



3^ + fiX + V 

where 3? + fix -\- v is an irreducible quadratic factor of if> (x). 

This theorem is of course true only under the condition that 
the linear equations obtained in the process of determining the 
constants are solvable. It turns out, however, that in this case 
as in § 203 the linear equations obtained always have one and 
only one solution provided that the roots are all distinct, 

■A TealfaQtor is one vhou co«fflcleiitB are all real Dumbera. 
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Separate Into partial fracUono: 
1 J^+1 

SolDtkn: ABSiime = 

(I - 1) (i» + z + 1) I - 1 3? + I + 1 

MulUply 1)7 (I - 1) (ji + a: + 1), 

i' + l = ^(z' + a + l) + (Bz+ C){x- 1). 

Collecting like powers of z. 

Equating coefficientB of it, 





^ + B = 1, ( 




A - B + C = 0, ( 




A - C = 1. ( 


Add (2) and (8) and solve with (1), 




2A-B=1 




A + B=l 




3A = 2, 




A^\- . 


Substituting in (1), 


i + B - I, 




B = i- 


SubBtituUog In (8), 


i-c=i, 




C = -J. 


Thus =^ + ' 


2 ;.^I 


3(3! -1) 3ii:* + 8i + 3 


Checlit Letz = -1. 




2 
^' -2-1 


2 -2 
3.-2 + 3^3 + 3- 


Reducing, - 1 


= -|-h- 


„ a^ + i + l 


^ ^ + 1 


'^^ a:« + 4x ■ 


** + !» + 1 


1 ^ + * 


, 6x»-l 


x'-2j? + 3a;-2 


x* + ei» + 8 


6. ? 


7. ' 


(a; + 8)(2a;»-x-4) 


s' + 3ii'-2ii:-16 


8 '^■'"^ 


Hint. Faptor by synttietio dli 


BioD (see p, 178), 
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205. Development whea ^(x) = {x — a)". In this case the 
method given in the previous sections fails, as the equations for 
determining the values of the numerators are incompatible. If 

""" /w „..-.+„,^- + ... + ,... 

*>) («-«)■ ' ' 

we can separate into partial fractions as follows. 

Let X ~ a = !/, that is, x = y + a, and substitute in (1). We 
obtain after collecting powers of y 

where the ^'s are constants. Replacing y by a — a, we have the 
following development ; 

EXERCISES 
SepanW into partial fractions : 



Solatioa: Assume 



(a:-3)> x-3 (* - 3)» {x~S)^ 
Multiply by {x - 8)', 

3? + 2x-l=A{3?-9x + 9) + B{x-B) + C. 
Collecting powers of x, 

= A3f + (B-eA)x + SA-SB + c: 
Equating coefficients of x. 



-o 


/1 = 1, 




B-aA = 2, ■ 




9A-SB + C = -l. 


Solving, 


B = 8, C = U. 




j:» + 23:-1 1 8 




(X - 3)» x-3 {x-S 


Check: Let ; 


1 = 1. 


Subetitating 


■»<'>. ^=^+!-? 
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■ (2z-l)*' ■ {ax + bf " (8i-2)' 

206. General case. When <^(x) = has real, complex, and 

multiple roots, we may use all the previous methods simultane- 
ously. Hence for this case we assume the expansion 

/fe) 

(a;-<.)...(AH-,u! + »)-..(x-T)' 



Separate iota partial functions ; 

, x« + 2z' + 18z-18 



{x-l)(x'+it + l){x- 


2)' 


Solotioti: 




x* + 2j» + 18*-18 


A 



(x-\n^+x 


+ l)(i-2)" x-l is + i + l 1-2 


(«- 


2)« 






= A(x* + x + l){x-2Y + {Bx + C)lx 
+ D(x - l){x - 2)tz" + I + 1) 

+ e\x-\)(3?+X+\) 


-2)'W 


-1) 




-KX -i-8B-60z'-l-(-*B + 8C-D)Z 
■\-{iA-iC + 2D-E). 


Equating coefficients of like powers of i. 










4+ B + D =1, 






(1) 




-84-6B+ C-2D + B = 0, 






(2) 




.1 + 8B-6C =2, 






(3) 




-4B + 8C- D =18, 






{*) 




iji -4C + 2I>-E = -I8, 






(5) 


Addine (3 


and (5), (1) and (4), we liave, together witl 
^_5B-3C--18, 

J + 8B-6C = 2. 


(8), 




m 

(8) 
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Adding all thT«e equations, we find 

34 = 3, or 4 = 1. 
Substltatlngln(S)aud(T)andeo1viDg,neflnd C= 3,B = a. Substituting 
in (1), we find Z» = - 2. Similarly, from (6), E = 6. 

_ x* + 2i« + lBa;-18 _ 1 ^ 2i + 8 2 ^ 6 



(z-l)(a?+i 


+ !)(«- 


-2)« 


x-1 a? + a! + l 1-2 ■ 


Ch«ck; Letz = -1 








SabstituUng, 


-2-1 


^" 


-2 1 -8^.9 






V = 


21-1 = V- 








'S- 


4. =* + ' 






6X + 12 


, Si-t. + S 






„ 48a! -11 


(«■ + !)• 






80(>J-1) 


8. "-■ . 

(. + !)•(« + !) 






'■ .--le 






10 "» + ' 






11 •■ + «'-» 


(.■ -!)(. + !) 






.•-4. 


"■ (.-B)(i-») 






(■;■ + . + 3) (2. + 1) 


1, !.'-3.- 


8 




j5 2* + 2i»-8j; + 1 


(l-l)(:tf-2. 


+ S) 




(l + 3)(x»-4« + 6) 


le =»'-" 




18 -8a, 
l«--8< + 2)(i-8) 


(2a-3)(6a?- 


6a: + 1) 
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CHAPTEE XX 

LOGARITHHS 

207. Geaeralized powers. If h and c are integers, we can easily 
compute If. When c is not an integer but a fraction we can com- 
pute the value of b' to any desii'ed degree of accuracy. Thus if 
5 = 2, c ;= I, we have 2' = V2' = V8, .wliich we can find to any 
number of decimal places. If, however, the exponent is an irrar 
tional number as V2, we have shown no method of computing 
the expression. Since, however, V2 was seen (p. 55) to be the 
limit approached by the sequence of numbers 

1, 1.4, 1.41, 1.414, ■■, 

it turns out that 5^-' is the limit approached by the numbers 

6', 6'^ 6"*', 5'"*, ■■- 

The computation of such a number as 6'*' would be somewhat 
laborious, but could be performed, since 5' *' = S'" = "v5'". Thus 
it is a root of the equation a;"" = 5'", and could be found by 
Homei''s method, p. 197. 

We see in this particular ease that 5*'* is the limit approached 
by a sequence of numbers where the exponents are the successive 
approximations to V2 obtained by the process of extracting the 
square root. In a similar manner we could express the meaning 
of b", where t is a positive integer and e is any irrational number. 

Assumption. We assume that the laws of operation which we 
have adopted for rational exponents hold when the expOTi^nta are 
irrational. 

ThuB ii'^-6''=it'^ + '', ^ = 6'-'', (b^}'=mi=b'^, 

where c arnJ d nre any tiutuljers. rational or irrational. 
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208. Logarithms. We have just Been that when b and c are 
given a number a exists suoh that If = a. We now consider the 
case where a and h are given and e remains to be found. Let 
a = 8, 6 = 2. Then if 2' = 8, we see immediately that c = 3 satis- 
fies this equation. If ti = 16, 6 = 2, then 2° = 16 and c = 4 is the 
solution. If a = 10, 6 = 2, consider the equation 2" = 10. If we 
let c = 3, we see that 2' = 8. If we let c equal the next larger 
integer, 4, we see 2* = 16. If then any-number c exists such that 
2" = 10, it must evidently lie between 3 and 4. To prove the exist- 
ence of such a number is beyond the scope of this chapter, but 
we make the following 

Assumption. There always exists a real number x which 
satisfies the equation, 

i--«, (1) 

where a and b are positive numhers, provided b"^ 1. 

Since any real number is expressible approximately in terms of 
a decimal fi'action, this number x is so expressible. 

The power to which a given number called the base imiM he 
raised to equal a second number is called the logarithm, of the 
second number. 

In (1) X is the logarithm of a for the base b. 
This is abbreviated into 

X = log,«. (2) 

Tbua since 

2« = 8, 102 = 100, 3- S = I, 4" = i_ 
ire have 

a^logaS, 2=logiol00, — 2=log8l, O=log,l. 

The number a in (1) and (2) is called the antilogarithm. 



1. In tbe following name the base, the logarithm, and the antilogarithm 
ind write in form (2). 

(a) 8« = 739. 

Solution: 3 = base, 6 = logarithm, 739 = antilogarithm, logiT39 = 6. 

(b) 2* = 16. (c) 3' = 27. 
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2. Find the logarithms of the following numbers for the baae 3: 

81, 243, 1, 1, ^. 

3. For base 2 find logarithms of 8, 128, ^, ^;. 

4. What must the base be when the following equations are true ? 
(a) log49 = 2. {b) log8I = 4. 

(c> log 226 = 2 . (d) log 625 = 4. 

209. Operations on logarithms. By means of the law expressed 
in the Asstimption, § 20r,"we arrive at principles that have made 
the use of logarithms the most helpful aid in computations that 
is known. 

Theorem I. The logarithm of the product of two numbers is 
the sum of their logarithms. 

Let logs* =! X, 

log^c = y. 

Then by (1) and (2), p. 236, f>^ = a, 

b'' = c. . 
Multiply (by Assumption, § 207), 

or by (1) and (2), log a-c = x + y. 

Theorem II. Tlie logarithm of the nth power of a number is 
n times the logarithm of the number. 

Let ,log(a = 3!, 

or 6^ = a. 

liaise both aides to the mth power, 

{b')" = ^ = a", 
or logj a" = nx. 

EXAMPLB, logio ICMJ ^2, 

log,olO(W = 8. 
By Theorem I, logie 100,000 = 5, 

which is evidently true, since l(fi = 100,000. 
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Theorem IIL The logarithm of the quotient of two numbers 
is the difference betvxen the logarithms of the numbers. 
Let !(%« = «, 

Then b' = a, 

V> = e. 
Dividing, {^-»=^-, 

or \og-=^x-y. 

Theorem IV. The logarithm of tlie real nth root of a num- 
ber is the logarithm of the number divided by n. 

Let logt a = x, 

or b- = a. 

Extract the nth root, (S*)" = fi" = Vo, 
log,^=^. 



Given log,i)2 = . 801, logio5 = .6»e, log,o7 = .8451, find 

X. log (-v^ . V6).» 

Solotion: 

By Theorem I, log ( V7» - Vs) = log V^ + log V6. 
By Theorems HI and IV, = J log 7 -t- J log 5. 

Now f loK 7 = i (.8451) = .50706, 

ind i logs = 1 (.689) = .3485 

Adding, j log 7 + 1 log 6 = log ( VT» ■ V5) = .86668 

3. log 28. 

4. log 140. 5. log V280. 

6. log 4^ 7. log ( V8 . v^ . -^7). 

8. log(V5-7»)- 9- log(-i/l6.Vl4. -1/700). 

• Whcro no baae Jb written It Is iiSBiuaed Chat the base 10 la employed. 
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210. Common system of logarithms. For purposes of compu- 
tation 10 is taken as a base, and unless some other base is indi- 
cated we shall assume that such is the case for the rest of this 
chapter. We may write as follows the equations which show the 
numbers of which integers are the logarithms. 

Since 10' = 100,000 we have lc« 100,000 = 5. 



IC - 10,000 


log 10,000 =4. 


lO- = 1000 


log 1000 = 3. 


10' = 100 


log 100 = 2. 


10' = 10 


log 10 =1. 


10" =5 1 


logl =0. 


10-' = .1 


log.l _-l. 


10- ' = .01 


log .01 --2. 


10-' » .001 


log .001 --3. 



Assuming that as x becomes greater log x also becomes greater, 
we see that a number, for example, between 10 and 100 has a 
logarithm between 1 and 2. In fact the logarithm of any number 
not an exact power of 10 consists of a whole-number part and a 
decimal part. 



log .0023 — - 3. + a decimal. 

The whole-number part of the logarithm of a number is called 
the characteristic of the logarithm. 

The decimal part of the logarithm of a number is called the 
mantissa of the logarithm. 

The characteristic of the l(^arithm of any number may be seen 
from the above table, from which the following rules are imme- 
diately deduced. 

The characteristic of the logarithm of a number greater than unity 
is one less than the number of digits to the left of its decimal point, 

ThiiH the characleristlc al the logarithm of 471 is 2, since 4T1 is between 100 
and IpOO; of 27.63 is t, sioce this numbei' is between 10 and 100; of S064.2 is 3, 
since Qiia number a between 1000 and 10,000. 
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The characteTtatic of the logarithm of a number less than 1 
is OTIS greater negatively than the nuTnber of zeros preceding the 
first significant figure. 

Thus the characMrietic ot the logarithm ot .04 ia — 2; ot .D06T91 is —3; of 
.4791 U - 1. 

It muat constantly be kept in mind that the logarithm of a 
number leas than 1 conaiata of a negative integer as a character- 
istic plus a positive mantissa. To avoid complication it is desir- 
able always to add 10 to and subtract 10 from a logarithm when 
the characteristic ia negative. Thus, for instance, instead of writ- 
ing the I<^rithm — 3 + .4672 we write 10 — 3-1- .4672 — 10, or 
7.4672 — 10. This is convenient when for example we wish to 
divide a l«^rithm by 2, as by Theorem IV, § 209, we shall wish 
to do when we extract a square root. Since in the If^rithm 
— 3-1- .4672 the mantissa is positive, it would not be correct to 
divide — 3.4672 by 2, as we should confuse the positive and 
negative parts: This confusion is avoided if we use the form 
7.4672 - 10, and the result of division by 2 is 3.7336 - 5, or 
8.7336 — 10. The actual Ic^rithm which is the result of this 
division is - 2 -|- .7336. 

Theorem, Numbers with (he same significant figures which 
differ OTily in the position of their decimal points have the same 
mantissa. 

Consider for example the numbers 24.31 and 2431. 

Let lO' = 24.31. 

Then x = \q^ 24,31. 

If we multiply both numbers of this equation by 100, we have 
10*10' = 10^+' = 2431, 
or « + 2 = log 2431. 

Thus the logarithm of one number differs from that of the other 
merely in the characteristic. In general numbers with the same sig- 
nificant figures are identical except for multiples of 10. Hence their 
logarithms differ only by integers, leaving their mantissas the same. 

Thus H log4n20. = 4.e733, log 47. 12 = 1.6732, and log .0W713 = - 3.6732, or 
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EXERCISES 




If log 3 = .8010, 

1. logVeoo. 


logs 


= .4771, log 7 = 


.8461, find 




Sotatfon: logV500 = logVliO-80 = 

By the preceding theorem, log 20 = 

! log 20 = 

iloR30 = 

By 5 209, log VeOO = 


:llog20 + ilog80. 
1.8010, logSO = 1.4771- 
.6506 
.73S&e 
1.38905 


2. log .08. 
fi. log (4.2)*. 




3. !og(210)». 
6. log— ■ 


4, 

7. 


log 5.4. 



8. loa — 9. loe- — '- — 

^1.6 ^ 1.28 

211. Use of tables. A table of logarithms contains the man- 
tissas of the logarithms of all numhers of a certain number of 
significant figures. The table found later in this chapter gives 
immediately the mantissas for all numbers of three significant 
figures. In the next section a method is given for finding the 
mantissa for a number of four figures. Hence the table is called 
a four-place table. Before every mantissa in the table a decimal 
point is assumed to stand, but in order to save space it is not 
written. To find the logarithm of a number of three or fewer 
significant figures we apply the following 

BULE. Determine the characteristic by rules in § 210. 

FiTid in column JV the firat two significant figures of the num- 
ber. Hie mantissa required is in the row with these figures. 

Find at the top of the page tlie last figure of the number. 
The mantissa required is in the column with this fi^gure. 

When the first significant figure is 1 we may find the loga- 
rithm of any number of four figures by this rule from the table 
on pp. 248, 249 if we find the first three instead of the first two 
figures in column N. 
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Find the logarithms of the following : 




1. S. 


2. 808. 


3. .024. 


4. 847. 


5. .0388. 


6. 1.011. 


7. .202. 


8. .0020. 


9. .0001. 


ID. .00299. 


11. 68400. 


12. .0201. 



218. Interpolation. We find by the preceding rale that 
log 2440 = 3.3874, while log 2450 = 3.3892. If we seek the loga. 
rithm of a number between 2440 and 2450, say that of 2445, 
it would clearly be between 3.3874 and 3.3892. Since 2446 is just 
halfway between 2440 and 2450, we assume that its logarithm is 
halfway between the two logarithms. To find log 2445, then, v.-e 
look up log 2440 and log 2460, take half (or .5} their difEerence', 
and add this to the log 2440. This gives 

log 2445 = 3.3874 + .5 X 0018 = 3.3883. 
If we had to find log 2442 we should take not half the difference but 
two tenths of the difference between the logarithms of 2440 and 
2450, since 2442 is not halfway between them but two tenths of the 
way. This method is perfectly general, and we may always find the 
logarithm of a number of more than three figures by the following 

EULE. Annex to ike proper characteristic the mantissa of 
the first three significant figures. 

Mnltiply the difference between this mantissa- and the next 
larger mantissa in the table (called the tabular difference and 
denoted by D) hy the remaining figures of the number preceded 
by a decimal point. 

Add this product to the extremx, right of the logarithm of the 
first three figures, rejecting all decimal places beyond die fourth. 

Id this process o( iaterpolation we have assumed and used the principle that 
the lacrense of tbe logarithm is proportional to the iDcrease of the number. This 
foinclple is not strictly true, though for numberB whose flrat slgnlficaiit figure 
is greater than 1 the error is so small as Dot to appear in the fourth plaoe of the 
logarithm. For aumbers whose first significant ngnre is less than S this error 
would often appear if we found the fourth place by interpolation. For this reason 
the tahle on pp. 248, 249 gives the logariUima of all such numbers eiact to four 
figures, ami in this part of the table we do not need to interpolate at all. 
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Find the logaritbniB of the following ; 
1. 63.924. 



SolDtion: 


log 63.9 =1.8056 


Tabular dlffe 




log 63, 924 = 1.8057 




We add 2 to 1.8056 rather than 1, because 1.68 ie n 


earei 2 than 1. 


1 take the ueareat 


integer. 




2. 209.4. 


3. 1001. 


4. 62230. 


5. 392.8. 


6. 9.865. 


7. 20060. 


8. .428a 


», .3101, 


10, 0.099. 


11, 82.93. 


12. ,05273. 


13. 5.7828. 


14. .003011. 


15. .002166. 


16. 3.1416, 



17. 276,4 X 1.463. 

Solntton: log275.4 = 2.4399 \ag2JS-2.*m j 

log 1,463 = 0.1652 6 

Bj Theorem n, § 209, (log 275.4 x 1.468) = 2.6061 3.4399 

18. S74.8 X 1306, 19. 1.46 >: 287.2. 
20. 469.1 X 63.92. 21, 47330, x .8994, 

.03724 



22. 



8.46 



Solution; log.03724 = 8.5710- 10 
log 38.46 = 1,68130 



loBiB72"gJS70B-10 0= 12 



23, : 



,2364 



24, : 



5.128 



813. Antflogarittuns. We can now find the product or quotient 
of two numbers if we are able to find the number that corresponds 
to a given logarithm. 

For this process we have the following 

EuLE. If the mantissa is found exactly in the table, the first 
two fibres of the corresponding number are found in the column 
W of the same row, while the third figure of the number is found 
at the top of the column in which the mantissa is found. 

Place the decimal point so that the rules in § 210 are fulfilled. 
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Find the antilogaritliiDS of the follonlDg: 

1. a74i». 

Solntton: We And the raaDtisxa .7419 in the row which has 66 in col- 
umn N. The column in which .7410 is found has 2 at the l«p. Thus tlie 
significant figures of the antilogarlthm are 652. Siric« the characteristic is 3, 
we must by the tula in § 210 have four figures to the left of the point. 
Thus the number sought is 5620. 

2. 1.8874. 8. 2.706a 4. .6786. 
5. 2.8414." 6. 6.8881. 7. 1.5752. 
8.8.9112-10. 9.8.7261. 10.5.8997. 

If the mantiasa of the given logarithm is between two man- . 
tissaa in the table, we may find the antilogarithm by the following 

EULE. Wriie the number of three figures correspondiiig to the 
lesser of Ike two mantissas between which is the given mantissa. 

Subtract this mantissa from the given mantissa, and divide 
this number by the tabular difference to one decimal place. 

Annex this figure to the three already found, and place the 
decimal point as the rules in § 210 require. 

It should be kept in mind that we may always add and subtract 
any integer to a logarithm. This is useful in two cases : 

First. When we wish to subtract a larger logarithm from a 



Second. When we wish to divide a logarithm by an integer 
that is not exactly contained in the characteristic. 

Both these processes are illustrated in exercise 2 (1) following. 



1. Find the antilogarithms of the following; 

(a) 2.8469. ' y'tf 

SolDtioD : The mantiasa 8469 is betweeii'3464 and 3483. Hence D = 19. 

The mantissa 3464 corresponds to 2^ To find the fourthsignificant figure 
of the antilogarithm, divide 3460 -3^4 = 5by D= 19. Since 6 h- 1» =^6, 
we annex 8 to 222. Hence the antilogarithm = 222.3. 

» We write - 2 + .8414 In the form 2.8414 to save apace and at the Bame time to recall 
the lact that the mantiasa la positive. 
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b) 4.3147. (c) 1.^71. (d) 1.4210. 

e) 1,6428. (f) 2.8791. (g) .7214. 

\. Perform the following operations by logarithms. 
, 1376 X .00428 



76420 
Adding (Tbeore 



log 1375= 8.1383 

log .06428= 8.'8077- 



10 



a I, g 209), 

log 76420 = 4.6832 

Subtracting (Theorem in, § 209), log result = 7.0lb!8 - 10 

result = .001166, 

(bl (li)'. (c) <|SJf)'- (d) 6871 ^ 9808. 

(e) (H)'- m mi)"'- is) 'MS * MOl. 



(h) 8808 X .0003789. 
,., 8.871 X 884.6 



(i) 3410 X .008768, 
„, 37.42 X 11.21 



o^^ 



By Theorem IV, § 209, 
Adding, 



By Theorem III, § 209, 



log 87 = 
log 7 194 = 



3 )25,5764 - 30 
log result = 8.6261 - 10 



Since in the subtraction In this problem we have to subtract 7 from 8, 
ie add and subtract 10 to the minuend to avoid a negative logarithm. Since 



< would have a remainder in dividing — 10 by 3, we 
that 3 may be exactly contained in 80, the negative 



in the division by 8 w 
add and subtract 20 at 
part of the logarithm. 

(m) ^. (n) V:06. 

(p) 'i/i. (q) (.21)1. 

(b) ^M. (t) vloo. 

(v) -^.00614. (w) Vm- 

<7) -^- VifJ. 

214. Cologarithms. The logarithm of the reciprocal of a num- 
ber is called its cologarithm. When a computation is to be made 
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in which several numbers occur in the denominator of a fraction, 
the Bubtraction of logarithms is conveniently avoided by the use 
of col<^;arithmB. By our definition we have 

colog 25 = log gij = 1(^ 1 - log 25, Theorem III, § 209 
log 1 = 10. - 10 

1<^ 26 = 1.3979 
colog 25= 8.6021-10 
Thus in dividing a number by 25 we may subtract the logarithm 
of 25, or what amounts to the same thing, add the logarithm of 
^; which is by definition the coli^arithm of 25. 

Rule. The cologaritkm of any number is found by subtract- 
ijtg its logarithm from 10 — 10. 

In the process of division subtracting the logarithm of a num- 
ber and adding its cologarithm are equivalent operations. 



Compute, using cologarithms. 



log62.T3= 1.7675 

log.062= 8.7160-10 

col<^56= 8,2518^10 

colog 8.793 = )I.05G9-10 



2. HlVJf- 



4. ■v'38.40» - 16.38". 
g 608t( (.0008788)* 
8802 (.001884)* ' 



693 X .04682 



VVWx .045 -(200, 1)1 



3. V167" - 873. 

Hint. 157' - 872 = (157 + 87) (lOT- 87) 
= (244) (70). 



10. ^P 



(76)! 
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215. Change of base. We have seen that the logarithm of a 
number for the base 10 may be found to four decimal plaees in 
our tables. It is occasionally necessaiy to lind the logarithm of a 
number for a base different from 10. For the sake of generality, 
we assume that the Ic^arithms of all numbers for a base 6 are 
computed. We seek a means of finding the logarithm of any 
number, as x, for the base c; that is, we seek to express li^jj: in 
terms of logaiithms for the base h. 

Suppose log,.a; = «, that is, c" = i. 

Take the logarithm of this equation for the base h, and we have 

It^jC" = z logjc = \(^x. 

Then , = .^. 

If we let M = logjc, 

„u™ .-!!K. (1). 

This number M does not depend on the particular mimber x, 
but only on the two bases. From (1) we see that we can find the 
logarithm of any number for the base c by dividing its li^arithm 
for the base b by M. The number .1/ is called the modulus of the 
new system with respect to the original one. 



EULE. Tojind 


the logarithm of a number foi 


■ a ne\ 


divide the common 


logariik 


m by the modulus 


of the St/Stt 


base is c. 










Find: 




EXERCISES 






1. log, 21. 
Solution: logg21 = 


log,o2I 
logos' 


i^ = 2.771. 
.4771 






2. logee. 


3. 


log, 15. 


4. 


log,(2 


5. logs 167. 


6. 


log,a237. 


7. 


log,.,. 
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If. 





X 


2 


3 


4 


S 


6 


7 


8 


9 


100 


0000 


0001 


0009 


0013 


0017 


0022 


0026 


0030 


00:« 

0120 
0162 


oa39 


101 
103 

103 


0086 
0138 


0133 


0137 


0141 


0103 
0145 


0065 
0107 
0149 


0154 


0138 


0134 
0166 


10* 
105 

loe 


0170 

0212 
0253 


017S 
0216 

02S7 


0179 
0220 
0261 


0183 
0224 

0265 


0187 
0228 
0269 


0191 

0273 


0195 
0237 
0278 


0199 
0241 

0282 


0204 
0245 


0306 
0349 

0290 


lOT 
108 

10» 


0294 

0334 
0374 


0298 
0378 


0302 
0342 

0382 


0306 
a-t86 


0310 
0350 

0390 


0314 
0354 
0;!94 


0318 
0398 


0322 

aie2 

0102 


0326 
0366 
O406 


0330 

0370 
OttO 


110 


~m3~ 

0492 
0»31 


0422 


0513 
0550 








111 

112 
U3 


0457 
0496 
0535 


0461 
0500 
0538 


W65 
0504 


(M69 
0508 


0477 
0515 
0554 


0481 
M19 


01S4 
0523 
0661 


0488 
0537 
0565 


114 

lis 


oueo 

0607 
0645 


0673 

oaii 

0648 


0577 
0615 
0652 


0580 
0618 


0584 

0622 


0626 
0663 


0592 
0630 
0667 


0596 

0633 
0671 


0599 
0637 
0674 


0603 

0641 
0678 


IIT 
118 
119 


0682 
0719 
075B 


0686 

0722 
0759 


0689 
0736 
0763 

"083,'S 
0871 
0906 


0693 
0^66 


0897 
0734 


0700 

mm 

0774 

osio 

0846 
0881 
0917 


07« 

0741 
0777 


0706 
0745 


0711 
0748 
0785 


0715 
0753 
0788 


ISO 


0792 


0795 


"0839" 
0910 


0806 
0S42 
0878 
0913 


0813 


0817 


0821 


0824 


121 
122 
123 


0864 
0699 


0831 
0867 


0885 
0920 


0888 
0924 


0892 
0937 


0896 


124 
13B 
126 


0934 
0969 
1004 


0938 
0973 
1007 


0941 
0976 
1011 


0945 
0980 
1014 


0948 
0983 
1017 


0953 
0986 
1031 


09ii5 
0990 
1024' 


0959 
0993 
1038 


0982 
0997 
1031 


0966 
1000 
1036 


127 
128 
129 


1038 
1072 

1106 


1041 
1075 
1109 


1045 
1079 
1113 


1048 
1116 


1052 
1119 


1055 
1089 

1123 
11.-S6 


1059 

1093 


1096 
1139 


1065 
1099 
1133 


1069 
1103 
1136 














1159 






1169 


l^ 


1206 
1239 


1209 
1243 


s 


1183 
1216 
1248 


1219 
1292 


1222 
1255 


1225 
1258 


1196 
1229 


1233 
1265 


1236 
1268 


134 
135 
136 


1271 
1303 
1335 


1274 
1307 
1339 


1278 
1310 
1342 


1281 
1313 
134S 


1284 
1316 
1348 


1287 
1319 
1351 


1290 
1323 
135.'5 


1294 
1336 


1297 
1329 
1361 


1300 
1332 
1364 


137 
138 
139 


1399 
1430 


1370 
1403 
M33 


1374 
1405 
1436 


1408 
1440 


1380 
1411 

1443 


1414 
1446 


1418 
1449 


1389 
1431 
1463 


1393 
1424 
1455 


1396 
1437 

1468 


ito 




1464 












15« 
1575 






141 
142 


1493 
1523 


1495 
1526 


1498 
1529 


1501 
1532 
1B62 


15(M 
1535 


1608 
1538 

1569 


1511 
1541 

1572 


1517 
1947 
1678 


1520 
1960 
1981 


144 
146 


1584 
1614 
1644 


1587 
1617 


1590 
1620 


1593 
1623 
1652 


1596 
1626 
1656 


1599 
1629 
1658 


1602 
1632 


1605 

1635 
1664 


1608 
1638 
1667 


1611 
1611 
1070 


147 
148 


1673 

1703 


1B76 
1706 
1735 


1679 
1708 
1738 


1682 
1711 
1741 


1685 
1714 
1744 


1688 
1717 
1746 


1691 
1720 
1749 


1694 
1723 
1752 


1697 
1726 
175.> 


1700 

1729 
1758 


ISO 


1761 


1764 


1767 


1770 


1772 


1775 


1778 


1781 


17H4 


1787 


N. 





1 


2 


3 


4 


5 


6 


7 


8 


9 
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w. 





1 


2 


3 


4 


3 


6 


7 


8 


9 


ISO 


1761 


1764 


1767 


1770 


1773 


1T76 


1778 


1781 


1784 


1787 


lai 

152 

163 


1790 
1818 


1821 

1850 


1796 
1824 
1853 


1827 


1830 
1858 


1804 
1833 
1861 


1807 
1836 
1864 


1810 
1838 
1867 


1870 


1816 
1844 

1873 


IH 
156 


1875 
1903 


1878 
1906 
193* 


1881 
J909 


1884 
1912 
1940 


1886 
1916 
1943 


1889 
1917 

1945 


1892 
1920 
1948 


1895 
1923 
1951 


1898 
1926 
1953 


1901 

1928 
1956 


1S7 

159 


1969 
198T 
20U 
2041 
^068" 
309B 
2122 


1963 
2017 

2071 
2098 
213S 


1965 
1992 
2019 
"J047~ 

2101 

2127 


1!BT 
2022 


1970 

2025 
^123 

2106 
3133 


1973 
2000 
2028 
-2055- 


1976 

2003 

"2057" 

2ur 

3138 


1978 
2006 
2033 
2060 

2114 
2140 


1981 
3009 
2036 


1984 
Mil 

2a» 




~20r6" 
3103 
2130 




31)66 


lfi3 
163 


2109 
2135 


3090 
2117 
2143 


2092 
2119 
2146 


164 
165 

166 


2148 

2178 
2201 


21H1 
2177 
2204 


2164 

2180 
3206 


2166 

,2183 
2209 


2169 
2185 
2213 


2162 
2188 
2214 


2164 

2191 
2217 


2167 
2193 
2219 


2170 
2196 
2222 


2172 

3198 
2225 


167 
168 


2227 
2279 


2256 
2981 


2258 
2284 


2261 
2287 


2283 
2289 


2240 
2266 
2292 


2343 
2269 
2294 


2246 
2271 
2297 


2348 
2274 
2299 


2251 
2276 
2:103 


170 








"2340" 
2366 
2390 






"2348" 
2373 
2398 


2325 


2327 


m 

173 
173 


2350 
2380 


2333 
2383 


2335 
3360 
2385 


s 


2;M3 
2368 
2393 


2370 
2396 


2370 


2403 


17* 

175 
176 


2406 
3430 
2455 


2408 
2433 
2458 


2410 
2435 
2460 


2413 
2438 
2463 


2415 
2440 
3466 


2418 
3443 


2420 
2446 
2470 


2423 
2448 

2412 


2426 
950 
2475 


2428 
2453 

2477 


177 
178 
179 


2490 

2im 


2482 
2531 


2485 
2509 


2487 
2536 
""2560" 


2490 


2492 
2516 
2541 


2494 
2519 

25*3 


2497 
2621 


3499 
2548 


2902 
2550 


ISO 


2553 


2BB,^ 


26H8 


2562 


2565 




2^0 


2572 


2,174 


181 
183 
183 


2eoi 

3625 


2803 

3627 


2605 


2584 
2608 
3633 


3610 

2634 


3613 
3636 


3616 
2639 


2617 
2641 


2596 
2620 
2643 


2598 
2622 
2646 


184 
185 
186 


2648 
2896 


2674 
2897 


2676 
3700 


2879 
2703 


2658 
2681 
2704 


3707 


2663 
2686 
2709 


2665 
2711 


:»90 
2714 


2669 
269;i 
2716 


187 

188 
189 


3718 
2T42 
2765 


2721 
2744 
2767 


2723 
2746 
2769 


2T2S 
2749 
2772 


2728 
2751 
2774 


2730 
2753 
3776 


27.'i2 
2766 
2778 


2758 
2781 


2760 
2783 


2739 
2762 
2785 






2790 










2801 




2806 


2808 


101 

192 
193 


2810 
2833 
2856 


2813 
2335 


281B 
3860 


2840 


2842 


2823 
2844 
3867 


2847 
2869 


2849 
2871 


2851 
3874 


2876 


194 
196 
196 


2878 
2900 


2880 
2903 
2925 


3882 
2906 
2927 


2885 
3907 
2929 


3887 
2909 
2931 


2911 
2934 


2891 

3914 
2936 


2894 
2916 

2938 


3896 
2918 
2940 


28'« 
2942 


197 
198 
199 


2940 
2967 
2989 


2947 
2969 
2991 


2949 
2971 


2961 
2973 
2995 


3953 
2997 


2999 


2968 
3980 
3003 


2960 
2982 
3004 


3962 
2984 
3006 


2964 
2986 
3008 




3010 














3025 






W. 





1 


2 


3 


4 


3 


6 


7 


8 


9 
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N. 





1 


2 


3 


4 


S 


6 


7 


8 


9 


W 


3010 

3222 
3*2* 
381T 


a032 


3054 


3075 


3096 


3118 


3139 


3160 


3181 


3201 


21 
22 
23 


.1444 


:!2«3 
3404 

3656 


3284 
3483 
3674 


3.103 


3532 
3711 


3;t45 
3.141 
3729 


3363 
3560 
3747 


s 

3766 


3598 
3784 


21 

2U 


3802 
3979 


:i997 


.■»38 
4014 


4o;n 

4200 


3874 
4048 
4216 


.3893 
4066 
4232 


.1909 
4083 


3927 
4099 
4260 


3945 
4116 


4133 
4208 


27 
28 

2B 


4314 
44T2 
4624 


4330 
4487 


4,W2 


4362 
4618 
4669 


4378 
4533 

4683 
4H21I 


4393 
4548 


4409 
4713 


4423 

4579 
4728 


4440 
4594 
4743 


4466 
4757 






4786 


4800 


4814 


484:1 


4857 


4871 


488»i 




31 
32 
33 


5001 
5185 


6198 


5211 


4956 
5234 


6337 




5133 
5263, 


5276 


5169 
5289 


5173 
5302 


34 
3S 
36 


S315 

6B63 


5328 
567S 


5340 
5587 


6353 
5699 


6366 
6611 


5378 


5391 
5614 

6635 


5403 
6537 
6647 


6416 

65.T9 
5658 


6428 
5551 

5670 


3T 

38 
39 


5911 


5694 


5705 
.■5933 


5717 


6729 
5843 
5955 
6064 


6740 
e076~ 


5752 
5977 


6763 
5988 


5999 


6786 
6899 
6010 


40 














6117 


42 
43 


6336 


6243 
6345 


6149 
6253 
6355 


6263 
6365 


6274 
6375 


6384 
6385 


6191 

62W 
6395 


6201 
6304 
M06 


6314 
6416 


6233 
6325 
6*25 


45 

46 


6*36 
653S 


6444 
6542 
6637 


ft454 
6,151 
6646 


6464' 
6361 


6474 
6571 
6665 


e4M 
6580 
0675 


6493 
0590 
06S4 


6503 
6093 


6613 
8609 
6703 


6632 
6618 
6712 


47 
48 
49 


6721 
r>812 
6B02 


6730 

6821 
6911 


6739 
6830 
6920 


6839 
G928 


6848 
61l:l7 


6767 
68,17 
6!«6 


6866 
6955 


6785 
6876 
6964 


6794 
6884 
6»72 


6803 

6893 
6981 






6998 


7177 
7259 






703:t 




7060 


7069 


7067 


51 
S2 

03 


7076 
7160 
72*3 


7084 
7168 
7251 


7185 
7267 


7110 
7193 
7276 


7118 
7202 
7284 


7128 
7210 
7292 


7218 
7300 


7143 
7236 
7308 


7235 
7316 


M 
55 

S6 


7324 

7482 


7332 
7412 
7490 


7340 
7419 
7497 


7348 
7427 
7505 


7356. 
7436 
7613 


7364 
7443 
7520 


7372 
7461 
7528 


7380 
7459 
7636 


7388 
7466 
7543 


7396 
7474 
7651 


67 
08 

fie 


75SB 
7634 

7709 


7566 
7642 
7716 


7B74 
7649 
7723 


7582 
7657 
7731 


7589 
7664 
7738 


7597 
7673 
7745 


76(M 
7679 
7752 


7612 
7686 
7760 


7619 
769* 
7767 


7627 
7774 


60 


7783 


7789 


7796 


7803 


7810 


7818 


7825 


7832. 


7839 


7846 


61 
63 
63 


7924 
7993 


7931 
8000 


7938 
8007 


7876 
79*6 
8014 


7952 
8021 


79.19 
8028 


8035 


7973 
8041 


7910 
8048 


7987 
80B6 


64 
65 


8062 
8195 


8069 
8202 


8075 
8143 
820B 


8082 
8149 
8215 


8089 
8156 
8222 


8090 
8163 
8228 


8103 
8235 


8109 
8176 
8241 


8116 
8248 


8123 
8189 
8264 


67 - 


8261 
8a25 


8267 
8395 


8374 
^840J_ 


8280 
8344 
8407 
8470 


8:»i 

8414 


8293 
8420 
84Sir 


8299 
836;{ 
8426 
"M88- 


8306 

84:i3 


a313 
8376 
8439 
-8500" 


8319 
8*46 






8457 




8506 


N. 





X 


2 


3 


4 


3 


6 


1 


s 


9 



^,,Goo^^[c 



8613 
8573 
8633 



am 

9345 



9112 
9165 
921T 



9TB4 

9800 
•9845 



216. Exponential equations. Equations in whicli the vaiiable 
occurs only in the exponents may often be solved, by the use of 
tables of logarithms if one keeps in mind the fact that 
log a'=:xlog a. 



Solve the following ; 
1. 10^-' = 4. 

Solution : Taking the logarithm of both aides of the equation, ^ 
(3;-l)logl0=log4, 
)r since log 10 =^ 1, i = logJ + 1 = .0021 + 1 = 1.6021. 
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2. 4'-3» = 8, 
^■»' = 9. 
Stintien: Taking the logaridims of the equatjons, we have 

ielog< + yl<«8 = log8, 

ilog2 4- vlog8 = l<«9, 

IT x21og2 + v1og3 = 31og2, 

xlog2 4- v31og2 = 21og8. 

Elimioate x. 

z2log2 + ylog3 = 81og2 

a21oK2 + v61o);2 = 41ogS 

V(log3 -0log2) = 8log2-41ag8 
_ 3 logg - 4 logS _ S X .8010 - 4 X .4771 
""^ Iog8-«log2 .4771- 6 X. 3010 

_ .9030 - 1.8084 _ -1.0034 _ 1.0034 
.4771 - 1.8060 ~ - 1.8289 ~ 1.82B9' 
Perform thla division by logarithms. 

\<^ 1.0064 = 10.0023 - 10 
log 1.3288= .1235 

log»= 9.8788-10 
y= .7566. 
Substituting in (1), 

a! = 81og2-.7S66log3 _ .8080-.7666x ,4771 
21og2 ~ .6020 

Compute .7566 x .4771 bj logarithms. 

log .7665= 9.8788-10 
log .4771 = 8,8786 - 10 



log result=18, 6574-20 




result = ,8609. 




.9080 - .3609 .5421 




.6020 .6020 




log.6421 = 19.7341 -20 




log.6020= 0.7796-10 




logj= 9,9546 -10 




X = .8006. 




4. 4r = 8. 


5. 7« + "=5. 


7. 4--' = &>+'. 


8. 2"+»_6«-» 
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4^ ■ Of = iatwuu. ■^'ftSJTi - VP^^' = ft". 

217. Compound interest. If $1500 is at the yearly interest 
of S^e, the total interest for a year ia $1500 ■ (0.03) = $45, The 
total sum invested at the end of a year would be $1545. 
Let, in general, P represent a sum of money in dollars. 
Let r represent a yearly rate of interest. 
Then Pr represents the yearly interest on P, and 
P + P-r = P(r + l) 
represents the total investment, principal and interest, at the 
end of a year. 

Similarly, P(r + l)r is the second year's interest, and 
P{r + l)r + P(r + 1) = P(r» + r + r + 1)= P(r + If 
ia the total investment at the end of two years. 

In general, A=P(r + iy (1) 

is the total accuinulation at the end of n years. If we know r, P, 
and M, we can by (i) find -4. If we take the logarithm of both 
sides of the equation, we have 

log^=logP + nlog(r + l), 



(2) 



log(r + 1) 

Hence if we know A, P, and r, we can find n. 
If the interest is computed semiannually, we have as interest 
at the end of a half-year P'^i while the entire sum would be 
P (- + 1 J, Reasoning as above, we find that if the interest is com- 
puted semiannually, the accumulation at the end of n years is 

-l = i.(| + l)'". (S) 

Similarly, «= log ^- log P . ^^^ 
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If the interest ia computed k times a year, we have at the end 
of n years 



In such exercises bb the following, four-place tables are not sufGciently 
exact lo obtain perfect accuracy. In general, the longer the term of years 
and the more frequent the compouniling of interest, the greaterthe inaccuracy. 



Sotntion : By f ormnta (3), J 
P = IflOO, 1 



4^')'- 



="" ^ = .80o(f + i)"=.iaoo(jL + i)"=iMoQ". 



tog 1600= 3.2041 

28iog407 = 67.8490 

71.0687 

26 log 400 = CT.6546 

log.^= 3.3U0I 



2. After how long will $000 at 0% computed annually a: 
Solution:' By formula (2) we have 

_lo g^~logP 
lo5(r+l) 
A = 1000, P - 600, r = .06. 
_ loglOOO-logOOO _ 3 - 2.7782 _ .2316 
" ~ log 1.06 ~ .02(->S ~ .0253 ~ 

.13 year = .12- 12 = 1.44 months. 
.44 month = .44 • 30 = 13.20 days. 
Thus n = S years 1 month 13.2 days. 
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In the following esercises the interest ia compnt«d annually unless the 
contrary is stated. 

3. To what will 53750 amount In 20 jeatB if left at 5% interest ? 

4. To what sum will $26,800 amount in 10 years if left at 5% interest 
computed semiannually? 

5. To wliat does $1000 amount in 10 years if left at 6% interest computed 
(1) annuaOy, (2) semi annually, (3) quarterly, (4) monthly? 

6. A Bum of money is left 22 years at i% and amounts to 817,000. How 
much was originally put at interest ? 

7. What sum of money left at i\% for 30 yeare amounts to ?80,000 ? 

8. What Rum of money left 10 years at i^% amounts to the same sum as 
$8549 left 7 years at 5% ? 

9. If a man left a certain sum II years at *%, it would amount to $97 less 
than if he liad left the same sum 9 years at 5%. What was Uie sum ? 

10. Which yields more, a sum left 10 years at 4% or 4 years at 10% ? 
What is the difference for flOOO? 

11. Two sums of money, 825,705 in all, are left 20 years at 43%. The 
difference in thesums to whicli they amount is 814,000. Whatwere the sums? 

12. At whatper cent interest must 815,000 l)e left in order to amount to 
8*10,000 in 32 years? 

13. At wliat per cent mnst $3333 be left so tliat in 24 years it will 
amount t« $10,000 ? 

14. Two sums of which the second is double the first but is left at 2% less 
interest amount in SOJ years to equal sums. At what per cent interest was 
each left ? 

15. In how many yeais will a sum double if left at 5% interest ? 

16. In how many years will a sum double if left at 0% interest computed 
semiannually ? 

17. Ill how many years will a sum amount to ten times Itself if left at 
4% interest ? 

IB. In how many years will 817,000 left at 4J% interest amount to the 
same as $7000 left at &l% for 20 years? 

19. On July 1, 1850, the sum of $1000 was left at 4J% interest. When 
paid back it amounted to .$2222. When did this occur ? 

20. Prove formulas (1), (3), and (5) by complete iuductlori. 
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CHAPTER XXI 
CONTINUED FRACTIONS 
318. Definitions. A fraction in the form 



{/ + ■•; 
where a, d, - - - , 7, - - - are real numbers, is called a contlnned fraction. 
We shall consider only those continued fractions in which the 
nnmerators i, d, /, etc., are equal to unity and in which the 
letters represent integers, as for example 

«i H , written «, -| — — 



When the number of quotients a^, a,, n,, ■ ■ ■ is finite the frac- 
tion is said to be terminating. When the fraction is not terminat- 
ing it is Infinite. We shall see that the character of the numbers 
represented by terminating fractions differs widely from that of 
the numbers represented by infinite continued fractions. We shall 
find, in fact, that any root of a linear equation in one variable, 
i.e. any rational number, may be r^resented by a terminating 
continued fraction, and conversely; fuiihermore, that any real 
irrational root of a quadratic equation may be represented by the 
simplest type of infinite continued fractions, and conversely. 

219. Terminating continued fractions. If we have a terminat- 
ing continued fraction, where «[, a,, ■ ■■ ai'e integera, it is evident 
that by reducing to its simplest form we obtain a i-ational num- 
ber. The converse is also true, as we can prove in the following 
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Theorem. Ant/ rational number may be expressed as a ter- 
■minating fraction. 

Let -J represent a rational number. Divide a by h, and let a, 
be the quotient and c (which must be less than 6) the remainder. 
Then (§ 26) ^ 

Divide b by c, letting a^ be the quotient and rf (-which must be 
less than c) the remainder. Then 



Continuing this process, the maximum limit of the remainders 
in the successive divisions becomes smaller as we go on, until 
finally the remainder is zero. Hence the fraction is terminating. 
It is noted that the successive qtiotients ai'C the denominators in 
the continued fraction. 



1, Convert tlie following iuto continued fractions 

{») M. 

Solution: 247|77|0 

77J247|3 
281 
1«J77[4 
C4 

13|I6[1 
13 ■ 
3J13[4 
12 
1)313 


Tbe continued fraction is 

7r_^l 1111 
247 "3 + 1 + 1 + 4 + 3' 
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mti- 


(c) JW. 






m «♦■ 


(•) m- 


(f) IH- 






•(8)iVA- 


(t) HS|. 


(1) HI. 






U)«if 


2. Express the following continued fractions a 


sintegeie. 


<.h 


-"1 + r 






«"'i + l 


'ii' , , , 


<"i+i+ 


5- 




Wi + i + S 


*^' 2 + 4 + 2 + 4 + 2 




W 


1+2+8+1+2+3' 



330, Conver gents. The value obtained by taking only the first 
m — 1 quotients in a continued fraction is called the nth convergent 
of the fraction. 

ThnB in tbe traction 

a+3+2+B 
1 18 the fitBt convergent, 
1 + - = - Is the second convergent, 



il» called tl 

In the continued fraction 

.,+i i i i 

»! + Os + «! + de H 

let —, —■—,-■■ represent the succeasive conveigents expressed 

li p 9, '^ 

Bs rational fractions. 

Then for the first convergent we have 



ttj = — , 01' j*i = «[, qi = 1. 



itized by Google 



CONTINUED FRACTIONS 

For the second convergent we have 

«( H — = — ^— ^ = ~ J or ^1 = Ottii + 1 =5 otPi + 1, 

(?» = «» = «a2i- 
For the third convergent we have, 

u +— =a + ^* = °a("'°' + ^) + ^' = P» 

' aj + 1 Ogftj + 1 «,«, + 1 2, 

)r p3 = a^(asai + 1) + Oi =i 0,7*5 +i>i, 

93 = "a"* + 1 = ffsjs + qi- 
This indicates that the form of the reth convei^nt is 



?. -",!?— i + J.-j 

This is in fact the case, as we proceed to show by complete 
induction. 

We have already established form (1) for n = 2 and n = 3, ■ 
We assume it for n = m, and will show that its vaHdity for 
n = m + 1 follows. The (m + l)th convergent differs from the 

mth only in the fact that «„ H appears in the continued 

fraction in place of a^. In (1) replace n by m, and a, by 
a„H > and we have 






which is form (1). 
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1. EipreHB the loilowlng as continued fractions, and find the convergents. 
SolDtloii; By the method already explained, we find tliat 



41 1 + 2+1 + 2 + 1 + a 
Here Oi = 0, U] = 1, oj = 2, a, = 1, a( = 2, oj = 1, flv = 2. 
The first convergent m evidently 0, the second is 1, and the third u 



Th, Mth «,»«,!.« I. ?! = "!^t±S! = l±tl , 1. 
ti asg, + 9, 2.4 + 3 11 

The .Mh o<,n,.^nt 1. ?! - "^-'iiH! = ' » + ' = H. 
91 On?! + 9* !■ U + 4 16 



The seventti c 



Pj _ <nps + Pt _ 



r« + gii 2 15 + 11 41 
(b) ,Vj- (e) ii- (d) ^p (e) t'A- (*) «?■ 

(g) !%■ ^ (h) MS- (I) M- tJ) ,Wf 

2. Find the value of tlie following by finding the miccessive convetgents. 
11111 11111 

2 + 1 + 2+1 + 2' ^'8 + 2 + 3 + 2 + 3' 

.,111111 ,d» ^ 1 1 1 1 1 

''3 + 8+1 + 1 + 8 + 2' ^'3 + 3 + 3 + 3 + 3 + 3' 

1 1 1 I 1 



1+3+5+6+8 



' * mi 



+ X + X 



221. Recurring continued fractions. We have seen that every 
terminating continued fraction represents a rational number, and 
conversely. We now discuss the character of the numbers repre- 
sented by the simplest infinite continued fractions. A recurring 
continued fraction is one in which from a certain point on a 
group of denominators is repeated in the same order. 
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That a repeating continued fraction actually represents a num- 
ber we shall establish in § 223. Unless this fact is proven, one 
runs the risk of dealing with symbols which have no meaning. 
If for certain continued fractions the successive convergents 
increase without limit, or take on erratic values that approach no 
limit, it is important to discover the fact. All the fractions tluLt 
we discuss actually represent numbers, as we shall see. 

We shall consider only continued fractions in which every 
denominator has a positive sign. 

Theorem. Every recurring continiied fraction is the root of a 

quadratic equation. 

T . r ■ . 111111 

Let, for instance, x = - -: - - -j - ■■■. 
a+o+c+a+b+c+ 

Evidently the part of the fraction after the first denominator e 

may be represented by x, and we have thus virtually the termi-- 

nating fraction 

^ 111 



The second convergent is -■ 
The third convergent is 

ab + 1 sa 
The fourth conTergent, or x, gives us 

_P4 atPs + Vt (c + a;) 5 + 1 

~ qt~ «.9j + Sa " (" + «) {ab + 1) + 
Simplifying, we get 

{ab + 1)3:* + [<;(«& + 1) + a - 6]x - Sfl - : 
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which is a quadratic equation vrhose root is x, the value of the 
continued fraction. 

Since this equation has a negatire number for its constant term 
it has one positive and one negative root. The continued fraction 
must represent the positive root, since we assume that the letters 
a, b, c represent positive integers. The quadratic equation whose 
root is a recurring continued fraction with positive denomina- 
tors will always have one positive and one negative root. The 
equation will be quadratic, however, whatever the signs of the 
denominators may be. 

The proof may be extended to the case where there are any 
number of recurring denominators or any number of denominators 
before the recurrence sets in. Since every real irrational root 
of a quadratic equation is a surd, our result is equivalent to the 
statement that every recurring continued fraction may be expressed 
as a surd. 



1.1 1 1 1 .... 

2+3+2+3+ 




Solntton: Leti = l - . 

2 + 3 + z 




Then X ^ 1 ^-^'^ 




^^ '^ 2 + 1^^ 6 + 2X+1' 




2a« + 6a-8 = 0. 




Solving this equation, we get 




-S+vl6 

XI = ? or 3^ = - 


-8-Vi6 



Since xt ia negative, Xi must be the surd that la represented by the con- 
tinued, ftaction. 

Th» 5 111 ....-» + ^. 

2+3+2+S+ 2 

„1111 sllll 

'1+2 + 1 + 2 + '"' ' 3 + 2 + 8 + 2 + " '■ 
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111111 kllll 

1+2+8+1+2+8+"" ■3+1+8+1+" 

.1111. 7 „ . 1 1 1 .. 

8+4+6+ 

1 1 



8. 1-f 

^3+4+3+4+ 

9.1+1 1 1 1 1 1 ., 

1+2+8+1+2+8+ 



1111 



10. - 

2+ 1+2+2+1+2+ 

332. Expression of a surd as a recurring continued fraction. 

This ia the converse of the problem discussed in the last sec- 
tion, and shows that recurring continued fractions and quadratic 
equations are related in the saine intimate way that terminat- 
ing fractions and rational numbers (i.e. the roots of linear equa- 
tions) are connected. "We seek to express an irrational number, 
as, for instance, V2, as a continued fraction. This we may do 
as follows. 

Since 1 is the largest integer in VS we may write 

^^ = l+(V2-l) = H- <^^-') . 

Rationalizing the numerator, we have 

V2-l + ^J 

V2 + I 

Since 2 is the largest integer in V2 + 1 we liave 
V2 = l + 



2 + (V2-l) '^„, (V5-1) 



Rationalizing the numerator V2 — 1, we have 

V2=l+^ 1 =1+1,1 

'■^VTrt ^ + 2+(V2-l) 
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By continuing this process we continually get the denomi- 
nator 2. Thus 1 1 

This process consists of the successive application of two opeia- 
tions, and affords the 

EuLE. Express the surd as (he m-Tn of two numbers the first 

of which M the largest integer that it contains. 

Rationalize the numerator of the fraction whose numerator is 
the second of these numbers. Repeat these operations until a 
recurrence of denominators is observed. 

This process may be applied to any surd, and a continued frac- 
tion which is recurring will always be obtained. We shall con- 
tent ourselves with a statement of this fact without proof. 

If the surd is of the form ti — vft, a continued fraction may be 
derived for + Vfi and its sign changed. Since the real roots of 
any quadratic eqiiation a;' + 2 aix + Oj = are surds of the form 
a ± -Vb, where a and /> are integers, it appears that the roots of 
any such equation may be expressed as recurring continued frac- 
tious. It can be shown that the real roots of the general quad- 
ratic equation a^x* + a,x + a^ — O may also be so expressed. 



1. Express the following surds as recurrent continued fractionB. 

(a) 2 + Vis. 

Solutton: 

2^-^/i3=6-^(Vi3-3) = 5-^ ^^^~^^ 

13-9 2 

= 6+^= — - = 5 + ^ ■ 

Vm + & VI8-H3 

= H-\ , 13-» =6 + j ^ _1 1 

MVS+aj vm-8 '' + s^r,/n_ 
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But since vTS — 3 is the same number that we have in (1^, this fiaction 
repeats from this point on, and we have 







8+a+s+e+ 






(b) ^ 


(c) V17. 




(d) Vfl5. 




(e) Vi7. 


m va 


(g) ViS. 




(h) V3j. 




(1) Vi». 


(i) VB. 


|k) V79. 




(1) V5B. 




(m) VM. 


(n) v^. 


(0) VTi. 




(p) Vw. 




(q) VlOi. 


(r) T+Vn. 


(«) 8 


-vs 




CI 


8-V23. 



2. Express as a continued ftsction the roots of the following equatiomi. 
(a) i»-7x-a = 0. (b) 3? + 2z-» = 0. 

(,c) i«' + 3i«-B = 0. (d) 3f-li-4 = 0. 

223. Properties of convergents. The law of formation of con- 

vergenta given in § 220 is valid whether the continued fraction 
is terminating or infinite. We should expeet that in the case of 
an infinite fraction the successive convergents would give us an 
increasingly close approximation to the value of the fraction, 
Thia is indeed the fact, as we shall see. 

Theorem. TJte diferejice hetvjetn the nth avd (ji + T^t mvr 



We prove this theorem by complete induction. 
Let the continued fraction be 

a. + l i i . 

Then the first and second convergents are respectively 



. and - 



f^gft| + 1 



__£l_ (gjgi + 1) 
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Since ?! = ^i 9% = °^ 

we have ^^^ _ £a = i 1 — f or » = 1. 

We assume that the theorem holds for n = in, that is, 

?.+ l 9m ?.?« + ! ?.?.+ ! 

We must prove that it holds for n = m + 1. 

TT Pm** Pm + l Pm + l9m + S—Pm + l9m+l 

Now Since ^-=^—^-g^'=^-°'- '^"*' — ' -+w>t' , 

our theorem reduces to proving that the numerator 

P- + .J-+, -i'-+,!7-+: =(- I)"*'- (2) 

In the left-hand member of (2) set 

«-^.?-+i + ?-=?-+*. (1), §220 

and a«+»p«+i +;>. =^«+2- 

Then i'^+iK+^.+i + 0-K+iP-.+i +i'-.)?-+i 

= -(-i)-^'^(-ir*'- by(i) 

Corollary I. The difference ietween the successive convergents 
of a continued fraction with positive denominators approaches 
zero as a limit. 

Since ?, = a,i',_i + 5,_j, evidently j, increases without limit 
when n is increased, since to obtain y, we add together positive 
numbers neither one of which can vanish. 

Thus we can find a value of n large enough so that — . and 
1 ?" 

hence > will be smaller than any assigned number, which 

is another way of stating that as « increases approaches 

zero as a limit. "" * ' 
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CoKOLLAEY IL The even convergents decrease, while the odd 
convergenls iricrease, as i 

We must show that 



is negative or positive according as m is even or odd. Adding 
and subtracting ^-^^^^ I we have 

?-. + ! 

£b±» _ Pa ^ /£-+. _ Pm±a\ + (Sm±l _ Ps) 

2-+» 9m V?-+" ?-+'/ \?"+' W 

By Corollary I, the denominator of the first fraction exceeds 
that of the second. Hence when m is odd the sum in the last 
member of the equation ia positive, and when m is even the sum 
is negative. 

We now see that any recurring fraction of the type considered 
in § 221 actually represents a number in the sense of § 74. We 
have seen that the successive odd convergents continually increase, 
while the even convergents continually decrease, until the differ- 
ence between a pair of them is very small. Such sequences of 
numbers we have seen (§ 73 ff.) define real numbers. 

224. Limit of error. We are now in a position to state a maxi- 
mum value for the error made in taking any convergent of a con- 
tinued fraction for the fraction itself. 

Theorem. The maadmum limit of error in taking the nth 

convergent for the continued fraction is less than ■ 

Since by the theorem of the last section the value of the frac- 
tion is between any pair of consecutive convergents, it must 
differ from either of these convergents by less than they differ 
from each other, that is, by less than 
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FindacoiiTei^iitUiatdlflers'byless tbiin .001 from each of the following: 
I, VS. 



v^ = 2 + CV6-2) = 2 + ^_^ = 



= 2 + - /V0 + 2_A = 2 + ^, 



^"^2(Vfi + 2) ^"^ve + a ^"^4 + (v5-2) 

Since the laat surd repeats the one in the first equation we have 

V5 = 2 + - - I ■ - .... 
2+4+2+4+ 

Pi_2. ^_5. y«_ 4.6 + 2 _22, 
qi~l' g,~2' 9, ~4-2+i~¥' 

Pi_ 2.22 + 6 ^4». Pa _ 4 . 49 + 22 _ 218 
54 ~ 2 . + 2 20 ' 7( 4 . 20 + 9 ~ 89 ' 

Since 
we see b; g 224 that }J satieties the condition of the problem. 

2. V7. 3. Vie. 4. v^. 5. Vl9. 

• 6. VS6. 7. V32. : 8. v^. 9. V65. 

10. s + Vi. -11. ^M. 12. vJi. 13. Via: 

14. The number IT has the value 3.14169. Find by the method of continued 
fractions a series of convergents the last of which digers from this value by 
lesa than .0001. 
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CHAPTEK XXII 

IITEQUALITIES 

225. GeBeral theorems. We say that a is greater than h when 
a — 6 is positive. If a — h is negative, then a. is less than b. 
Thus any positive number or zero ia greater than any negative 
number. As we distinguished between identities and equations 
of condition in § 63, so in this discussion we observe that some 
statements of inequahty are true for any real value of the letters, 
while others hold for particular values only. The former class 
may be called unconditional inequalities, the latter conditional. 

ThnB a' > — 1 l8 tr 
3! — 1 > 2 only when z 

The two inequalities a > i, c > rf are said to have the same 
sense. Similarly, a<b, c<d have the same sense. The inequal- 
ities a> b, G<d have a different sense. 

Theorem I. Ant/ positive number may be added to, subtracted 
from, or multiplied by both numbers of an inequality without 
affecting the sense of the inequality. 

Let a> b, that is, let a ^ b = k, where A; is a positive number. 
If m is a positive number, evidently 

a±m^(_b±m} = k, 
or a±ni> b±m. 

Similarly, ma — mb = mk, 

or ma > mb. 

The other statements of the theorem are proved similarly. 

Corollary. Terms may be transposed from one side of an 
equality to the other as in the ease of equations. 
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Let a > fi + c. 

Subtract c from both sidea of the inequality and we obtain by 
Theorem I 

a-Ob. 

Theorem II. If the signs of both sides of an iTiequality are 
changed, the sense of the inequality-must be reversed, that is, the 
> «i^ must be changed to <, or conversely. 

Let a> b, that is, let n — & = k, where i is a positive number. 

Then -a + b = -k, 

or (_„)_(_S) = -A, _, ; ^^ 

that is, by definition, — ra < — &. 

BZERaSBS ■' : 

Prove that the following identities are true for all real distinct values of 
the letteiH. 

1. a» + ti>>2ab. 

Solntion : (a — b)^ ia always positive. 

Thug a' - 2 (A + b' = a' + V - 2ab iBpoaitive. 

That 18, a* + i)S > 2 «6. 

2. 8<a" + 6')>a>6 + aJP. 

3. a» + f^ + c'>ab + ac + bc. 

4. (6 + c>(c + o)(a + 6)>8a6e. 

5. (a + 6 + c)(a> + 6' + ci^>9(i6c. 

6. tfiti> + ti'a* + a^l)'>abc{a + b + e). 

7. 3(a'-)-6' + c»)>(a + 6 + c)<a6 + 6c + ca). 

8. V{x + ai)» + {y + vO" < Va;» + y' + Vxi' + y,'. 

9. II a" + 6' = 1, 2" + 3/» = 1, prove that ax + bi/<l. 

10. {a + b - c)^ + (a + e -b)' + (b + c - a)^>ab + bc + CO. 

11. Show that the sum of tiny poHltJve number (except 1) and its reciprocal 
is greater than 2. 

12. Prove that the arithmetical mean of two unequal positive mimbera 
atvrajH exceeds their geometrical mean. 
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226. Conditional linear inequalities. If ve wish to find the 
values of x for which 

«^ + i<e, (1) 

where a, b, and c are numbers and a is positive, we may find 
such values by carrying out a process similai to that of solving a 
linear equation in one variable. 

By the corollary, § 226, we have from (1) 

By Theorem I, § 225, x< ^^• 

327. Conditional quadratic inequalities. We have already 
shown in g 116 that the quadratic expression ax' -\-bx-\-cia posi- 
tive or negative, when the equation 

M* + &K + C = (1) 

has imaginary or equal roots, according as a is positive or nega- 
tive. If the equation has distinct real roots, the expression is 
positive or negative for values between those roots according as 
a is negative or positive. This we may express in tabular form 
as follows, for all values of x excepting the roots of (1), for 
which of course the expression vanishes. 



a 


&»-4ac 


fla^ + to + c 


+ 


— orO 


Alwajrs + 


- 


-orO 


Always - 


+ 


+ 


— for X between roots, + for other values 


- 


+ 


+ for I between roots, - for oOier values 



This enables us to answer immediately questions like the 
following : 

Example. Forwhatvaluesof ais -2a?+i>-3? By the corollary, § 225, 
this is equivalent to the question, For what value ofxis — 2sc' + x + 3>0? 

Here b^ — 4 ac = 1 + 24 = 26 is positive. The roots of the equation 
-2i« + x + 3 = are a = -l, 1 = 4. Thus bj our UWe this eipresdon 
la positive for all values of x between — 1 and {. 
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EXERCISES 
For what values of z are the following Inequalitiea valid 7 
I. 2*-3>0. 2. iz--l>\. 

3. -a;-l>7. 4. -8» + 8<; 



7. .12a! + .3<l.a 8. 8-4it>2. 

9. 3<6ic-2. 10. ,8< — -1. 

11. a:'-8)! + 22>0. 12. »»-!- 3a; -2>L 

13. 2iis-3x>5. 14. -3x»-4j;>8. 

15. 2^-ix<-2. 16. 8xa--9a;>-8. 

17. -3a:' + 2a:<2. 18. -b« + 6x>9. 

19. 5a;»-8a!<l. 20. 3fl<x~l. 

21. 8ia>3x-8. 22. 3ie>2!i'-4. 
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CHAPTER XXIII 



228. General principles. The numlier x is said to vary diiwtly 
as the number y when the ratio of a; to ^ is constant. This we 
symbolize by 

a^ocy, or^ = A, (1) 

where £ is a constant. 

Thus if a man walks at a uniform speed, the distance that he 
goes varies directly as the time. If the length of the altitude of 
a triangle is given, the area of the triangle varies directly as the 
base. The volume of a sphere varies directly as the cube of 
its radius. 

The number x is said to vary inversely, as the niunber y when 
X varies directly as the reciprocal of y. Thus x varies inversely 
as y when 

xtx.-y oi - = xy = k, (2) 

«/ 1 

y 

where A is a constant. Thus the speed "of a horse might vary 
inversely as the weight of his load. The length of time to do 
a piece of work might vary inversely as the number of laborers 
employed. 

The intensity of a light varies inversely as the square of the 
distance of the light from the point of observation. If I repre- 
sents the intensity of light and d the distance of the light from 
the point of observation, we have 

i«i, or| = !^.i, (3) 



where A is a constant. 



<? 
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The number x is said to vary jointly as y and z when it varies 
directly as the product of y and s. Thus x varies jointly as x 
and X when 

a; oc wa, or — = ft, ('4> 

' ' yz ^ ' 

where ft is a constant. 

Thus a man's wages might vary jointly as the number of days, 
and the number of hours per day that he worked. 

The number x is said to vary directly as y and inversely as z. 
when it varies directly with "-■ Thus the force of the atti-action 
of gravitation between two bodies varies directly as their masses 
and inversely as the scjuares of their distances. If m, represents 
the masses of two bodies, d their distance, and G the force of 
their attraction due to gravity, then 

C Qc ^. or = k. (5) 



1. If a varies inversely an tlie square of b, and if a = 2 when 5 = 3, wh£ 
la the value of a when b is 18 ? 

SolntiDn: By (8), afi" = it. 

We can determine k by subgtituting a = 2, b i= 8. 

2 - « = t. 

\% = k. 

Then , • a- (18)" = 18, 

or a = ^. 

2. The volume of a sphere varies aa the cube of its radius. A sphere ( 
tsdius 1 has a volume 4. 19. What is the volume of a sphere of radius 3 ? 

Solution: Let V represent the volume and r the radius of the epher 
Then by (1), 



Determine 1: by substituting, — — = fc. 

ft = 4.11). 

Then — = — = 4.10, 

(8)* 27 

r= 113.13, 
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3. If xyxi-t- y, and a; = 1 when y = 1, find x when y = 8. 

4. The a 
radiiu 1 has i 

5. Find the volume of a sphere whose radiuB is ,2. 
Hint. See exercise 2. 

6. The volume of a circular cylinder varies jointly with the altitude and 
the square of the radiits of the base. A cylinder whose altitude and radius 
are each 1 has a volume of 3.14. Find the volume of a cylinder whose 
altitude is 16 and whose radius is 3. 

7. The weight of a body of a given material varies directly with ils 
volume. If a sphere of radius 1 inch weighs ^ of a pound, how much would 
a ball of the same material weigh whose radius m 16 inches? 

8. The distance fallen by an object starting from rest varies as the square 
of the time of falling. If a body falls 16 feet in 1 second, how far will It 
fall in 6 seconds? 

9. A body falls from the top to the bottom of a cliff in 3J seconda. How 
high is the clifi ? 

10. A triangle varies in area jointly as its base and altitude. The area 
of a triangle whose base and altitude are each 1 is J. What is the area of a 
triangle whose base is 10 and altitude 7? 

11. Jf 6 men do a piece of work in 10 days, how long will it take 6 men 
to do It ? 

12. If 3 men working 8 hours a day can finish a piece of work in 10 days, 
how many days will 8 men require if they work 9 hours a day ? 

13. An ob_ject is 30 feet from a light. To what point must it be moved in 
order to receive (a) half as much light, (b) three times as much light? 

14. The weights of objects near the earth vary inversely as the squares 
of their distances from the center of the earth. Tlie radius of the earth is 
about 4000 miles. If an object weighs 150 pounds on the surface of the 
earth, how much would it weigh 6000 miles distant from the surface ? 
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CHAPTER XXIV 
PROBABILITT 

229. Illustration. If a bag contains 3 white balls and 4 black 
balls, and 1 ball is taken out at random, what is the chance that 
the ball drawn will be white ? 

This question we may answer as follows : There are 7 balls in 
the bag and we are as likely to get one as another. Thus a, ball 
may be drawn in 7 different ways. Of these 7 possible ways 3 
will produce a white ball. Thus the chance that the ball drawn 
will be white is 3 to 7, or ^. The chance that a black ball will 
be drawn is }. 

230. General statement. It is plain that we may generalize 
this illustration sa follows : If an event may happen in p ways 
and fail in q ways, eaeh way being equally probable, the thance 
or probability that it will happen in one of the p ways is 



P + q 

The chance that it will fail is 



(1) 



(2) 



The sum of the chances of the event^s happening and failing 
ia 1, as we observe by adding (1) and (2). 

The odds in favor of the event are the ratio of the chance of 
happening to the chance of failure. In this case the odds in 
favor are 

f ■ P) 

The odds against the event are — • 
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PROBABILITY 



EXEHCISES 

it's happening is ^, what are the o 



SolntlM; Bj (1), —^— = — 

Hence lOp =p -i- q, 

>T 9p = q, 

P-1 



2. From a pack of 62 cards 3 are missing. What is the chance that they 
ire all of one suit ? 



18 cards of ^7 one suit taken S at a time is Cig, j 
sentap. " '" ' . 

18 12 -11 
■mus P _ 12-3 _ 13.12.11 _ 11 _ 11 

p + q 52 . 51 ■ 50 52-51-50 17-25 425 
1-2-8 

3. What is the chance of throwing one and only one 6 iu a single throw 
of two dice 7 

Solution : There are 36 possible ways for the two dice to fall. "This repre- 
sents p + q. Since a throw of two sixes is excluded there are 5 throws in 
which each die would be a 0, that is, 10 in all in which a 6 appears. This 
represents p. 

p + q 36 18 

4. A bag contains B white and 12 black balls. What is the chance that a 
ball drawn shall be (a) white, (b) black ? 

6. A bag contains 4 red, 8 black, and 12 white balls. What is the chance 
that a ball drawn shall be (a) red, (b) white, (c) not black ? 

6. In the ptevious problem, if 3 balls are drawn, what is the chance that 
(a) all are black, (b) 2 red and 1 white? 

4 in a single throw 

5. What is the chance in drawing a card from a pack that it be (a) an 
.ce, (b) a diamond, (c) a face card ? 
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9, Three cards are missing from a pack. What ia the chance that tJiey 
are (a) of one color, (b) face cank, (c) acee ? 

10. A coin is tossed twice. What is tlie chance that heads will fall 

11. The chance that an event will happen is J. What are the odds in its 

12. Theoddsagalnst theoccuirsDceof anerent are}. What is the chance 
of its happening ? 

13. What is the chance of throwing 10 with a single throw of two dice ? 

14. A squad of 10 men stand in line. What is the chance that A and B 
are next each other ? 

19. What is the chance that in a game of whiat a. player has ft trumps ? 
16. What is the chance that in a game of whist a player holds 4 aces ? 
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CHAPTER XXV 

SCALES OF NOTATION 

231. General statement. The ordinary numbers with which 

we are acquainted are expressed by means of powers of 10. Thus 

263 = 2 ■ 10' + 6 10' + 3. 

This is the common scale of notation, and 10 is called the radix 

of the scale. 

In a auuilar manner a number might be expressed in any scale 
with any radix other than 10. If we take 6 as the radix, we shall 
have as a number in this scale, for instance, 
563 = 5 ■ 6' + 4 ■ 6 + 3. 
In this scale we need only and five digits to express every 
positive integer. 
■ In general, if r is the radix of a scale of notation, any positive 
integer N will be denoted in this scale as follows : 

iV=a„r- + «,?■"-' +ajr"-' + ---+o.. (1) 

Theorem. Any positive integer may be expressed in a scale 
v/ notalum of radix r. 

Suppose we have a positive integer JV. Let )■" be the highest 
power of r that is contained in N. Then 

N = a^r' 4- A'',, 
where iV, is less than ?*. Suppose that on dividing iV", by r"^' we 
obtain N t=a i""' + A', 

where iVj is less than r""'. 

Then N = a^i' + a,r"-' + JV^. 

Proceeding in this manner we obtain finally 

A- = a„r" + «,r"-' H \- a„ ■ ■■ 

where the a's are positive integers less than r, or perhaps zeros. 
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One observes that the symbol 10 indicates the radix in any 
system. In this general scale we need a and p — 1 digits to 
express every possible number. 

232. Fundamental operations. In the four fundamental opera> 

tions in the common scale we carry and borrow 10 in computing. 
In computing in a scale of radix 6, for instance, we should carry 
and borrow 6. If the radix were r, we should carry or borro* r. 

Thnaletr^^e. Then 4 + D = l-a +3= 13. SliuiUtly, ■ 3 = 2 - 6 + 3 = 23. 
Thia is precisely uiAlogous to ouf cotnputsUon In the common scale, where, lor 
iDBtance, wo would have 9 + 8=1- 10 + T = 17, or 8-7 = 4. 10 + 2 = 42. 



Perform the lollowiog operations. 
1. 2S01 + 4253 + 2140 ; r = 7. 



Tn this pro«eflB, alnce 3 + 1-4 and la leaa thui th« radix, there la noihlne to Cftrry. 
The neit oolDDin glveB 0+S + 4= lE=2-7+ 1. Lenve we write down 1 and carr^ 2. The 
next column gives S-f 2 -H-f 2 "8- 1.7 + 1, lieiice we write down l»nd carry 1. Finally 

2, 4602 - 3714 ; r = 8. ^ 

4802 
8714 

mi 

Since we cuinot take 4 from 2 we borraw i>iie trimi the next place. Since the radix 
la a thU amoimta to a nnlta in the Urat plftoc. Wi: then aubtrnct 4 from S-t2, which 
lesTBB 6. In borrowing t fr<>iii that digit ia really rwluced to T and the preceding digit 

again and take I from R + S" 13, which leavex C. Since I lias t>eeu borrowed Iron the 4 
we aee the aubtractlon la complete aince 3-3-0. 

3. 4321.432; r = 6. 



In mnitiplyiHg h; S we haie nothing to carry notil we multiply 3 by 2. This glrea 

i— L- 5 + 1. Heuee we put down 1 and carry 1 to Che product of 2 and 4. The addition of 
he partial products ie carried out as in exercise I. 
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4. S2130 -)- 43 ; r 



48J 32180 [480 



In Diaklng an mttmaCe for the flrat flguro in the qootlent we dlrlde 32 by 4, keeping 
In mind tbat for this parpose S'^^SB + S. TbuB 4 IB conltilaed In SO juBt G times, but 
since our entire dlWsor Is 43 we take 4 aa the first flgare In the quotient. The multipli- 
cations are ol course performed aa In exerelae 3, exoepllng that here 6 Is the radii. 

5. 4801 + 2635 + 5542; r = 7. 6. 6344 - 8466 ; r = 7. 

7. 2340-4101; r = 5. 8. 6485.85; r=7. 

-9. 2003455 + 403; r = 6, 10. 344032 + 321; r = 6. 

11. 634401-443624; r = 6. 12. 425 + 264 + M2 + 462 ; r = 6. 

233. Cfaange of scale. If ve have a number ia the scale of 
radix r, we may find the expression for that number in the com- 
mon scale by writing the number in form (1), § 231, and carrying 
out the indicated operations. 

Example. Conyert 4685, where r = 7, into the ordinary scale, 
4686 = 4.7> + a-T' + 3.7 + 5 
= 4- 348 + 6. 40 + 3. 7+5 
= 1602. 

If we have a number in the common scale, we may express it 
in the scale with radix r as follows : If the number is N, we have 
to detennine the integers a^, a„ ■-, a, in the expression 

N=a^r^ + aii--' + ■■■ + a,_,r + «... (1) 

Divide (1) by r. We have 



that is, the remainder a. of this division is the last digit in the 
expression desired. 

Uivide N' by r and we obtain 
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that is, the remainder from this division is the next to the last 
digit in the desired expression. Proceeding in this way we obtain 
all the digits o., «, _ i, ■ ■ ■ , oi, aa- 

EsAMPLB. Express 87406 in the scale frith radix T. 
7)37498 
7 )636fl remainder 4 
7)765 remainder 1 
7 )109 remainder 2 
7 )16 remainder 4 
7 )2 remainder 1 
remainder 2 
The number In scale r = 7 is 214214. 

To change a number from any scale r, to any other scale rj, 
we may first change the number to the scale of 10 and then by 
the process just given to the scale r,. The process indicated in 
the preceding example may be employed directly to change from 
any scale to any other, provided the division is carried out in the 
scale in which the number is given. One of these methods may 
be used to check the other. 



Example. Change 34603 from scale r = 6 to one in which r = 9. 


. 34'603 = 3-«t + 4-6»+5.63-f 3 = 4935 ini 


scale of K). 


9)4936 

9)&0 remainder 8, 
9)6 remainder 6\ 




Thus 34503 in scale ot 6 becomes 6683 in scale of ft. 




Check; 9)34503 

9)2312 remainder 3 ^ i" JT'^T*^". 

9? 10 remainder 6 m sealeof's. 


M this dlYiBion it 
ihat thediTidendBJ 



234. Fractions. In the ordinary notation we express fractional 
numbers by digits following the decimal point. This notation 
may also be used in a scale with any radix. 
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Thus the expression .5421 stands for 

10 ^ 10» ^ 10» ^ 10* 

in the common scale. 

In the scale with radix r it stands for 



The process of changing the scale for fractions is performed 
in accordance with the same principles as are employed in the 
change of scale for integers. The following examples suffice to 
illustrate it. 

ExAMfLB 1. GKpress .5431 in the scale of C aaa deciiiia.1 fractiou. 

.6421 = - + - + - + - 

^ 6- 6' + 4. 6' + 2. 6 + 1 ^ 1237 ^ 
6' 1296 

Example 2. Expresa .439 i& a fraction for radix 6. 

Let .439 = -+*. + !. + — + .,.. 

6 6^ es 6» 

Multiplying by 6, 2.634 = a + ^ + ^ + ^ + '-'- 



Multiplying by 6, 3.8(14 = 6 + ^ + - + . ■ 

Thus 6 = 8 and we have .804 = ^ + - + ■ ■ -. 

Multiplying by 8, 4.824 = c H 1- ■ ■ -. 

Thoa c = 4 and we ha,Te .824 = - + ■■. 
Multiplying by 6, 4.&44 = d + ■ - . . 

Thus d = 4. 

The fraction in scale of radix 6 \& then .2344 - . 
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1. Exprew the following as decimal fractions. 

(a) .874 ; r = 8. (b) .4362 ; t = 6. 

(c) .2281 ; r = 4. (d) .2001 ; r = 3. 

2. EipTeas the decimal fraction .290 as a radix fraction (or r = 6. 

3. EipiesB tbe decimal fraction .8405 as a radix fraction (or r = 6. 

4. Express — ae a radix fraction tor r — 4. 

^ 128 

5. Express — as a radix fraction for r = 6. 

825 

6. In what scale Is 42 expressed as 1 120 ? 
S<dntloD ; We seek r where ' 

r* + r* + 2r = 42. 
This is equivalent to finding a, positive integral root of the equation 

ri + r» + 2r-42 = 0. 
Bf syotbetlo division, 

1+ 1 + 2 - 42[2 

+ 2 + + 10 

+ 8+ 8-20 

1 + 1 + 2 - 42[3 

+ 3 + 12+42 



+ 4 + 14 
Thus S is the value sought. 
Check : 8> + 83 + 2. 8 = 27 +0 + 6 = 42. 

7. In what scale Is 2704 denoted by 20804 ? 

8. In what scale is 250 denoted by 10000 ? 

9. In what scale Is .1064 denoted bj .0404 ? 
10. Show that 1331 is a perfect cube. 

335. Duodecimals. We may apply some of the foregoing 

processes to mensuration. If we take one foot as a unit and the 
radix as 12, we may espreas distances in the so-called duodecimal 
notation. Thus 2 ft. 6 in. is represented in the duodecimal scale 
by 2.6. Since in a scale of radix r we need r — 1 symbols, we 
will let 10 = ( and 11 = e. Thus 21 ft. 10 in. would be expressed 
in duodecimal notation as 17.*. We may now find areas and vol- 
umes in this notation much more readily than by the usual method 
of coDverting all distances to inches. 
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EiAHPLK. Multiply 8 ft. 3 in. b; 8 ft. 10 in. We multiply 8 - S by 3.t 

8.8 in the duodecinnftl scale. To convert the result to square 

8-t feet and square inches we must keep in mind that 2T.Ttt 

Ote =2.13 + 7 + i'i + t}, = 31 sq. jL 90 sq. ia, since IM 

square inches equal one square foot. 

27.76 

This example suggeata the following method of multiplying 
distances : 

Rule. Express the distances i% duodecimal notatioTi with the 
foot as a unit. 

Multiply in the scale for which r = H. 

In the product change the part on the left of the point frovi 
duodecimal to decimal scale. 

Multiply the digit following the poivi by IS, and add to lite 
last figure to obtain the square inches in the result. 



1. Multiply the following : 
(a) 13ft 4 in. by 67 ft. Ill 



7»* 



5 sq. ft. 60 sq. ii 



(b) 10 ft. 6in. hy 12 ft 2 in. 

(c) 8ft. 4in. by lift llin. 

(d) 23ft. Sin. by 47 ft Sin. 

(e) 41ft 6 in. by 86 ft 1 in. 

2. What is the area of a room 16 ft 2 in- by 10 ft S in, ? 

3. What is the area of a walk 60 ft 6 in. by 3 ft Siii. ? 

1. What is the area of a city lot 62 ft 6 in. by 168 ft. 7 in. ? 
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